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Abstract. We have used Diederich’s theory of wingspan average correlation functions to obtain analytical
expressions for the local spectral density of aircraft wing moments induced by horizontal and vertical wind gusts. We
have assumed that the correlation functions of atmospheric turbulence belong to the Bullen family which includes both
partial cases of known Dryden’s model as well as von Karman’s model.
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1. Introduction

For modeling the effect of atmospheric turbulence
on the movement of large aircraft it is necessary to
take into account the influence of the size of an
aircraft on the forces and moments of forces induced
by turbulent gusts.

Different approaches have been developed by
many authors [1, 2, 3, 5, 6, 7, 8].

However, the Diederich approach [1] based on
the averaged wing span correlation functions and its
power spectral densities can be considered as the
most physically obvious.

This approach assumes that the atmospheric
turbulence is the stationary random Gaussian process.

We will suppose also that the air turbulence
under consideration is homogeneous and isotropic.

“Homogeneous turbulence” is understood to mean
turbulent motion, the probability characteristics of
which are identical for the entire wind velocity field
under consideration.

“Isotropic turbulence” is understood to mean
turbulent motion, the probability characteristics of
which do not depend on the direction along which
the correlation between the velocities at two points
in the field is being considered.

It follows from the general theory of
homogeneous and isotropic turbulence that all that
should be known to describe the velocity field in this
case is the two correlation functions: longitudinal
function f(r) and lateral function g(r)[5], where

g =1 ()42 A (”.

If we neglect the size of an aircraft and accept
Taylor’s hypothesis of a frozen field of atmospheric
turbulence then the correlation functions will depend
only on the argument Ut, where U is the flight path
velocity, 1 is the time.

As it has been shown in [1] it is possible to take
into account the wing span effect by means of
modification of an argument of correlation functions
and accept the argument as

T :\/Uz T +(y2 _y])zj

where y, and y, — coordinates of two points along

the span.

Then it is possible to obtain an analytical
expressions for the correlation functions of the
forces and moments acting on the wing which
dependon y,, ¥, and T.

Integrating these expressions over the span and
performing then the Fourier transform in time, it is
possible to evaluate the correspondent power density
spectra.

This spectra is the base for further analysis of the
effects of the turbulent gusts on the aircraft motion.

However such a program can be realized only for
the Dryden turbulence model, where

IS

f(r)=fy(r)=ce L, (1)
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2

where o;, — a variance (mean value of a square of an

arbitrary velocity component of a turbulent wind);
L — aturbulence integral scale:

=Loff(x)dx
Owo

The experiments suggest that the more
appropriate model of air turbulence is the von
Karman model,

s 1/3 .
Sx(r)= Gwm(;j K (Zj 2
ra/s) .

T Jar(5/6)

where K,,;(x) — modified Bessel function of the

second kind of order 1/3;
I'(x) — gamma function.

1,339L,

However the power spectral densities of forces
and moments for the von Karman model in [2, 3]
have been found only numerically.

This leads to difficulties when finding a Fourier
transformation of the correlation functions.

The aim of this paper is to obtain the analytical
expressions for the local power density spectra of an
aircraft wing moments induced by horizontal and
vertical wind gusts for the Bullen family of
turbulence models.

2. The local power spectra

We will assume that the longitudinal correlation
function has the form [9]

o gsles o

1 -1
a= n_EF(S)F(% + sj L

If s=1/2, the Dryden formula (1) follows from
(3), and when s =1/3 the von Karman formula (2).

As shown in [1, 2, 3] turbulent gusts generate the
random moments of forces that may be separated
into two types.

One of them is due to the vertical gusts with
correlation function of the form

C12

\PCI (v)= W

f y(gy (p(r,n)dn, 4)
= f +R£

p— — 3 . =
Yy =6(4-6m+7’); gy =g 2 dp’

U?r? + b :
a2 2a )’

where Czp — coefficient of damping in roll

coefficient;

Y(n) — the weight function;

b — wingspan.

Another one is caused by horizontal gusts and the
correlation function of the moment has the form

ac;
2
Yo(m)= 02 ) - [v(gy (p(en))dn, O]
Ut
= +
gH(p) U2T2 + (bn/z)z f(p)
(bn/2)*
72+ om2p & P
where o, — angle of attack.
It turns out that despite of complicated

dependence of the local correlation functions g, (p)
and g, (p) on time 7, it is possible to find out

analytical formulas for the power spectral densities
which are written in the form

1 e .
GV(OJ)=;_[ &gy (p)dr,

Gy (0)=— fe"”‘gy(p)dr
To find the functions G, (®) and Gy (o) it is

convenient to represent gy (p) and gy (p) in the form

g = GEV%P(H $)P'K(P) = p* K1 (0)]

o = wr()[szK ()~ b/ 20 :)S“’)j

Using the integral transform [4]

o0 i
(gcos(cx)(xz +p2)2 K, («/xz + p? )dx =
1 oL
= \/Eps+ (\/1+c) 2K 1(17 1+cz)
2 S+—=

2
we obtain the following expression for the power

spectral density

G, (v, n)_i
(1+v2 )+7

2(1+5)1+vHK 1 (B)],

{_BKH 3 (B) +
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where
AS_G%VL 22°°
nUF s+l ’
2
y=2a
Uﬁ

Bzg—lel+v2.

Using the recurrence relation for modified
Bessel’s functions,

PK, 1 (B) =BK, (B)+ 249K, (B,

we find an expression for the local power spectral
density of the moment, which is caused by vertical
gusts

1
AR2
GV = —SB

(1 +v? )H%

K mmj-

1 (B)-

2

[(2(1+ VI +1)K
(6)
)

Similarly we find an expression for the power
spectral density of the moment due to horizontal gusts:

BS%

(1+v2)s+5

For the Dryden model, s = 1/2, from (6), (7) we find

S+§ 3

JORTSC) e

g nU(1+V2)2((V+) 1(B)—P o(B))a ®)
2L
o =2 L0k, (B)- K, () o)

These expressions are identical with the formulas
given in [3].

Substituting s = 1/3 into (6) and (7) we find an
expression for the von Karman turbulence model

5 3
(1+v2)6 6 (10)
—3BK1(B)}
6
5 3
GH=% Ci PO [2K§(B)—BKL(B)J, (11)
(1+v2)6 6

where

1 75 -1
CK=26F(EJ =~ 1.26702.

3. Discussion

Let us discuss briefly the physical meaning of the
formulae obtained. It can be shown that the function
Gy (v,pB) is positive and the function Gy (v,3) has

only a single root, which is a solution of the equation

2Ks+l(B*)—B*KS_l(B*):O.
2 2

For Dryden’s model
Karman’s model . =~1.227.

Formulae (6) and (7) allow us to analyze the
properties of local power spectral density at high
frequencies v>>1.

In the limit of zero span magnitude, b — 0,

limx/K,, (x) = 21‘qF(q) , liqu“Kq (x) =0,
x—=0 x—=0

B« =1.332and for von

formulae (6) and (7) reduce to well known
expressions for the lateral and longitudinal spectral
densities for the airplane point model:

27 (20 +sW? +1
Gy =G 1)
(1+v2) 2
2L
o) =27 ——.
<1+v2)s 2

At higher frequencies the functions Gj(v) and
Gyo(v) decrease by the power law

1
Gyo(v) o= I

1
Gpyo(v) o< PR

It is clear from the formulae (6) and (7) that the
effect of the finite span of the aircraft leads to
exponential decay of the local power spectral density
at high frequencies. Indeed, since in the region of the
high frequencies v >>1

_bn
BNZ\/&

it is possible to use the well known asymptotic
expression for the Bessel functions in the formulae
for the local spectral density

Kq (x) szl?e‘x, x>>1.
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may be used for calculation of the spectral densities g, Large Aspect Ratio Wings in Turbulent Flow.
of the moments 1nduc§d by. the wind gusts according Journal of Aircraft. 1971. Vol. 8, N 5. P. 395-400.
to the procedure described in [3].

We are going to carry out a detailed comparison of [7] Houbolt, J.C. Atmospheric Turbulence.
the results for the spectral densities for Dryden and von ~ AIAA Journal. 1973. Vol. 11, N 4. P. 421-437.
Karman turbulence models in our next paper. [8] Schanzer, G.; Xiao, Y. Lift and Rolling
References Moment of a Finite Wing due to Sinusoidal and

Stochastical Turbulence. Aerospace Science and
[1] Diederich, F.W. The Dynamic Response of a  Technology. 1997. Vol.1, N5. P. 341-354.

Large Airplane to Continuous Random Atmo- [9] Taylor, J. Manual on Aircraft Loads.

spheric Disturbances. Journal of the Aeronautical  pyplished for and on behalf of Advisory Group for

Sciences. 1956. Vol. 23, N 10.P. 917-930. Aecronautical Research and Development, North

[2] Diederich, F. W.; Drischler, J.A. Effect of . .. .
Spanwise Variations in Gust Intensity on the Lift Atlantic Treaty Organization by Pergamon Press in
p s Oxford. New York. 1965. 350 p.

due to Atmospheric Turbulence. National Advisory
Received 29 April 2014.

A.O. Anronosa', M.C. Ky;mx?, 1.O. JlacriBka®. MoaeoBaHHSI MOMEHTIB, 00YMOBJICHHX Ji€i0 aTMoc(epHOT
TYPOYJICHTHOCTI HA KPIJIO JITAKA
HaroHanbsHui aBiariifnuii yHiBepcHreT, 1ipoctl. KocmonasTa Komaposa, 1, KuiB, Ykpaina, 03680
E-mails:'anna_antonova_08@mail.ru; ? kms @nau.edu.ua; ° iola@i.ua
Ha ocHOBi MeTOny ycepenHEHHX 3a PO3MAaXOM KpHIIa KOpeJsIiiftHuX GyHKIiH Jiaepixa OTpUMAHO AaHAMITHYHI BHPA3H
U1 JTOKATbHUX CIEKTPAIBPHUX MIIBHOCTEH MOMCHTIB KpHIA JiTaka, OOYMOBJICHHX TOPH3OHTAIBHHMH 1
BEPTUKAIBHUMH HOpHBaMH BiTpy. [IpumymmeHo, mo koperriniiai GyHkuii atMmochepHOi TypOyJICHTHOCTI HAJEXKATh 10
cim’i ByseHa, 1Ka BKIIIOYAE K YACTHHHI BHIAIKH BigoMi Moaer TypOymeHtHOCTI [paiineHa i on Kapmana.
Krouogi cioBa: Mozaemni TypOyICHTHOCTI; CIICKTpabHA MILTBHICTE; oH Kapmana Momems.

A.O. Antonopa', H.C. Kymx?, LA, JIacrueka®. MojempoBaHne MOMEHTOB, 06YCI0B/ICHHBIX BO3ACHCTRIEM
armocdepHoii TYPOYJICHTHOCTH HA KPBIJIO CAMOJIETa
HarmoHabHBIN aBUAalMOHHBIA yHUBEpCUTET, IIpoctl. KocmonasTra Komaposa, 1, Kues, Ykpanna, 03680
E-mails:'anna_antonova_08@mail.ru; ? kms @nau.edu.ua; ° iola@i.ua
Ha ocHoBe MeTO1a YCPETHEHHBIX 1O PA3Maxy KpbITd KOPPEIBIMOHHBIX (PyHKIui Juaeprxa noayYeHbl aHATMTHICCKHIC
BBIDAKCHHS AN JIOKAJNBHBIX CICKTPANBHBIX IUIOTHOCTEH MOMCHTOB KpBUIA CAMOIETa, OOYCIOBJICHHBIX
TOPH30HTAILHBIMA M BEPTHKAJIBHBIMH TOPBIBAMH BETpa. JIONMyINEHO, YTO KOPPEIMIHOHHBIE (PyHKIMH arMocdepHOH
TypOYJICHTHOCTH OTHOCSATCSI K CEMEHCTBY DBymieHa, KOTOpPOE BKIFOYACT KAK YACTHBIC CIIYYAW H3BECTHBIC MOJCIH
TypbyacuTrHOCTH [patincHa u (hon Kapmana.
Kirouesnie ciioBa: Mosenu TypOyICHTHOCTH; CIIEKTPAIbHAS IIIOTHOCTH; (por Kapmana Mozems.



72 ISSN 1813-1166 print / ISSN 2306-1472 online. Proceedings of the National Aviation University. 2014. N 2 (59): 68-72

Antonova Anna (1948). Candidate of Engineering. Associate Professor.

Department of High Mathematics, National Aviation University, Kyiv, Ukraine.

Education: Moscow Physical -Technical Institute with a Degree in Flight Dynamics and Control, Moscow, Russia
(1971).

Research area: flight dynamics, economic dynamics.

Publications: 50.

E-mail: anna_antonova_ 08@mail.ru

Kulyk Mykola (1952). Doctor of Engineering. Professor.

Holder of a State Award in Science and Engineering of Ukraine (2003).

Winner of a State Prize of Ukraine in Science and Engineering (2005).

Rector of the National Aviation University, Kyiv, Ukraine.

Head of the Department of Aircraft Engines, National Aviation University, Kyiv, Ukraine.
Education: Kyiv Institute of Civil Aviation, Kyiv, Ukraine (1978).

Research area: definition of the technical state of aircraft engines.

Publications: 200.

E-mail: kms@nau.edu.ua

Lastivka Ivan (1956). Doctor of Engineering. Associate Professor.

Head of the Department of High Mathematics, National Aviation University, Kyiv, Ukraine.
Education: Kyiv State Taras Shevchenko University, Kyiv, Ukraine (1982).

Research area: mathematical modeling of dynamic processes.

Publications: 73.

E-mail: iola@nau.edu.ua



