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In the given work, it is made an attempt to build a simplified mathematical model of financial
functioning of an enterprise which leads its own internal economic activity in conditions of two pa-
rallel existing economies: “light”, which is being taxed officially by the state establishments, and
“shadow”, controlled by the corruption structures by their own schemes of taxation, as well as, ex-
ternal economic activity, at the given consideration without the “shadow” component. The sug-
gested model allows researching the optimal control of the financial-economic process development
by the each of the “players”: the firm, internal state official and “shadow”, as well as the external
state structures. The application of the subjective entropy extremizaton principle by Professor
V.A. Kasianov allows obtaining the canonical distributions of the “players’” individual prefe-
rences which demonstrate the presence and intensity of the optimal values of the continuous con-
trolling parameters. Conducted numerical experiments have been illustrated with the correspond-

ing diagrams.

Key words: Cypriot financial crisis (2012-2013), financial-economic process, optimal control, in-
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Problem formulation

On the background of the recent events
(March 2013), related to the financial crisis in
the Republic of Cyprus [1], it becomes obvious
that for the main participants of the internal-
state economic activity of a firm, that is the firm
itself, official internal-state institutions of tax-
collection, and “shadow” internal-state struc-
tures [2], there arises an actual problem of tak-
ing into account one more economic “player”:
external-economic system. That pertains to the
matter not only at some crisis periods but also
relatively stable ones.

Analysis of the latest researches and publi-
cations

Consideration of this problem for an enter-
prise, which conducts its own external-state ac-
tivity generally on the economic laws, likewise
described in sources [3, 4], leads to the necessi-
ty of elaboration of a formalized model of the
“players” optimal behavior (the control of the
process by each of them in their own field of
competency) with the application and further

development of the variational methods of sub-
jective analysis initiated in works [2, 5-9].

Task setting

The objectives of this work — to elaborate a
rough but principally substantiated model which
reasonably takes into consideration the optimal
intentions and individual preferences (factors of
control) of the economic “players”.

Main material

1. Problem setting
In accordance with the statements developed
in the monograph [2, P. 3], the flow of resources

V, (financial or material), which is being taxed

with both the official and shadow (“contribu-
tion”) taxes, at any moment of time is dividing

into the “light” part Vél) and ‘“shadow” part
2 : .

v{? , thatis, [2, P. 3, (1)]:

(1)

Accordingly to the given consideration we
will deem the components of the equation (1) as

_vO ,y®@
Vo =v® +v @
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the flows of the internal-state economic activity
of the firm. Thus, their summation flow be-
comes also the internal-state one.

We will add a component of the external-state
economic activity flow of the enterprise to the
internal-state flow (1). Then, the total flow of
the resources of the firm will have the view of

1 2 3
Vs, =VP +v v, )

where v{¥ — part of the enterprise resources

total flow that comes up as a result of the exter-
nal-state economic activity.

In the simplest case the flows are taxed pro-
portionally [2, P 3]:

Ve =TV, 3)

where V; — incomes from taxation of the firm
through the internal-state official form of taxa-
tion, which is calculated out of the “light” part
of the enterprise total resources flow; T — tax
rate assigned by the state, “internal” for the
firm; [2, P 3]:

where V. — total “contribution” (“shadow”

taxation), it has the “internal-state” sense in the
given problem setting as well, that is calculated
out of the “shadow” part of the enterprise total
resources flow; C — “shadow” taxation rate
which is imposed by the shadow structures of
the “internal” state; we will conditionally name
such player a “racketeer” [2, P v-viii];

Vg =BV, (5)

where V, — taxation incomes from the firm to
the foreign “external” state through its own offi-
cial form of taxation that is calculated out of the
external-state part of the enterprise total re-
sources flow; B — rate of taxation assigned for
the enterprise by the “external” state.

The determined model proposed in the work
[2] envisages some condition of a certain prin-
ciple (law) existence that splits the scope of V,

into the two component parts V. and V ¢, be-
ing formed by the enterprise itself (that is its

own competence) and which is called the law of
“iceberg” or “Divisor” [2, P. 3-5, (2)]:

v @ B
P __ (9) , (6)
v (2 T
p
where B — parameter of the model that shows a

degree of the intensity of the firm’s reaction
upon the change in the rate of taxations.

If we denote %:g, then we will write down

[2,P.5, (3)]

P _¢B
Vlgz) - E.; (7)
instead of (6).

The condition of (6) or (7) means that the
more the state taxation rate in relation to the
“shadow” taxes (“‘contribution”) the bigger part
of its own return is hidden into the “shadow” by
the firm and, vice versa, the more the “shadow”
taxation the more the “light” component partial
weight.

Let us apply the mentioned above principle for
modeling the division of the total flow (2) into
the three components.

Vp B \*
Alo) ©
p

where D — total “internal” taxation; o — para-
meter of the model that shows a degree of the
intensity of the firm’s reaction upon the change
in the rate of the “external” and “internal” taxa-
tions correspondingly; in the general case the
parameter of o may be different from the ana-
logous by the conception parameter B, of the
model of (6, 7).

The total “internal” taxation will be deter-
mined from the condition of

Ve

D=V_’ %)

p

where V> — losses of the enterprise because of
the double taxation “inside” the country, that is,
[2, P. 3]:

Ve =V, +V,. (10)



From the equations of (1) and (7) we get, [2,
P.5, (4)]

11)
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Let us suppose that the internal-state taxation
rate is determined. Then, in relation with (3, 4),
[2,P.5, (5)]

v.-T 5 v V.=T-° v 12
Too1E R R L
and [2, P. 5, (6)]
> _ g+
VE=T e V,. (13)
Form relations (9, 13)
_ &+
D=T e (14)

Then, model (8) with the use of (1, 2, 14) will
be notated in the view of

V) +V5? B+&") |
D _y®@ By | (15)
Vs, =V =V TE+EP)
Having applied expression (7) and indication
B(1+¢&P)
g=— =) (16)
T(e+g")
we obtain
v = P Vs (17)

P+ t+o%)
for the “shadow” component of the total flow.
From where, out of (17), accordingly to (4)

o

¢
et @ (49)
Relation (18) contains parameters of control of
economic process by all four players. In the giv-
en problem setting it is considered the optimal
“shadow” taxation. This means that at the other
parameters of the model (18) having constant
values, the “smart/clever racketeer” is finding
the maximum of the total “contribution” V,

with the variation of the parameter C by him.

2. Problem solution

At the given conditions, the extremum (in this
case maximum) of the function of (18) is found
from the condition

dVe _ oV, +8VC %Jr oV, d—(on. (19)
dC oC 0o dC d¢ dC

At the equation (19)

d_(P=a_(P£ since a—‘Pso. (20)
dC o6& dC oC

As in this problem setting T, B, o, 3, and
Vs, — are given constant values, also the para-

meters of C and & are linearly connected one

with the other, then the condition of optimality
(19) is equivalent to

i{ S0 j: 0 (21)
el (L+&") @+o”)
The expression (21) will have the view of
0 0
NE N do_ 22)
& dp dg
where
vo &% (23)
(L+&") @+o%)

Substituting the expression (16) into the equa-
tion (23) we have

v _ &gl
© e+ +[Ba+eh)
From condition
dv{®
de
we obtain

[T(e+EP)][aE) +opef (e —1) —ac 1 +EP)] +

(24)

-0 (25)

+[B@+&P)]*a) =0, (26)
where
a@) =@E+eh)[L+efa-p) . (27)

The root of the equation (26) gives the sought
solution of the problem, the value of the para-
meter of £, , at which the extremum of the

function (18) is possible.



At the condition
dv®

&2 <0 (28)

<taopt

we will have the maximum of the total “contri-
bution” V. (18).

3. Application of the subjective entropy ex-
tremization principle

Let us apply the principle of the subjective en-
tropy maximum, proposed by V.A. Kasianov,
professor of National Aviation University, to the
finding of the optimal distributions of prefe-
rences of continuous alternatives.

Accordingly to the concept of the subjective
entropy extremization principle by Professor
V.A. Kasianov, the optimal solution is made
with the application of the functional postulated
in the subjective analysis [2, 5-9], which is tak-
en in the rather general view [5, P. 119, (3.38)],
[2, P. 38, (1)]:

@ =oH_+Be+yH (29)

where H_ — subjective entropy; e=¢(n, U, .. )

— function of subjective efficiency; H — norma-
lizing condition; o, B, v — structure parameters
which can be considered at different situations
as Lagrange coefficients, weight coefficients or
endogenous parameters that reflect certain prop-
erties of psych. The parameters o and (3, that
enter the content of the functional (29), are not
the same parameters of o and (3, that have been
used above in the modeling relations of the “Di-
visor” (6) and (8).

Although, for the justice issues, it should be
noted that the endogenous parameter of psych 8
(the subjective temperature) which forms the
cognitive function of Be of the functional (29),
at the certain way compiled functional is right
happened to the exactly the factor of B which
enters the models with the linear-proportional
“Divisor” (6, 7), as it was demonstrated as an
example at the monograph [2, P. 43, § 2.2, (i-
vi)].

At the given problem setting, let us consider
the continuous restricted alternative — the value
of the shadow taxation rate C. The value of &

as well as the function of effectiveness in the
view of (18) will correspond to this alternative.

Then, the functional, optimized by the “rack-
eteer”

€1
oS = [[-rc (€I me (€) - Brme (€) Ve ()] de +
o

&1
+v[ [re @ dé—l],
€o

where . (£) — function of the “racketeer’s” in-

dividual preferences concerning to the conti-
nuous alternative C, therefore becomes the
function of the parameter of & ; B_ — indication
of the structure parameter of the given function-
al that differs from the parameter of the model
(6, 7) — the degree of the intensity of the firm’s
reaction upon the change in the rate of taxations
3, in order to avoid the confusion between them
and their mistaken interpretation; V. (&) — rela-

tive function of effectiveness, that is from the
relations of (16, 18):

VC (g) =T Bé(p(i) — ) (31)
Vsp  (1+87) L+ 0(@)%)
Variational problem (30) is solved by the me-

thods of [2, 5-9] and leads, as the result, to the

canonical distribution of the individual’s prefe-
rences function:

e (E_,) — ilexp [_BnVC (E.a)]
[op[-BVe ®)] de
o

(30)

Ve (&) =

(32)

4. Numerical experiment

Let us model the relations between the optimal
controls (taxations) from the sides of “shadow”
and external-state economic structures. In cor-
respondence with the previous theoretical
speculations (1-32) at the example with the fol-
lowing initial data: £,=0; &,=2; B, =-5;
T=035 B=0.15; a=2; B=2; we obtain,

first the optimal value of &, the value of the

“shadow” taxation. The root of the equation of
(26) has the approximate value of ~0.29; shown
in fig. 1.



In fig. 1, for checking the accuracy of the in-
termediate derivations, dropped for the matters
of conciseness of the scope of the publication, it
is shown in the corresponding scales a few dif-
ferent graphs of the equations obtained from the
different necessary conditions for the extremum
to exist, and all of them have one and the same
root. That testifies the correctness of the ma-
thematical transformations and acceptable accu-
racy of the calculations.

The graphs of the relative total “contribution”
V(&) and related function of the individual’s

preferences distribution = (&) obtained by the

equations of (31, 32) in the corresponding scales
are presented in fig. 2.

From the diagrams in fig. 2 it is noticeable that
maximal values of the relative total “contribu-
tion” V(&) ~0.0568 correspond to the optimal

ot ~0.29; also
the same to the corresponding function of the

value of the “shadow” taxation &

individual’s preferences distribution
nc (€) =0.57.
)
Tt 0.29
af
ye)

100 /
0
0

Fig. 1. Optimal value of “shadow” taxation

This gives evidences that the “smart/clever
racketeer”, at the given conditions of the exter-
nal-state economic activity of the firm, will as-
sign his own “shadow” taxation at the level of
approximately 29% of the rate of the official
internal-state taxation.

In such a case he will make the maximal in-
come for himself in the scope of approximately

5.68% of the total material-financial resources
flow of the controlled by him enterprise.

A 0.57019

0.57f ",
(&) HN

9VC_ved (&) ' '

0 1 g

Fig. 2. Function of the individual’s preferences dis-
tribution and relative total “contribution”

At this, his own subjective preferences will be
distributed in such a way that this optimum is
the uttermost desired at the level of approx-
imately 0.57, within the restricted diapason of
the possible change of the “shadow” taxation
rate.

Modeling the situation when it is possible to
change the taxation rate of the external-state
economic activity of the enterprise gives the re-
sults illustrated with the corresponding level
curves shown in fig. 3.

From the diagram represented in fig. 3 it is no-
ticeable that the character of the optimal, rela-
tive to the official internal-state, “shadow” taxa-
tion depending upon the change of the “exter-
nal” one is nonlinear.

At the increase of the “external” tax up to the
loss (unprofitable) levels for the firm, the op-
timal “internal-shadow” taxation becomes ap-
proximately equal the internal-state one by its
scope. At this the total “contribution” will
stretch up to the scope of more than 14% of the
total resources flow of the enterprise.

Conclusions

The elaborated simplified model of the eco-
nomic activity of a firm allows adequate consid-
eration of the internal-state official and “sha-
dow” as well as external-state economic struc-
tures’ interests.

In further researches it should be considered
the interrelationships between other participants



of the process. Unexpected sharp changes in
taxation. “External-state shadow” taxation.
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Fig. 3. Relative total “contribution” depending upon
the external-state economic and “shadow” taxation
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8ax 080X NAPANENbHO ICHYIOUUX eKOHOMIK. «C8IMI0IY, Kompa o@iyitino ono0amKo8yEMbCs 0epiHca-
BHUMU Op2AHAMU, MA «MIHLOBOI», KEPOBAHOI KOPYNYIUHUMU CMPYKMYpamMu 34 IXHIMU cxemamu
ONOOAMKYBAHHS, A MAKONC, 3068HIUHbOEKOHOMIUHY OISNbHICMb, Y OAHOMY PO321a0i 6e3 «MIiHbOBOI»
CKIA0080i. 3anpononogana mooeib 00380J4€ O0CHIONHCYBAMU ONMUMATIbHE KePYBAHHS nepedicom
DiHAHCOBO-EKOHOMIUHO20 NPOYECY KONCHUM 3 «2pasyiey. (ipmoio, 6HYmMpiHb0O0epICasHUMU ODi-
YIUHUMU Ma «MIHbOBUMUY», A MAKONC 308HIUHBOOEPAHCABHUMU CMPYKMypamu. 3acmocy8aHHs
npuHyuny ekcmpemizauyii cyo’ekmuenoi enmponii npogecopa B.O. Kacvanoea 0oszsonsic ompu-
Mamu KaHOHIYHI po3nooinu iHOUBIOYAIbHUX Nepesas «2pasyiey, sKi 0eMOHCMPYIOMb HASBHICIb ma
IHMEHCUBHICMb ONMUMATbHUX 3HAYEHb HenepepeHux Kepylouux napamempis. llposedeno uucenvbHi
eKcnepuMenmu, nPoLoCmposani 8i0N0GIOHUMU Jiaepamamil.

KarouoBi cioBa: dinancoBa kpuza y PecmyOumimi Kinp (2012-2013), ¢iHaHCOBO-€KOHOMIYHHIMA
IpoIiec, ONTUMAIbHE KEePYBaHHS, BHYTPINIHBOSKOHOMIYHE OIOJATKYBaHHS, OQII[IHHUIA MOJATOK,
«TIHBOBUI» TIOJATOK, 30BHINIHBOEKOHOMIYHA MisUTbHICTH, mMpuHIMN Tpodecopa B.O. KacesHoBa,
BapialliifHa 3a/1a4a cy0’€KTHUBHOTO aHAIIi3Yy.
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