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Abstract. The effective method of solving equations using Fibonacci general series has been shown. The concept of
the Fibonacci general series has been applied; the recurrence formula of the population volume change has been
obtained. We get the equation based on the recurrence formulas; the largest of this equation is the index of the
population volume change. There are some examples of the linear solving equations by means usage the Fibonacci

general series in the frame of Excel.
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1. Introduction

Numerical methods of the solving equations are
considered as widely used in case of scientific and
practical problems saving.

The development of effective methods for
solving equations has always been an important task
up to now.

It has been arised the necessity to introduce the
notion of the general series of Fibonacci and the notion
of index change when creating of solving equations
method using of the Fibonacci general series.

2. Analysis of publications

There are well-known iterative numerical methods
to approximate to the equation root [1,2] which have
several disadvantages.

For example, the basic idea of Newton's method
is as follows: the given interval where the function
changes sign is chosen to the initial root
approximation. In such case the derivative is found,
and it is important to find the approximate equation
root using the iterative formula with given error.

Newton's method being a constant, under
conditions of chosen point (of the initial
approximation) where the function value and its
second derivative are the same .

If the initial approximation is not sufficiently
close to the solving equation than the method might
be divergent.

To solve the equation using the general series of
Fibonacci there is not necessity to find the derivative
of a function, the convergence of a sequence to the

solution of the equation does not depend on the
initial values .

Fibonacci series is a series in which each
following element is the sum of the previous two
since the third one.

It simulates the reproduction of immortal rabbits
from the one pair, each pair gives birth only to one
pair, and each new pair is appeared rabbits in an
exact time.

The series looks like:

x=1x=1 x3=x+x, x,=x_,+x_,k=3.

There is a condition for the following series [3] :

lim % =1,618
ke X

is the solution of the equation
¢’ —q-1=0
and equals to the value of the golden ratio

1445
q_ 2 s

which is widely used in the different spheres of
science and practice (Table 1).

The given model does not reflect the actual
process of population’s reproduction.

The research purpose is an improvement and
effectiveness of solving equations (there is not
necessity to find the intervals where the function
changes sign and also the function value and its
second derivative), finding out the content of this
ratio of the current element ratio to the previous
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Table 1. The Fibonacci series and the ratio of its elements

Series of

Fibonacci 1 1 2 3
The ratio 1,5 1,67
Series of

Fibonacci 5 8 21 55
The ratio 1,6 1,625 1,619 1,618
Series of

Fibonacci 89 144

The ratio 1,618 1,618

element of the general Fibonacci series, modeling
volume change of the population.

3. Presentation materials of research

The general series of Fibonacci. Let’s consider the
most general case.

Rabbits can die at mature age or die because of
predators; in case of babies not surviving or any
other reasons.

Supposing we have a series x;, X,, ..., X, ,... il
which the recurrent condition is taken from the third
element:

X, =0, +PBx_,, k>3.

Each next element is equal to the sum of the
previous two, which are multiplied respectively by o
and p.

We call this series as the general series of
Fibonacci.

Upon condition oo=B=1, we get the Fibonacci
series.

And there is a condition for this series, as well as
for a series of Fibonacci:

e L
X1 X2

As follows from the proportion, when
X1 = 4% -2
the ratio is

o + P, _ q
4%
we get a square equation:
g’ —Bg-0a=0,

where we can find ¢ .

The larger root of the equation we can find using
the following formula :

=B+./BZ+4oc

q* 3

Namely

lim 5 = B++/p*+ 4o
k—eo X1 - 2 '

If g*# <1, than a series of elements of the general

Fibonacci series is degressive (decreasing
population), and if ¢*>1, than the series is

increasing (population increases).

. X
The speed of ratio convergence —— to ¢

X1
depends on the initial ratio arl and the parameters o
X

and P.

If

X

- =49 =9,

5

than there is a condition for all ratios of the series

—r = qK_ = q .

Xie—1 :

In case of geometric progression it’s possible to
find the solution with the help of two iterations.

Example 1. Let’s consider the Fibonacci general
series by means of the recurrent formula

x=0,7x,_,+0,4x,_,, k=3.

. X cq . .
The ratio —*— with increasing k tends to greater
X1

root of the equation
g*—0,4g-0,7=0.

The general series of Fibonacci for the initial
values x;, =1, x, =1is in a range of cells A2:A18
(Table 2), and the ratio

X
— Tk
4y

X1
is in a range of cells B4:B18.
The deviation [ =¢,—¢"
C4:C18) is alternating series of descending,
moreover, it can also be considered as geometric
progression, the denominator of which is equal to a
given number -0,62.

(a range of cells
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Table 2. The Fibonacci general series, finding the limits of ratio and the second-order equation

A B C D E F G
Fibonacci
general
1 series ,3
=A2*$D$2+A3*$ES2 }
2 1 / | 0,7 0,4 =(E2/2+4*D2)MN1/2) |
3 1 / Ratio Deviation .
4 1,1 1[=aaa3 | 0,03977 4=B4-$ES5 [ 1,72046505] .. [h2 . 4,
5 1,14 1,03636 | -0,02387 1,06023253 [¢——1
6 1,226 1,07544 | 0,01521 el 4
7 1,2884 1,05090 | -0,00934 £(E2+E4)/2
8| 1,37356 1,06610 | 0,00586 -0,60021 =C5/C4
9| 1,45130 1,05660 | -0,00363 | -0,63707
10| 1,54201 1,06250 | 0,00227 -0,61392
1] 1,63272 1,05882 | -0,00141 | -0,62826
12] 1,73250 1,06111 | 0,00088 -0,61930
13] 1,83590 1,05969 | -0,00055 | -0,62486
14 1,94711 1,06057 | 0,00034 -0,62139
15] 2,06397 1,06002 | -0,00021 | -0,62355
16| 2,18857 1,06036 | 0,00013 -0,62221
17] 2,32021 1,06015 | -0,00008 | -0,62305
18| 2,46008 1,06028 | 0,00005 | -0,62252

As g, —q" and ¢, , —q" (Fig. 1) have different
signs than ‘qk —q*‘s|qk —Qk—1| and sequence of
ratios

X

X1

49y

match to the root ¢ .

Thus, the root of the equation can be found using
the general series of Fibonacci.

The required accuracy of the root can be
specified by the inequality

|Qk - Qk71| <e ‘
As,
"
lim " =-0,62
k—oo l

k-1

(the range of cells D8:D18) , than the remainder is a
decreasing geometric progression with a negative
denominator and the error does not exceed the last
member of rejection.

The root values of the equation and boundary of
ratio coinsides, so there is a condition

lim e — B++/p? + 4o

k—o0 xk—l 2

Let’s consider a general view of a Fibonacci
series with the recurrence formula

X, =aX,_ tax,_,tax._,, k=4 ‘

Each succeeding element equals to the sum of the
three previous elements of the sequence which are
relatively multiplied by a;; a,; a; .

It’s supposed to believe there is a sequence
executed proportion:

Y — K1 _ X =q
b
X1 M2 X3
where

Xpo = qu—3’
_ _ 2
X1 =42 =4 Xp3
From the recurrence formula we obtain

Xk _a1q2+a2q+a3 _
2 = 2 =9,
9 X3 q
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Fig. 1. Elements deviations of the sequence g, from q*

from which we obtain a cubic equation

7 -aq’ —aq—a=0.
The solution of cubic equation can be found by

Cardano's formulas.
After substitution

Py
we get
y+py+e=0,
2
P__az_%5
_ 20y
c= (,Zl+ 27 3

Solution has the form of

2 3 2 3
3¢, e P s_c_ (¢ P
Y \/2+\/4+27+\/ 2 \a 27

Returning to the previous variable we obtain

—p+h

Thus, the sequence

_ &
q)( - )
X1

where
X =X T G o T a3 3

identical to the value

S T oy A I Sy
q 3+\/ 2 NF T TN 2V T
Example 2. Let’s find the solution of the third
order.
Consider the general Fibonacci series for initial
values x, =1, x, =1, x; =1 arecurrence formula is

x,=0,3x,_,+0,4x,_, +0,5x,_ 5, k=4.

General Fibonacci series are shown in the range
of cells A2:A17 (Table 3) and the ratio

X
4 =
X1
in a range of cells B4:B17.

In cell A5 enter the recurrence formula
x, =03x,, +0,4x,_, +0,5x,_,
(FA2*$DS2+A3*SES2+A4*$F$2)

Then, using the above described
formula, we find series of values

iterative

Xp @Yy T X Y35 k24
and simultaneously find a series of values

N

4. = .
X1

Repeat this operation as long as the condition is
not fulfilled

|Qk _CIk—1| <€ ,

there is the difference between current and previous ratio
which is considered as less than the specified error.
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Table 3. Using General Fibonacci series in which each next element is the sum of the previous three,
multiplied by the corresponding coefficients

Ratio

tends to increase with larger root of
X1

the equation

¢ —0,3¢4*>-0,4¢-0,5=0

As q, —q" and g, , —q" (Fig. 2) have different
signs, than

|CIk - q*| < |Qk - Qk71|
and the sequence of correlation

Xk

qc =
X1

identical to the root ¢ .

Thus, the root of the equation can be found using
the general Fibonacci series.

The required accuracy of the root can be
specified by the following inequality

|Qk _Qk71| <E.

Example 3. Let’s find the solution of the fourth
order equation.

To solve the equation, such as the equation of the
fourth order

' -aq -a,g* —ayqg—a, =0,

we should use the recurrence formula (general series
of Fibonacci numbers)

X =X T X 5 TGN 3+ a4,

A B C D E F G
Fibonacci
1 series Ratio Deviation al a2 a3
2 1 |5A2*$C$2+A3*$D$2+A4*$ES2 0,3 0,4 0,5
|

3 1 7 T al a2 a3
4 1| 1 0,3 0,4 0,5
5 12 Y 1.2
6 | 1,300 1,08333 -0,02318 [=D4-E472/3 |
7| 1430 1,10000 -0,00652 p=[-0,483333M — | E—
8| 159 | 1,11538 0,00887 o=1-0.375026%|-C4+2"E4"3/27-E4'D4/3 |
9] 1,760 1,10313 -0,00338 q*2/4+pA3/27=[0 031148 0,176488 «11~D9"(1/2)
10| 1,947 1,10642 -0,00009 [=D8r2/4+D7/3/27 ~140,364451 0,714299%w]=D10/(1/3)
11| 2,156 1,10732 0,00080 _A10,011475  [0,225551 ==
12| 2,384 | 1,10610 | -0,00042 | [=-D8/2+E9 1 |=2D8/2.E9 |_y=|0.939850% =21 1"(1/3)
13| 2,638 1,10657 0,00005 ——— q=|1,106517_=E10+E11 ]
14| 2,920 1,10658 0,00006 w 0,0000000 0,000000§__ #E12-E4/3 i
15| 3,231 1,10647 -0,00005 =B27/3+E4*B27/2+D4*B27+C4
16| 3,575 1,10653 0,00001 , . ,
17| 3,955 1,10652 0,00000 |=E13"3-E2"E13"2-D2"E13-C2 |

Xk and find the boundary of ratio

X
g = lim—%.
koo Xy

Example 4. Let’s consider an example with the
following coefficients:

a,=0,5 a=0,7, a,=0,5 a,=0,6
namely

q*—0,5¢—-0,7¢* - 0,5 - 0,6 =0.

We should enter the recurrence formula

x5 =0,5x, +0,7x; +0,5x, + 0,6x,

(=A2*$HS$3+A3*$GS3+A4*SF$3+A5*SES3)

(Table 4) to the cell A6.

After you copy it down the column, get the
general series of Fibonacci.

We should enter the formula of the finding the ratio
element to previous element of this series to find the root
of the equation in cell B6 % (=A6/A5).

4

Than we copy the formulas to the columns until
we get the required number of identical signs
(required accuracy) in the second column (the ratio).

We, consider the following function

o)=L

to find the root of the equation.
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The received polynomial f; (q) has the same root

as the polynomial f (q), with the exception of the
first root and will have order which is less on the

unit.

Than we find the coefficients of the polynomial
using the method of Homer in a range of cells

(D5: HS).

Than we enter the coefficients of the polynomial

Fig. 2. Convergence of sequences of ratios

fla)=4"~05¢° ~0,7¢> — 0,54 - 0,6
for this range of cells (D5: HS) and enter

q,=1,434364
to the cell C6.

where
f(q)=aq"+aq™" +-+ay,;

fi (q) =hq" ' +hq"?+-+b, .

The first coefficient of the polynomial f£(g) will
be equal to the first coefficient f(g), the other
coefficients we find using the formula

bia = b, + i1 (=g C6*E6+F5),

We get the equation of the third order

¢ +0,93444% +0,6402 +0,4183=0.

Table 4. The usage of the Fibonacci general series where each next element equals to the sum

of the previous four elements which are multiplied by the corresponding

A B C D E | F | G H
1 Series Ratio Coefficients
2 11 [=A2"$H$3+A3"$GS3+A4"SFS3+A5"SES3 | a a2 a3 ad
3|2 Verification 0,5 0,7 0,5 0,6
4 3/ 1,434364 0,000000 Homer's method
5 4 / =C4"4-E3*C4"3-F3*C4"2-G3*C4-H3 1 -0,5 -0,7 -0,5 -0,6
6 6" 1,4250 | 1,434364 1] 0,9344], 0,6402] _0,4183] _ 0,0000
7 8 1,4649 |-0,792529 1]__0,1418]/ 0,5278]  0,0000]  0,0000
8 12 14329 |=$H$9 D10+$G$9*D11+$F$9*D12 al a2 a3
9 17 1,4273 \ Series Ratio | -0,9344 | -0,6402 | -0,4183
10 25 1,4352 -1,64634E-09 —ae
11 35 1,4362 \‘ 1,30442E-09 [Z8CEE6+F5 |
12 50 1,4339¢|=A12/A11 |11 03267E-09] -0,791668 D=[-2,0911
13 72 1,4340 '8,18448E-10|-0,792554 7
14 104 1,4345 -6,4924E-10]-0,793258 [ZE7"2-4*D7*F7
15 149 1,4345 5,14612E-10|-0,792638
16| 214 1,4343 -4,07541E-10]-0,79193A=D16/D15 |
171306 1,4343 3,22907E-10]-0,792331
18] 440 1,4344 -2,56063E-10]-0,792992
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We enter the recurrence formula
x, =—0,9344x, — 0,6402x, — 0,4183x,

(=A2*$H$3+A3*$GS3+A4*$F$3+AS5*SES3)

to the cell D13.
The square equation

¢*+0,1418¢ +0,5278 =0

has the negative discriminant.
Example 5. We consider the solving of the
equation of the seventh order (Table 5):

g’ —0,5¢° —0,1¢° + 0,4¢* - 0,6¢° + 0,3¢* —
~0,8¢+0,2=0

We enter the recurrence formula

x,=0,5x,_,+0,1x,_, —0,4x,_, +0,6x,_, —
—-0,3x,_5+0,8x,_c —0,2x,

(=A2*$KS$3+A3*$I$3+A4*SI$3+AS*$HS3+A6*
$GS3+AT*SFS$3+A8*SES3) to the cell A9.

Then we find the coefficients of the equation in
the range of cells E3: K3.

According to the given algorithm we find the root
of the equation.

It is necessary to note that finding of the equation
root of higher order needs higher quantity of iterations.

4. Conclusions

1. It has been applied the concept of the general
series of Fibonacci, the recurrence formula of the
population changes upon condition at the factors saving.

2.1t is shown that the recurrence formula
corresponds to the equation, the largest root index

identities the increase (decrease) population, that
shows how many times the population increases
(decreases) in the current period compared to the
previous ones.

3. The population rate of change with the number of
periods is independent from the initial conditions (initial
size of population), and depends on coefficients

4. The algorithm for the solving equation of the
n-th order

qn - a1qn71 - n—2q2 - an—lq - an = 0

with the method of the Fibonacci series consists of
the original equation that should be adjusted to the
form

" =aq" ' ++a, ,q4*+a, q+a,,

we should apply the recurrence formula
X, =ax_ +aX, ot a, X, tax._,,
kzn+1,

than it is necessary to apply the ratio

e

qK = .
X1

Iterative elements of the series are searched by
as long as the condition is not fulfilled

|41k _‘Ik—1| <e,

where € — given allowable error.
References

[1] http// ukr.wikipedia.org/Newton’s metod.

[2] http// ru.wikipedia.org/Fibonacci numbers.

[3] Volkov, E. A. Numerical methods. Moscow,
Fizmatlit. 2003 (in Russian).

Table 5. The usage of the Fibonacci general series where each next element equals to the sum of the previous
seven members which are multiplied by the corresponding coefficients

A B C D E | F | ¢ | H | 1 [ J ] K
1 Series Ratio Coefficients
2 -7892 al a2 a3 a4 ab ab a7
3 8964 0,5 0,1 -0,4 06 | -03 0,8 0,2
4 -9803 Homer's method
5 11102 11 -05 -0,1 0,4 06 | 03 -0,8 0,2
6 12173 -1,0965 | -1,114] 1 [-1,6137] 1,6971 [-1,4899] 1,0593]-0,8797] 0,1796 [ 0,0000
7 13752 -1,1297 —— ,
8 | 15114 | -1,0990 [=8CETE6+FS | i
9 170395 T 71273 | |7A2"SKS3+A3"8J53+A4"5IS3+A5 HS3+AG*$GS3+AT*SF$3+AB*SES3
10] -18762 -1,1012 ] \ \ | \ | \ i

Received 23 June 2014.



72 ISSN 1813-1166 print / ISSN 2306-1472 online. Proceedings of the National Aviation University. 2014. N 3(60): 65-72

€.10. Tonb6aros. Po3B’s13aHHsA PIBHAHD 3 BUKOPUCTAHHAM 3arajbHoro psixy ®idonaqyi

Haunionanbauif aBiamiiinumii yHiBepcuret, npoct. Kocmonasta Komaposa, 1, Kuis, Ykpaina, 03680

E-mail: tolbatov_e@mail.ru
PornstayTo edekTuBHUII MeTOx pPO3B’S3aHHS DPIBHAHHSA 3 BHUKOPHUCTAHHAM 3aranpHUX psamie @ibonaudi. Beemeno
MOHATTS 3arajbHOro psiny ®ibonauui. HaBeneHo pekypeHTHY (opmyny 3minu oOcsry momyisinii. Ha ocHoBi
PEKypeHTHUX (OPMYyJ OTPUMAHO DIBHSHHS, HAHOUIBLIMH KOPIHB SKOTO € IHIEKCOM 3MiHM 00csry momyismii. B
eJIeKTpOHHUX TabiuLsix Excel 3pobiieHo npukiiany po3B’si3aHHs JTiHIHHUX PIBHSHB 13 BUKOPUCTaHHIM 3arajbHUX PsIiB
didonayyi.
Kuro4oBi ciioBa: rpaHMIis BiTHOIIEHHST; 30DKHICTD PSY; 1HAEKC 3MiHH; NOMYJISLs; piBHAHHS; psay PiboHayudi.

E.1O.To6aToB. Pemmenne ypaBHeHH# ¢ HCNOIb30BaHHEM 0011ero psiiaa @udonayyu

HanuonansHelii aBuanioHHbli yHUBepcuteT, npoci. Kocmonasra Komaposa, 1, Kues, Ykpauna, 03680

E-mail: tolbatov_e@mail.ru
Paccmotpen 3¢(eKTHBHBIA METOZ pELIeHUs ypaBHEHHs C HCIOJb30BaHueM oOmux psgoB dubonauun. BeemeHo
nouATHe obmero psga Pubonayun. IlpuBenena pexkyppeHTHas Gopmysia U3MeHEeHHsT o0beMa nomyisanun. Ha ocHoBe
PEKYPPEHTHBIX (OPMYJI TIOJIyYEHO YpaBHEHHE, HAUOOJIBIINI KOPEHb KOTOPOTO SIBJISETCS MHIAEKCOM M3MEHEHHUs 00beMa
nonyssauun. [Ipumepsl penenust JIMHEHHBIX YpaBHEHHI clieNaHbl B AJIeKTpOHHBIX Tabnunax Excel ¢ mucrnonb3zoBaHuem
o6mux psioB GuboHaYYH.
KioueBble c10Ba: MHIEKC W3MEHEHHMS; MONYJSLMS; Hpeies OTHOIIeHMs; psx PnboHAaYuM; CXOIMMOCTH psja;
YpaBHEHHUS.

Tolbatov Yevgeniy (1973). Candidate of Physico-Mathematical Sciences (2000). Associate Professor.

Higher and Computational Mathematics Department, National Aviation University, Kyiv, Ukraine.

Education: Mechanics and Mathematics Department, Kyiv National University named after Taras Shevchenko, Kyiv,
Ukraine (1995).

Research area: research of the vibrations study of curved rods.

Publications: 18.

E-mail: tolbatov_e@mal.ru



