Monitoring and Management Aerospace Systems 35

UDC 629.3.025.2(045)
Olga Sushchenko, Assoc. Prof.
Irina Chaplay, student

FEATURES OF THE MIXED SENSITIVITY H -OPTIMIZATION
FOR THE TWO-DEGREE-OF-FREEDOM CONTROLLER

National Aviation University
E-mail: fsu@nau.edu.ua

Abstract. The paper is devoted to the actual issue of the robust two-degree-of-freedom controller design.
The statement of the problem for the robust optimization of the two-degree-of-freedom controller by the
method of mixed sensitivity is represented. The expression for the cost function of the mixed sensitivity
method for the system with the two-degree-of-freedom controller, taking into consideration the influence of
disturbances, is obtained. The components of the generalized system with the two-degree-of-freedom
controller and principles of the weighting transfer functions introduction are defined. The transformation of
the formulated problem to the H,, - optimization which may be implemented by the MATLAB software is

carried out.
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Introduction Firstly, these systems operate in the conditions of

_ the external disturbances (the sea irregularittes,
Nowadays, the complexity of control processeging action and the disturbances due to irregudeit
of attendant exploitation of the vehicles grows. Ayt the road profile for ships, aircrafts and ground
the same time the important problem of stabilizatio,epjcles respectively).

of the information-measuring devices that provide Secondly, parameters of the control objects
measurement and determination of the informatiqghange significantly in time.
necessary for the vehicle’s control, navigation and Taking into account all these circumstances, it is
tracking is arised. The rigid requirements byypedient to solve the problem of the studied
accuracy are usually given to such processes. ltggstems stabilization based on the robust control.
impossible to satisfy these requirements withoythe main problem of the robust control system
stabilization of a base on which the appropriatgynthesis is the search of the stabilization lavictvh
information-measuring devices are mounted. is able to provide accuracy of the stabilization

It is worth mentioning that the accuracysystem in accordance with the given requirements in
characteristics of the information-measuring devicespite of presence of uncertainties in its matherahti
are steeply improved by the last years. Sudfescription. This uncertainty may be caused by the
tendency requires the appropriate progress #ifferent factors such as the external disturbances
stabilization systems during the exploitation &g@ errors of a system’s transfer function determimatio
devices at the vehicles. and non-simulated dynamics.

The design of the robust controller with two- Qne of the most widespread methods of the
degree-of-freedom (2DOF) represents the modefgy, st system design is tHd,, -synthesis, which is

approach for this problem solving. described in [1]. This approach provides the robust
performance and stability of the systems to be
designed. In this case, the design problem is

Nowadays, methods of control systems synthesf@'mulated as a problem of the mathematical
based on the modern control theory, are the mdetimization directed to the search of an optimal
widespread. controller.

The choice of the synthesis method depends on The advantage of this approach is simplicity of

the features of a system to be designed a#g@ application for the systems with the cross-
conditions of its exploitation. connections between channels.

Statement of problem
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The disadvantages of this approach are the This approach is accepted in such automated
mathematical complexity and critical influence otomputer-aided facilities for the robust systems
the system’s mathematical description adequacy optimal design as the Robust Control Toolbox [1].
the efficiency problem solution. The generalized statement of tié, -synthesis

In the modern problems of control SyStemf)robIem [2] is shown in fig. 1.
design there is a concept of controllers with one a
two degrees of freedom. In many practical w z
applications the systems with both feedback and L G — >
command signals are used, that result in the u y
necessity to consider the 2DOF controller.
Sometimes, the one degree-of-freedom (1DOF)
controller may be used for this problem solutia, f K
example, when control is implemented by the error
signal representing a difference between the input _
and command signals. But the 1DOF controller does Fig- 1. The statement of the, -synthesis problem
not allow to provide the rigid requirements to the _ _
transient quality indexes. Usually, the solutiortef ~~ The synthesized system consists of the control
tracking problems is actual for control by theobject and controller described by the matrix tfans
information-measuring systems mounted at tH&nctions G@), K() respectively. These transfer
moving base requires usage of the 2DOF controllefsinctions must be fractionally-rational and proper.

The generalized control object represents a system
Analysis of thelast researches with two inputs and two outputs. The vector
The method of the mixed sensitivity belongs toW represents - the _external_ output, which, in the
_ e general case, consists of disturbances, measurement
the widespread methods of tHd . -optimization. noise and command signals. The input veator
The statement of the robust synthesis problem by¥presents the control signals. The output vegtor
means of this method is represented in [2; 3]. Thfstermines the quality of the control processes. Fo
cost fUnCtion and featureS Of I'[S algorithmic anéxamp|e' |t may be Characterized by the Command
program realizations are discussed in [4]. In allignal tracking error, which must be equal to Zero
above mentioned papers the systems with the 1D@z ideal case. The output vectyr represents the

controller have been considered. So, the problem \%ctor of the observed signals, which are used for

the 2DOF controller design is actual and requines tfetedback organization. The transfer function from
further research. Although some separate statements

of this problem are considered in [3]. input W to outputz is denotedW,;. Respectively,

The goal of this paper is representation of the the main task of théd - synthesis is the choice of
basic features of theH ,-optimization for the such controlleK (S), which can minimize the
stabilization systems of the information-measurin .
devices with the 2DOF controller on the basis ef thll Wy, [l norm.
method of mixed sensitivity taking into The control system, shown in fig. 1, can be
consideration the influence of the externadiescribed in the following way
disturbances.

. z _p W _ | Pi(s) Pp(s) :
The statement of the H , -synthesis problem y =P(s) ul P,1(s) Pyx(s)| u ’

A

H, - synthesis is a powerful instrument for Y= K (S)Y-

design of the feedback control systems based on | the state space this representation becomes
determination of the bounded frequency responses

as a functions of the singular numbers. There is an X(t) = Ax(t) + B,w(t) + B,u(t);
approach for robust systems design, when the Z(t) = Cyx(t) + Dy W (t) + Do,u(t) ;
sufficient condition of the robust stability is _ )
formulated in the form of norms, bounded by the y(8) = Cox(t) + Doyw(t) + Dou(t) ;
weighting transfer functions. u(t) =Ky(t).
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The state equation in the matrix form looks like The purpose of theH  -optimization is the

x(t) A B, B, x() synthesis of such a controll€r(s), which can
minimize theco -norm of the lower linear fractional

t)y|=|C D D t) |- :
2(t) 1 Du Dy fw(®) transformation ofP andK
y(t) C, Dy Dy lut) @
in || F.(P,K )], -
The solution of theH -synthesis problem is T:J?r ITFLC 4l

based on the solutions of the Riccati equations. In

: : : : The choice of an optimal controller is
this case is necessary to satisfy the followin .
conditions [2: 5]. y y anlemented on the set of all controllers thatséati

1. The pair of the matrices, B, must be the closed systenWV;, internal stability. This set is
stabilizable and the pair of the matricasC, must called the set of stabilizing or permissible

be detectable. controllers. S _
2. The pair of the matrices B, must be In the practical applications it is convenient to
stabilizable and the pair of the matricesc , must Search a controller, for which thie, - norm of the
be detectable. closed system transfer function does not exceed
3. The following equality must take placeSome given positive number [2]:
DS[C, Dy,]=[0 1]. IR (P.K) Ik <V,
4. The following expression must be truevhere
B _ .
oton=]]) V> Yo = min[IF (P.K)L..
D21 I err

C,x(t) and D,u(t). This canition for theH2-' rejection of disturbances belong to such goalss It
problem means that the weighting control matrix iknown, that on the set of the controllers, thavjute
the norm of the vectog(t) = C,x(t) + D,u(t) is the internal stability of the system, the different

unitary and the componeng&t) of the state vector characteristics of the system may be provided én th

x(t) and control vectar(t) do not influence on this conditions of providing the minimak ., - norms of

norm. The condition 4 shows the orthogonality o€ following functions [3]: . .
the signals B,w(t) and D,w(t). So, the — the accuracy of the tracking processes is

. -1 .
conditions 3, 4 are usual for thid,-problem and min Ji(t+ GK ) "l . ,
rejection of the  disturbance is

spread on the case of ti&, -optimization. min || (1 +GK )™t |l ;

It is worth noting, that in such statements of _  aitenuation wof the measurement noise is
problems the control object is believed to be tte s in |GK (I +GK )|l ;
of some devices and units. This set of devices a q . f°°’ h |
units consists of the control object, actuator, — Y€creasing . o the  control  energy
measuring system and some additional units [6].  Min [[K (I + GK )™ ||, -

The function
The H ., -optimization by the method S=(+GK)™*
of mixed sensitivity represents the transfer function by an error and is

called the sensitivity function.

The transfer function from inputv to outputz i
b P | The function

can be determined by means of the linear fractiona

transformation [3] T=GK (I+GK )™
_ B . _ represents the closed system transfer functionsand
2 =[Py + PK (1 = PypK) Py w = (1) called the complementary sensitivity function.
=F (P, K)w, The function
where F (P, K) is the lower linear fractional- R=K(+GK)™

transformation of® andK . is called the sensitivity function by control [4].
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So, in practical situations it is convenient to use Then the expressions for determination of the
the combination of the cost functions. This apphoa®utput signals as follows
is used in the mixed sensitivity method. It is wort 7 =r -Gu;
noting, that in many cases the requirements to the = _
control system can not be satisfied simultaneously. Z=U;
But the situation can be significantly simplified, €=r—-Gu.
taking into consideration the frequency ranges, for according to this set of equations, the
which the fulfillment of the concrete requiremest i generalized syster® looks like
important. To limit the frequency ranges of the

sensitivity characteristics the weighting transfer r u
functions may be used. z(€) 1 -G

The features of theH_, -optimization by the z, (u) 0 1
method of mixed sensitivity can be considered on y(e) 1 -G

the example of the control system for which .
requirements of the high quality tracking and, '€ components of the matrbP may be
bounding of the control signals energy by the |evepeterm|ned in the following way

are given at the same time. The structural chart of _1].

such system is represented in fig. 2. 11 '

“lo
4
> W1 —l F>12 = |:T:|:
P,, =[1];
Z> 21
W2 > P22 = ['G]'

Applying the linear fractional transformation (1)

r ¢ y K M, G X to this system we can obtain
1| (-G 1
FL(P,K)=| |+ K@L+GK)™ =] |+
0| 1| 1 jaronr ]

Fig. 2. The structural chart of the control system
with the weigh transfer functions {_ GK (1+ GK)_T { (1+GK)™ }
+ = .

To use the method of mixed sensitivity for this K@+GK)™ K@+GK)™?
problem solution it is necessary to introduce the
weighting transfer functions as it is shown inZig. The obtained result confirms the coincidence of
Based on the above mentioned requirements, tH® expressions (2) and (3).
cost function of the method of mixed sensitivity Ihere are the different statements of the tasks,
looks like [3] which can be solved by the method of mixed
sensitivity. One of these problems may be described

W, (I +GK )t 3) by the generalized system and the cost function [4]
n . . ;
W, (1 +GK )_1 i which look like
W, -Ww,G
To correlate this task with the statement of the 0 W, |:
H . - synthesis problem represented in fig.1, it is P= 0 W,G
necessary to introduce corresponding notations for [ -G
the input and output signals of the system to be a
studied Wy (I +GK)
W=r, rKnin WK (I +GK )
Pl WoGK (1 +GK )™
|zl _|e
z= Zj _L] In this problem the necessity to limit an error of

_ the command signal tracking, the control signal and
y=¢, the output signal respectively are taking into
u=u. account.
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The structural chart, which explains the statement According to this chart, the basic goals of the
of this problem, is represented in fig. 3. synthesis along with providing of the internal

‘E_' stability are minimization of the error signa,
L1z control signal u and output signaly under

;El_, influence of the external disturbances. These goals
Z, require introduction of the weighting transfer
> functionsw,, W,, Wj.

d It is worth mentioning, that the choice of the

r e u % y weighting matrices is an ambiguous problem, which
—'->| K |——>| G |— > requires the use of heuristic methods for its smhut

the, for example the method of trials and errors,

which takes into account the experience of the

Fig. 3. The structural chart for the method of designers of a system. According to the structural

mixed sensitivity chart represented in fig.4, the relationships betwe
The singular numbers of the closed transfdfput and output signals of the system look like
matrix functions from the command signiato the 2, = -WT 1 +WGu;

signals of an error, input signals and output digna
€, U, y [7] can be used for the quantitive 2z, =W,U;
estimation of the stability margins and frequency vy =r;

responses of the system. y, =Gu.

Method of the mixed sensgitivity

for the 2DOF controller design Based on these relationships, the structure of the

generalized systemP may be described in the
The important requirement to the stabilizingollowing way

system of the information-measuring devices is to -WT.4 WG
provide good tracking of the given command 0 W.
signals. In such situation the 2DOF controller is p = 2
frequently applied [2, 3]. Such controller consists I 0
two controllersk , K , . 0 G

The feedforward. contrqller Ky  provides . The cost function of this problem, which is lying
requirements to tracking quality. In other words, i :
minimizes a difference between a system's outplft S€arch of the optimah ., -controller[Kl - KZ]'
signal and a reference model’'s signal. The feedbaciay be defined in the following way
controller K , provides the internal and robust - w, T, + W,GK (1 +GK )
stability and rejection of disturbances. The statatrof min rW K, (I +GK )™
the problem of the 2DOF controller synthesis taking ™ 21 2
into account the influence of the external distndes Notice that the statement of the problemtbf, -
which can be solved by means of the method of mixeghtimization by the method of mixed sensitivity
sensitivity is represented in the fig. 4. depends essentially on the features of the system t
s W,}—  be synthesized and conditions of its exploitatfeor.

example, for the problems of the inertial

zz  stabilization of the information-measuring devices,

00

oWyl . L S
d assigned for exploitation at the ground vehicles i
. B u l Vo e z, hecessary to provide the good tracking and to take
" K FR—R— G —+Wi—  into consideration that they are exploited in
conditions of the external disturbances. In conti@s
K, [ [2; 3] it seems more convenient to carry out direct
introduction of the disturbancé in the generalized
Tos system. The most important disturbances for such

systems are the torques caused by the unbalanced
Fig. 4. The problem statement of the 2DOF controlle State and the angular rate of the object on witieh t
synthesis by the method of mixed sensitivity stabilization system is mounted.
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This angular rate depends on irregularities of the
profile of the surface on which the vehicle moves.

For this problem statement of tH#, -optimization

by the method of mixed sensitivity the relationship  The cost function for theH, -optimization by

means of the method of mixed sensitivity for the
stabilizing system of the information-measuring
devices may be determined in the following way

between input and output signals look like
z, = W, 4r +WG,d +WGu;
z, =W,u;
z; =W,Gu;
Yy1=1;
Yy, =Gu+G,d.

The appropriate generalized system
described by the matrix

W WGy WG
0 0 W,
P= 0 0 WG |,
| 0 0
i 0 Gy 0 |
where
__\NlTref VV:LGd
Pi= 0 0 |;
i 0 0
_V\llG
Po=| W, |;
_W3G
P = | O
0 G
P —_O ;
22 _G ;
here
W=r;
z We
z=|z, |=| W,u |;
z; | |W;Gu

may be

Al

W +

HWGK, (L+GK,) ™
VoK, (1+GKy) ™

WAGK; (L+GK,) ™

min
err

WG; (1+GKy) ™

“WK,Gy @+ GKz)_l
WG, (L+GK,) ™

(o]

To pass on to the statement of thd, -

optimization problem, which can be solved by the
MATLAB toolboxes, it is necessary to determine the
generalized system in the state space. In thisitase
is necessary to take into consideration the senes
parallel connections of the system. Notice thaain
system with the 2DOF controller it is necessary to
take into account the desirable reference transfer

functionT, , which is chosen by the designer to

form the desirable gain-frequency responses of the

system.

The state and observation equations for the

generalized system look like
Xrg SATXTg +Br T3
z; =Cyy Xy + Dyl
z, = Cy,Xw, + Dy, U;
23 =Cy Xy, + Dy, U +Dg,d;
yi=r;
Y, =Dgu+Dg,d.

Then, taking into consideration the series and

parallel connections in
generalized model of a system as follows

the state space, the
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As 0O 0 0 0 0 By B
o A, O O 0 B 0 0
By, O A, O 0 B, 0 -B,Dg
0 o 0 A, O 0 0 B,
o[ BuCs O 0 0 Ay By 0 ByDg
-DyDs 0 C, O 0 Dy O DyDg |
0 0 0 CW2 0 0 0 DW2
DyCs O O 0 C, O Dg DyDg
0 0 0 0 0 [ 0 0
Ce 0 0 0 0 0 D Dg
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