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1. Analysis of researches and publications

Estimation of the data probability density is the central
problem of mathematical statistics. The most known
nonparametric estimation of probability density is
histogram. Theoretical results about consistency and
convergence speed of nonparametric density estimates,
which develop histogram estimations, began to emerge
from the late fifties. It was found that the best
convergence speed of nonparametric estimations is
slower than for parametric models. Convergence speed
depends on the a priori density class.

In [1] the basic attention is given working out of

the theory, studying a consistency of estimation f~ of

density f and speed of L, metric convergence

R= T‘f*(x)—f(x)(dx.

The received fundamental results then are

effectively applied.
2. Problem statement

Kernel probability density function (PDF) estimations
on experimental data 1, ...,mn,_, are widely used in the

assumption of its continuity and smoothness [1]. This
estimation looks like

ﬁ,*(@:ﬁﬁk(%“nj, (1)

n=0

where K(x) — is the kernel function, possessing
property

ofK(x)dle,

N is the sample size; h is the smoothing
parameter or scale parameter; m,...,My_; 1s the

sample of a random variable.
Rectangular and Gaussian kernels

_Jo,5 if —1<x<l,
K@) = {O otherwise;

K(x)=L~exp£—x—2j
for P2

find a wide application at construction of kernel
estimations.
Article purpose is research of dependence of

optimum smoothing parameter hopt from sample

size N for various probability density f . On the
basis of researches it is necessary to pick up model
of regress of this dependence which would optimum

approximate /

(V) for various form of probability

densities f .

3. Research of dependence of optimum smoothing
parameter /i, from sample size N

Quality of the estimation (1) depends on value of
smoothing parameter 4. Criterion of quality in this
work is an intersection of areas under theoretical

PDF f(x) and its estimation fh*(x). The criterion

essence is clear from Fig. 1.

We define a problem of search of optimum
smoothing parameter for the specified sample size at
kernel probability density estimation by a method of
statistical modelling.
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Fig. 1. An intersection of areas under theoretical PDF
(1) and its kernel estimation (2)

Let there is an one-dimensional theoretical
probability density with the given necessary
parameters  f(x,ay,4q,,...,a;_,). This function is
truncated at the left and on the right to borders
x. =F'a,) and x, =F'(0;) accordingly,
where F~!(a) is inverse function to probability

distribution function. Borders are chosen so that the
probability density normalizing condition with the
chosen accuracy was satisfied. On Neumann's
method (a principle of Monte-Carlo) the sample of
random numbers of size N is generated, which
distributed under the given theoretical distribution
law. It also will be an initial material for modelling.

On the obtained sample the kernel estimation of
PDF is constructed at the given smoothing parameter
h and the value of quality criterion is calculated

*max N
R(hy= [ min{f;’(x), f(x)}dx. ()
*min
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Fig. 2. Dependence of the optimum value of the scale
parameter on the sample size (pointwise line) and its
regression approximation (solid line) for normal
probability density

Further such value #,, is found at which the

maximum of criterion (2) is achieved.

4. Regression model 7, (N)

On the obtained dependence of optimum smoothing
parameter on sample size the regression model is
constructed by the method of least squares [2].

Let's bring results of modelling (fig. 2, 3) for
normal probability density with mean w=0, and

standard deviation 6 =1 at following parameters:

1) a minimum and maximum value of x variable
of theoretical probability density f(x)
Xpin = F71(0,001), x,... =F(0,999);

2) a number of discretization intervals of the
kernel and theoretical probability density (for
numerical integration) — 100;

3) a method of numerical integration (at
calculation of intersection of areas) — middle
rectangles;

1 x2
4) akernel - K (x) = —- expt__j :
J2m 2

5) the estimation of smoothing parameter for
each sample size was carry out on 10 experiments;

6) a maximum sample size — 10 000;

7) a search method of maximum in functional
dependence (2) — a golden section [3].

The search accuracy of maximum in function
R(h) on the segment [Amin; Amax] is €=1-10". The
segment [Amin; Amax] 1S selected thus that quantity of
intervals of discretization of kernel probability
density was enough for correct execution of
numerical integration.
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Fig. 3. Dependence of the quality criterion value (with
optimum scale parameter) on the sample size for
normal probability density
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In the given work the regression model has been
fitted, which enough precisely approximates
dependence of optimum value of scale parameter on
sample size

_ a
h"”’(N)_—lg(N+c) +b.

Such probability densities have been involved in
modelling: Beta, Cauchy, Chi-squared, Exponential,
F, Gamma, Logistic, Log-Normal, Normal,
Rayleigh, Student's T, Uniform, Weibull.

The list of probability distributions is explained
by their applications in the radio engineering.

Let's bring the Table 1 with various distributions and
formulas for #,, (N). At modeling the minimum

and maximum value of variable x of theoretical
probability density f (x) was set in the following
limits:

Xoin =F71(0,1), x,

max

=F1(0,9) - for Cauchy
distribution;
Xpin = F71(0,001), x,

max

=F71(0,9) - for log-
normal distribution;
=F*1(O,001), X

max

=F"(0,999) - for all

‘min

other distributions.

Table 1. Regression approximation of dependence /,,,(N).

Probability Probability density Probability density Regression approximation
density name function f(x) parameters of dependence #,,,(N)
T(s0+s1) o Sl s0=2 0,196 .
Bet — - x" (l-x —————_-8079-10°
- ['(s0)-T(s1) (=) s1=2 lg(N +3,796)
AT 0,516
.5- X—t = ———+40,402
Cauchy {TC s {1+( 5 j H s=1 lg(N +1,832)
P (_}zcj 5 8,834
X
i- —_— = = ———— 40,838
Chi-squared (dj (2j d =100 1g(N+1,769)
2-T =
2
. 0,559
Exponential r-exp (—r . x) r=1 m -0,12
o dl
d02 -d12 r(dogdl)
A0y (d1)
a’ d1=100 Ig(N +2,436)
x 2
x d0+d1
(d1+d0-x) 2
' exp(=x) _ __0919 086
Gamma T s=2 1g(N+4,01) ,
x—1
P (_ s j /=1 1,364
i = —— (0,041
LOngth ( ( x_l)jz S:1 1g<N+3,887)
s-| 1+exp -
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Completion of table 1

1
X
— - 0,498
Log-Normal n.o-x 2 !J_(l) 1g(N+2 48)_0,063
Xexp| =5 5 <ln(x)—p) } o= )
r 2
1 (x—n) n=0 0841 ___ 0
B 0841 5y
Normal \/%.GGXP 262 o=1 1g(N+4,719)
X T2 0,534
. x [ 2 _ 0534 49
Rayleigh Gzexp_ 202} c=1 1g(N+4,498)
F(dglj NS 0,782
2
Student's T p '(1"'%) d =100 1 (]<7+3 6)_2’83.10_3
F(ij/n-d ¢ ’
. 1 a=—-0,5 _023 045
Uniform h—a h=0,5 lg(N+2,853)
0,077
. s _ 007745 98.10%
Weibull s-xexp(—x) s=10 lg(N +2,703)

For an example with normal density (L=0,

6 =1) the parameters of regression model will be
the following: @ =0,841, b=-0,021, c=4,719.

5. Conclusion

For each kind of probability density function there is
a dependence of optimum smoothing parameter of a
kernel estimation of this density on the sample size
of experimental data.

At construction of kernel estimation the choice of
optimum smoothing parameter of probability density

function should be made proceeding from a priori
information on a kind of this density.
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I. . Ipokonenko', I. A. Maprunuyk’. OnTuMizanisi napaMerpa 3r/1a/KyBaHHs sIEPHHX OMIHOK HILTLHOCTI

po3noaiay iiMmoBipHocTi

“Hartionansauit aBianiitanit yrisepenrer, mpoct. Kocmonasta Komaposa, 1, Kuie, Ykpaina, 03680

E-mail: ‘prokop-igor@yandex.ru, *igor-martynchuk@hotmail.com
B po6oti npoBoauTHCs 00IPYHTYBaHHSI BUOOPY Mapamerpa 3ri1apKyBaHHs ISl SAepHOT OLIIHKY IIUIBHOCTI IMOBIPHOCTI.
dopmyroeThesl ONTHMIzaliifHa 3aada MOMIYKY MHapaMeTpa 3IJa/pKyBaHHS [0 3aJaHoMy Kpurtepio. OTpuMaHo
AQHATITUYHI BHpa3W 3aJEXKHOCTI ONTHMAJIBHOTO IapameTpa 3IJa/pKyBaHHS BiJ 00’eMy BHOIpKM Ui Mopenei
PO3MOJIUIIB, SIKi MarOTh HaHOLIbIIE 3aCTOCYBaHHS B 0OpOOIIi PaioJIOKAIiHNX CUTHAIB.
Kuro4oBi ciioBa: mapamerp 3TTapKyBaHHS, MIUTBHICTD PO3MOILTY WMOBIPHOCTI; SiIepHA OLIHKA IIITPHOCTI PO3IIOALTY

HMOBIpHOCTI.




L. Prokopenko, 1. Martynchuk. Optimization of smoothing parameter by kernel estimation of probability density distribution 91

H. TI.IIpokonenxo', H. A.Mapreinuyk’. ONTHMH3AIMS NAPAMeTPA CIJIAKHBAHUS SIEPHBIX OIICHOK

IVIOTHOCTH pacipeaeieHus BEPOITHOCTH
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E-mail: 'prokop-igor@yandex.ru, “igor-martynchuk@hotmail.com
B pa6ore mpuBoauTcsi 000CHOBaHHE BHIOOPA TapaMeTpa CTIIAXHBAHUS IS SACPHON OIICHKH IUIOTHOCTH BEPOSTHOCTH.
DopMmynupyercss ONTHMHU3ALMOHHAS 3a/ada [OMCKa IapaMeTpa CIUIaKMBaHUS IO 33JaHHOMY Kputepuro. IlomyueHsl
AHAJTUTHYECKHE BBIPAKEHHS 3aBUCUMOCTH ONTUMAIBFHOTO IMapaMeTpa CTIIaXHBAHUSA OT 00b&Ma BBEIOOPKHU U Mojeneit
pacripeziesieHuid, KOTOpble UMEIOT HanboJIbliee MPUMEHEHHE B 00paboTKe paoIOKallMOHHBIX CUTHAJIOB.
KiroueBble coBa: mapaMeTp CrIIaXHBAaHUSA; IUNIOTHOCTh PAcIpeiesieHusl BEpOSTHOCTH; SIAEpHAs OLIEHKA IJIOTHOCTH
pacnpeaeneHus BEpOsSTHOCTH.

Prokopenko Igor.

Doctor of Engineering. Professor.

Aviation radio-electronic complexes department, National Aviation University, Kyiv, Ukraine.
Education: Kyiv institute of engineers of civil aviation, Kyiv, Ukraine.

Research area: Signal and data processing.

Publications: 200.

E-mail: prokop-igor@yandex.ru

Martynchuk Igor.

Engineer. Aviation radio-electronic complexes department, National Aviation University, Kyiv, Ukraine.
Education: National Aviation University, Kyiv, Ukraine.

Research area: Signal and data processing.

Publications: 8.

E-mail: igor-martynchuk@hotmail.com



