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Abstract. Analysis of existing techniques of aircraft take-off mass estimation in the process of aviation incidents
investigation was made. Aircraft take-off mass estimation technique was suggested. It uses parametric information from
a flight data recorder that does not need previous parameters filtration, making an obtained estimation more effective.
Effectiveness was demonstrated on specific aviation incident example.
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1. Introduction

One of the main objectives of aviation incidents
investigation is to find out list of the key factors that
caused aviation incident. The reference point of such
investigation is an aircraft take-off mass estimation
prior to aviation incident. Familiarity with this
parameter helps to explain aircraft behavior in the
process of aviation incident development. It is known,
that loading magnitude and cargo distribution along
the length of the aircraft’s fuselage influence on
changing of aircraft performance and characteristics
of stability and control. Therefore development of
aircraft balance and mass estimation algorithms is a
relevant problem in the aviation incidents
investigation process.

The flight data recorders allow obtaining of the
information about changing of linear and angular
velocities of flight, flight altitude, deflecting of flight
control surfaces, aircraft systems condition. This
information keeps in secured flight data recorders
and after processing using ground-based complex
becomes the foundation to ascertain the cause of
aviation incident.

2. Analysis of publications

There is a great deal of algorithms for aircraft mass
estimation using parametric information data. These
algorithms are based on application of equations of
the aircraft motion for particular phase of flight.
Works [4, 6, 7] demonstrate algorithms, which use
equations of motion for take-off phase, climb phase,
cruise phase. Usage of specific flight phase helps to
simplify equation of motion greatly (decrease a
number of degrees of freedom) and correctly take
into consideration a priori information about aircraft
propulsion and aerodynamic characteristics.

Aircraft mass estimation by means of
mathematical model of motion using information
from flight data recorder is inverse problem of flight
dynamics. It means that it is necessary to find out
coefficients of mathematical model with already
obtained solution. As opposed to the direct problem,
the inverse problem in general view is not correct
according to Tikhonov [10]. Incorrectness is caused
by both errors of a priori information about aircraft
and propulsion and errors in registered parametric
information.

Consequently, development of aircraft take-off
mass estimation techniques, which are based on
parametric information, is relevant for the procedure
of ascertaining of an aviation incident reason.

3. Mathematical modelling of aircraft take-off run

Modelling of aircraft take-off run carries out in
velocity-oriented coordinate system OX,Y,Z,. Take-
off run is a linear non-steady motion. Forces, which
act on an airplane during a take-off run, are
presented in Fig. 1. Additionally during a ground
take-off run, bearing reactions — tangential /7 and
normal F,, applied to undercarriage wheels, also act
on an airplane. Tangential bearing reactions are
connected with normal ones with rolling friction
coefficient

F=f-F,. ()

Value of rolling friction coefficient f depends

on runway conditions and varies in wide range [5].
Considering chosen coordinate system, projections
on OX, and OY, axis of forces acting on an airplane
represent in such a form:
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where P, — total thrust of running engines; o, —

angle of engines incidence in a vertical plane; F, —

tangential force from rolling friction of wheels of
main and nose landing gear on the runway surface;
=k +Fk F - normal force from reaction

of wheels of main and nose landing gear on the

runway surface; F, =F, 0 — angle of
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inclination runway surface with respect to horizon.
Expression for F, evaluation is obtained from the

second equation of the system. Substitution of this
expression into the first equation of the system using
relation (1) yields:
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Fig. 1. Forces that act on an airplane during take-off run

Approximation of total thrust change over take-
off run speed by a quadratic polynomial

P,=R+PV+P’)?

“

Expression of aerodynamic forces using non-

dimensional aerodynamic coefficients is given by
—. PSS
X,=c, > V=,

these transformations, equation (3) becomes
dV

- v
m- =Rcosa, + PV coso, +

2172 pS 2
+P"Y cosocp—CWTV -

Y, =c, %Vz. Taking into account

(3
—fmgcos9+fya%V2++ﬁ%sinocp +

+fP'Vsina, + fP"?V?sin o, — mgsin.

Combining the equation (5) coefficients by
power of speed yields

m® — 4v BV V2,

7 (6)

where
A=B)(cosocp +fsinocp)—mg(fcos9+sin9),

B=PV<cosocp+fsinocp),

c=p" (cosocp +fsinocp)+(cyaf—cm)%.

Equation (6) describes variation of acceleration
during take-off run. To proceed to the change of
speed at this phase, it is necessary to integrate both
left and right sides of this equation

mjcil—lt/:jA+BV+CV2. (7)
After alterations equation (7) becomes

v _1
Sgrsor ~w 1o

dv 1
————[dt= t. 8
IA+BV+CV2 mI cons ®

The left hand side of expression (8) is an
indefinite integral that has analytical solution [9]
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I dv _ 1 1nB+2CV—\/—A
A+BV +CV* J-A  B+2CV +J-A"
where A=4AC - BZ.

The following notation serves for simplification
of calculation

K=+vJ-A=+B—44C.

Taking into account these transformations,
equation (7) can be written down as

1 B+2CV-K\ 1

ifm(z$zizﬁ7175j‘7;'f—COH“- ©

Equation (9) with initial conditions ¢=0
V(0)=0is as follows

1 B-K ) _
Fln (m) =const . (10)

General equation, that describes aircraft variation
of speed during take-off run, is given as

1, (B+2CV-K\ 1 . 1, (B=-K\_
K (B+2CV+KJ_ ln(B+Kj_0'(11)

transformations of the

m!iTx
Making following
equation (11)

Bz+2(B+K)CV—K2 K
n ——t=0,o0r
Bz+2(B—K)CV—K2 m

K B2+2(B+K)CV -K?
TBw2B-K)V-K*

(12)

Equation (12) can be solved for take-off run
speed. This gives an opportunity to get the
expression for instant take-off run speed depending
on operational factors

V_(LwﬁyB+K)

B

Using this algebraic equation it is possible to
compute value of take-off run speed V for each time
of take-off run ¢ and appropriate operational factors.
Aerodynamic coefficients compute for instant angle
of attack value. Power plant characteristics specify
antecedently from Flight Manual of the aircraft with
approximation of altitude-velocity performance by
means of quadratic polynomial (4). Operational

(13)

factors values are chosen from a flight data recorder
passport (outer air temperature at the take-off
aerodrome, air density, velocity and direction of a
wind relative to a runway, friction coefficient, take-
off course, balancing and aircraft take-off mass
value) and from a reference book about air
navigation information by an aerodrome name
(aerodrome altitude above sea level, angle of
inclination of a runway surface, runway length).

4. Aircraft take-off mass estimation

Computation of an aircraft mass makes on a basis of
recorded flight information. There are different
methods of searching parameters estimation, which
differ by a using optimality criterion and a priori
information about an object. In general, choice of an
optimality criterion is subjective, while estimation
procedure substantially depends on a chosen criterion.

In most cases criterion of an identification quality
is chosen as quadratic. It expresses in the form of an
integral value of a squared deviation

IV B= 3 80)=

(14)
=3 (7)Y, 6B

where - discrete values of an instant time of an
aircraft take-off run (=1, 2,...,N), V'(t;) -

registered values of an indicated aircraft take-off run
speed, V, (tj,B) — speed value computed with model

(13), B — sought-for parameters vector (¢,, m — initial
time estimation of experimental data processing and
aircraft mass estimation). Initial time of
experimental data processing ¢, is specified by
possibility of certain registration of an aircraft take-
off run speed using pitot-static system (usually it’s a
speed value of 50 +~ 80 km/h),

Search of the sought-for parameters vector
values consists in a search of a minimum criterion
(14) value using one of the optimization methods
with no limitations

JVL,V,, B => mBin.

Existing optimization algorithms with no
limitations can be divided into two groups: gradient
methods and non-gradient methods. To solve the
given problem it’s expedient to use non-gradient
methods (for example, simplex Nelder—-Mead
method [8]), for which there are no need to compute
gradient values of function analytically or
numerically. In addition, important factor in favor of
these methods is no restrictions on the type of
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objective function. In Matlab package, this method
is implemented as a built-in function fminsearch.

Software complex, which allows estimating
sought-for parameters f,, m was created in the
applied program package Matlab. Software complex
included modules for aerodynamic coefficients
computation, considering instant angle of attack,
flap position etc. General algorithm of coefficient
computation is as follows

Cra =Cpmain T Acywb + Acy «t Acy ot
+Acy al T Acy GE>

b
Cra = Cymain + Acxst + Acx el + Acx ail + Acx Ig +

+Acx rud + Acx GE»

where ¢

'y main ° c

Xmain

— general lift (drag) coefficient,
which is defined by an angle of attack and flap position
with no consideration of wing blowing by propeller;
Ac — increment of a lift coefficient defined by

Ywb
wing blowing by propeller; Ac Ac,,

y st
of a lift (drag) coefficient defined by stabilizer
deflection; Ac ,, Ac,, — increment of a lift (drag)

— increment

yel?
coefficient defined by elevator deflection; Ac

Ac

by an angle of aileron deflection; Ac g, AC gp —

yail »
— increment of a lift (drag) coefficient defined

x ail

increment of a lift (drag) coefficient defined by ground
effect; Ac,,, — increment of a drag coefficient defined

by landing gear strut; Ac — increment of a drag

xrud
coefficient defined by rudder deflection. Antecedent
information about components of these coefficients
was obtained from the atlas of specific aircraft

aerodynamic characteristics.
To compute coefficients £, P", P"? the

information about altitude-velocity performance of the
power plant at take-off conditions of specific aircraft,
which was obtained from technical specification, and
built-in function polyfit were used.

In addition, the module that allowed erasing
anomalies from flight information records had been
developed. The module algorithm uses Tukey's
procedure (Tukey 53X) [2].

5. Exploration of measuring systems and
antecedent information errors influence on
take-off mass estimation

Aircraft take-off mass estimation is carried out based
on information, that is received from flight data
recorders and a priori information that is necessary
to calculate an instant aircraft take-off run speed

(13). This is information about take-off run speed
variation, angle of attack variation, variation of
control surfaces deflection angles, engine thrust
value, aerodynamic coefficients value, rolling
friction coefficient value, runway angle of incline
value, wind velocity and direction value, outer air
temperature (air density). This information can
include both systematic and random errors.

Influence of above-mentioned factors errors on
take-off mass estimation m and 7, we will explore by
making the computational experiment by the
example of An-24 take-off run with take-off mass
of 21000 kg. A priori data about aerodynamic
characteristics and the power plant characteristics of
An-24 was utilized from work [1]. Computation of
An-24 speed variation at take-off run phase was
executed using expression (13). Take-off run track
from start to the moment of nose gear lift-off was
calculated. Take-off execution technology was
modeled according to the technology, which was
described in work [10]. Operational factors values
were chosen as follows:

e calm take-off conditions;

o take-off engine operation;

o flaps position — 15°;

¢ nose gear lift-off speed is 210 km/h;

e value of a rolling friction coefficient is 0,03;

¢ temperature of outer air is 15 °C;

e runway angle of incline is 0°;

e clevator angle of deflection is -8°;

e ailerons and rudder are in neutral position.

The graph of speed variation in time made for
above-mentioned conditions is represented in Fig. 2.
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Fig. 2. Variation of An-24 take-off run speed with
mass of 21000 kg.
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To test obtained program, complex origin value
was selected as #=10 s. It gives indeterminate area
by speed equal to 23,1 m/s (83,2 km/h). Thereby,
take-off run track took 20,25 s. The obtained
dependence was a reference in respect of which
systematic and random errors, which are connected
with flight data recorders operation, were input. To
analyze component errors influence on the result of
the mass evaluation m and initial time f,, distortion
of a take-off run speed value was created using
algorithm

Vdist:V*+b+&9

where V,, — speed of aircraft distorted by the
amount of random and systematic errors; V* — speed
of aircraft take-off run at the time interval 10+23,1 s
(see Fig. 2);b — value of a systematic error
component (if it’s not considered, it can be equal to
the longitudinal component of wind velocity); & —
random error component of a take-off run speed.
Random error component was specified by squared

20 Mass Shift of tim/e./
1

S

dm, dt, %
30

0
-10 /
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-30
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-40 .
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b, m/s
a

deviation of stochastic Gaussian process that was
generated by randn program. In computational
experiment, value of a systematic error component
was specified in -10,0+10,0 m/s range, while the
squared deviation was specified from 0 to 5 m/s.
Computation of mass estimation m and ¢, using
distorted take-off run velocity vector V,,, was made.

Relative values of initial time and mass estimation
shift were calculated using dependencies

dm:w.loo, [ %];

21000 (15)
_tO_IO, 0
dt = T 100, [%],

where m,, f, — parameters estimations, obtained

with optimization of the criterion (14) process, using
distorted take-off run velocity vector. Dependence of
systematic and random components of error
influence on initial time and mass estimation shift is
represented in Fig. 3.

dm, dt, %
10
8 —— /
Shift of time®
6 Mass
L)
4
2 A
° 2 4 6
SQD, m/s
b

Fig. 3. Influence of take-off run speed error value on initial time and mass estimation shift: a — systematic error;

b — random error

Analysis of graphs, represented in Fig. 3, reveals
that a technique of mentioned parameters estimation
is more sensitive to the systematic error. It means
that neglect of the longitudinal component of wind
can cause a significant shift of initial time and
aircraft mass estimation. Thereby, neglect of head
(tail) wind velocity equal to 5 m/s results in shift
value of initial time estimation of ~ 16 % and mass
estimation shift value of ~7 % (see Fig. 3). Sensor,
which measures aircraft speed (for FDR-12 system),
has fiducial error of 5 %. It can cause maximum
value of random error equal to 10,1 m/s. Taking into
consideration a random error distribution law, the
squared deviation of this value is 3,4 m/s. The
random error, considering the squared deviation

equal to 3,4 m/s, results in shift value of initial time
estimation of 6,0% and mass estimation shift value
of ~3,1 % (see Fig. 3 b).

Influence of a rolling friction coefficient and
thrust on the stand designation errors on initial time
and mass estimation shift is represented in Fig. 4. As
is well known, engine thrust decreases during the
exploitation of the aircraft. That is why the error of
thrust on the stand designation is negative.

As shown in graphical dependency, thrust on the
stand designation error influences on mass
estimation of the aircraft shift significantly. Thereby,
an error equal to 5 % (engines thrust decreasing of
5% during the exploitation) cause the decreasing of
aircraft mass estimation of ~-7 %, while the initial
time shift is equal to merely ~-2,2 % (see Fig. 4, a).
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Error of rolling friction coefficient (runway
condition) designation influences on initial time and
mass estimation shift insignificantly. Thereby, an
error of rolling friction coefficient equal to 20 %
cause the mass estimation shift value of ~1,8 %,
while the initial time shift is equal to ~0,6 %.

dm, dt, %
15

Shift of time /.
A
1 /1>// )
0.5
0
Mass
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-15
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dCya, %

a

Influence of aerodynamic coefficients (¢, , C_,)

designation error on initial time and mass estimation
shift was also explored. Graphical relationships that
represent this influence are shown in Fig. 5.

-20 -10 0 10 20
dCxa, %

b

Fig. 5. Influence of aerodynamic coefficients designation error on initial time and mass estimation shift:

a — designation error of €, coefficient; 6 — designation error of C,, coefficient

Analysis of dependencies reveals that influence
of lift coefficients designation error on initial time
and mass estimation shift is insignificant. Thereby,
an error of coefficient designation equal to 10 %
cause the mass estimation shift of ~0,6 %, while the
initial time shift is equal to ~0,6 % (see Fig. 5, a).
Designation error of drag coefficient has a little
more influence. Thereby, according to Fig. 5, a,
designation error of drag coefficient equal to 10 %
cause the mass estimation shift value of ~1,8 %,
while the initial time shift is equal to 2 %.

Analysis of above-mentioned errors revels that the
greatest influence on shift of the aircraft mass
estimation have thrust on the stand designation error,
then systematic error of the speed information (can be
caused by neglect of the longitudinal component of
wind) and random error component. All other above-
mentioned errors have insignificant influence on shift
of the aircraft mass estimation that is less than 2 %.

6. Evaluation of technique efficiency using real
flight information

To confirm the efficiency of the developed
technique, computation of take-off mass estimation
of An-24RV (Ne 46622), that wrecked at Donetsk
International Airport on February 13, 2013 was

made. Parametric recorder FDR-12 and voice
recorder VR-61 data was used for investigation. Due
to utilization of the solid-state drive on the airplane,
parameters were registered with frequency value
from 2 to 16 Hz. Thus, change of a flight altitude
(barometric altitude channel) and an indicated
airspeed was registered with frequency equal to 2 Hz,
while control surfaces angles of deflection and roll
angle with frequency of 8 Hz. The segment of
aircraft take-off run track from the moment, when
the indicated speed value is equal to 100 km/h
(instant time 18 h 14 m 52 s) to the moment of the
aircraft lift-off from a runway (instant time 18 h 15 m
34 s) was chosen for the computation.

The moment of the aircraft lift-off from a runway
was determined using smoothed barometric altitude
value. Butterworth digital filter with cutoff
frequency equal to 0,025 Hz [8] was used to smooth
the parameter. Indicated speed values were not
filtered. They were modified by the aerodynamic
correction (see Fig. 6.47, 6.48 [3]). Corrected
indicated speed values of An-24RV are represented
in Fig. 6 (marked by *). Speed was converted from
km/h to m/s. A time reference point of this process
was set from 0, that corresponds to instant time 18 h
14m52s.
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45t, s
Fig. 6. An-24RV speed variation during take-off run

As a result of the calculations, aircraft mass
estimation is equal to 23517 kg and shift of the initial
time from the start moment is equal to 14,61 s.
Calculation of the take-off run speed was made on
the considered take-off track using obtained shift of
the initial time and aircraft mass estimation by
means of model (13). Speed variation graph is
represented in Fig. 6. As shown in the graphs, there
is a good correspondence between the registered
data and obtained from the model data. Analysis of
rests between experimental and model data revealed
that they have normal distribution law, which is
confirmed by ¢ criterion. The bar chart of rests and
theoretical distribution function of normal law that is
made for estimation of this law are represented in
Fig. 7. It confirms that an error in a speed data has a
random nature.

20

Exp erime.ntal

15 b~

Theoretical

IRV
LI

intervals of values

numbers of measurements

Fig. 7. Distribution density of take-off run speed rests and
their approximation using normal distribution law

Analysis of obtained results reveals that
suggested technique of aircraft take-off mass
estimation provides a stable aircraft take-off mass

estimation based an a distorted flight parameters. It
allows making a correct analysis of factors that
caused an aviation incident. In the demonstrated
example of An-24RV wreck, error of take-off mass
estimation was 1,2 %. Aircraft accident investigation
commission ascertained by means of the loading
register that aircraft take-off mass was equal to
23800 kg. This example confirmed an effectiveness
of a suggested technique of take-off mass estimation
in the process of aviation incidents investigation.

7. Conclusions

According to analysis of existing aircraft take-off mass
techniques using parametric information, utilization of
analytical methods of solving differential equations that
describe behavior of an aircraft during take-off run is
expedient. It increases a reliability of obtained aircraft
mass estimation significantly.

Aircraft mass estimation errors from indicated
speed measurement, choice of power plant a priori
information, aerodynamic coefficients and runway
condition dependency was designated.

Analysis of errors influence on output
information revealed that the greatest influence on
shift of the aircraft mass estimation have thrust on
the stand designation error and a systematic error of
the take-off run speed information.

Obtained results revealed that the developed
algorithm of take-off mass estimation allows
estimation of actual aircraft take-off mass with
acceptable error. Investigation result of An-24RV
wreck at Donetsk International Airport with less
than 1,2% take-off mass estimation error confirms
an effectiveness of the developed technique.
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OOPTOBHX CHCTEM pEeCTpallil mapameTpiB pyxy AJsS HMPOBEICHHS PO3CIiAyBaHHS MPUUMHE aBiamiitHoi momii. CydacHi
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¢bunpTpanii. Po3poOiieHo MeTomuKy sika Ui OLIHIOBAHHS 3JITHOI MacH BHKOPHCTOBYE 3apEECTPOBAHUN MacuB
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po3paxyHKiB arnpiopHoi iHdopmanii Ha 3cyB ouinku 3iiTHOI Macu IIC Ta nmouatkoBoro wacy. HaBemenmii mpukian
OLIIHIOBAHHS 3JITHOI Macu B MpOLECI PO3CiijyBaHHs KOHKPETHOI aBiawiidHOi monii. LluM mpukiIagom noBeneHO
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PaccmoTpeHna mpoGiiema HaJe:)KHOW OLIEHKHU B3JIETHOW MacChl BO3IYITHOTO CYAHA, Ha Oa3e HH(pOpMAUK TOTYIeHHON OT
OOPTOBBIX CHCTEM pETHCTPAlMU ITapaMeTPOB JABIDKCHHUS, IJIS TPOBEICHUS DPACCICHOBAHHS IMPHYUH aBHAIHOHHOTO
npoucmecTBus. CyIIecTBYIONINE METOABI PEIICHUs 3TOH 3a7aqil CTPOMJINICh Ha OCHOBE MPEABAPUTEIFHOTO HCKAKECHUS
MOTyYeHHOH nH(popManuy myTeM ee QruIbTpauy. beina pazpaboTana METOANKA, KOTOPast JJIs OLICHKH B3JIETHON MacCh
HCHOJIB3YeT 3apeTUCTPHUPOBAHHBIA MAcCCHB 3HA4YEHHI HPUOOPHOM CKOpOCTH paszbera 0e3 MpeaBapUTENBHON €ro
00pabotku. MccnenoBaHo BIMSIHUE IOTPEHIHOCTE B HCXOJHOM anpuUOpPHOW HMH(OpMAalMU Ha CMELICHUE OLCHKH
B3JICTHOI Macchl BO3AYIIHOIO Cy/HA U CMEIIEHHE OLIEHKM HadyaJbHOTO MOMEHTa BpeMeHH pasbera. IIpuBenen npumep
olleHKH B3j1eTHOW Maccel BC B mporecce npoBeIeHHs PaccieOBaHUs KOHKPETHOTO aBHAIIMOHHOTO IPOMCIIECTBHS.
3TOT pUMep NpoAEMOHCTPUPOBaI 3(PHEKTUBHOCTD Pa3padOTaHHON METOINKH.
KioueBble ci10Ba: aBHALMOHHOE IPOUCIIECTBHE; arpuopHas HHGOpMalys; OOpPTOBBIE CPEICTBA PETHUCTpPALNN
MapamMeTpoB JIBMDKEHHMS; B3JIETHAs Macca; BO3IYIIHOE CYAHO; OLIEHKAa B3JIETHOM MacChl; OLIMOKH IapaMeTpHYecKOn
rH(pOpMANKH; OllEHKa CIBUTA HAYAJIbHOTO MOMEHTa BPEeMEHH; MPHOOpHAasi CKOPOCTb.
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