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Abstract

In metric and topological vector spaces the notion of measure of noncompactness is used to associate numerical values
to sets so that compact sets get zero measures and other ones obtain positive values that indicate how far they are
different from compact sets. This concept was initiated by Kuratowski in early 30s and has been defined and developed
in many different ways. The indices of noncompactness can give us sufficient conditions for formulating various fixe
point theorems in metric spaces. Another important application of these measurements is in characterization of
Fredholm operators in infinite dimensional topological vector spaces. The object of this paper is to provide an
appropriate criterion that establishes a connection between Lipschitz-Fredholm operators in more general context of
Fréchet spaces, the Hausdorff and lower measures of noncompactness. Furthermore, by using an arbitrary measure of

noncompactness in the sense of Banas and Goebel we obtain a fixed point theorem for Fréchet spaces.
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1. Introduction

Fredholm operators are fundamental objects in
integral and partial differential equations in Banach
spaces and they have been the subject of study by
many authors. There are several criteria for the
Fredholmness one of which is various measure of
noncompactness, cf. [1]. In attempting to generalize
the Fredholm theory to more general Fréchet spaces
we face some difficulties due to the lack of suitable
topologies on the families of linear operators. In
general, for Frechet spaces

—  the space of linear isomorphism E — F may
not be open in the space of linear continuous maps
CL(E,F);

—  the space of linear Fredholm operators may not
be openin CL(E,F);

— there may exist continuous families of linear
projections in which the dimensions of the kernel
and cokernels vary quickly by finite or infinite
amounts.

Thus, we need to impose some restrictions on
operators. In this article we consider Lipschitz-
Fredholm operators between Frechet spaces and give

the criterion of Fredholmness via the Hausdorff and
lower measures of noncompactness.

Another  application  of  measure  of
noncompactness is to obtain fixed point theorems.
Using the ideas from Banach spaces (cf. [2]) we
generalize naturally a result to Fréchet spaces.

2. Fredholmness and measure of noncompactness

We recall that a Fréchet space (F, d) is a Hausdorff

locally convex topological space whose topology is
defined by a complete translational-invariant metric
d

We let ||f|,:=d(f,0) for f eF and write Lf
instead of L(f) when L is a linear map between
Frechet spaces. Suppose (E,g) is another Fréchet
space and T, ,(E,F) is the set of all globally linear

Lipschitz continuous maps away from zero, i.e.
linear maps L: E — F such that

L
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We abbreviate T' (E)=I, (E,E) and write
L], =L, , for LT, (E).

Let F* be the dual space of F endowed with the
strong topology. Given an operator Lel", ,(E,F)

we denote by L el ,(E",F") its strong dual
defined by (L'¢)x=¢(Lx) forevery peF", xeE.

Definition 2.1. [3] A map ¢l ,(E,F) is
called Lipschitz-Fredholm operator if it satisfies the
following properties:

(1) theimage of ¢ is closed;

(2) the dimension of the kernel
dim ker @, is finite;

(3) the co-dimension of the image of o,
dim coker ¢, is finite.

We say that ¢ is upper (lower) semi Lipschitz-
Fredholm operator if its image is closed and ker ¢
(coker o) is of finite dimension. The index of ¢ is
defined as follows:

of o,

Ind @ = dim Kker ¢ —dim coker .

Recall that if B is a bounded subset of F, then
the Hausdorff measure of noncompactness of B is

denoted by y(B), and
x(B)=inf{e >0: B has a finite ¢ — net in F}..

Let L:E — F be a globally Lipschitz operator.
From the definition of the Hausdorff measure of
noncompactness it follows that

x(L(M))<kx (M)
for any bounded subset M of E, where at least
k=L,

Let m,..,m be a finite e-net for M, then
Lm,,...Lm, is a finite L , e-net for L(M).

More generally, we define the Hausdorff measure of
noncompactness of L by

[L], :=inf{k :k>0,%(L(M))<ky(M)}.

We also define the
noncompactness by

[L], =inf{k :k >0,%(L(M))=ky (M)}

When E is infinite dimensional we can write the
Equations (3.1), (2.2) in the equivalent form

(2.1)

2.2)

lower measure of

| (L(M))
(L= sup =
[L], = X('mo%' (2.3)

We should mention that in the case of finite
dimensional spaces these equations do not make
sense because all bounded sets are precompact and

therefore there are no sets M  satisfying
0<x(M)<w
A subset G of a Fréchet space E is called

topologically complemented or split in E if there is
another subspace H of E such that E is
homeomorphic to the topological direct sum
G®H . In this case we call H a topological
complement of G in F.

Theorem 2.1. [4] Let E be a Fréchet space.
Then

(1)  Every finite-dimensional subspace of E is
closed.

(2) Every closed subspace G c E with
codim(G)=dim(E/G) <o is topologically
complemented in E .

(3)  Every finite-dimensional subspace of E is
topologically complemented.

(4)  Every linear isomorphism between the
direct sum of two closed subspacesand E ,

G®H — E, isahomeomorphism.

Theorem2.2. If Lel', ,(E,F) and L €l , then

(1) [L].>0 if and only if L is upper semi
Lipschitz-Fredholm operator.

@ [L] >0 ifandonlyif L is lower semi

Lipschitz-Fredholm operator.
(3) L is Lipschitz-Fredholm if and only if both

[L],>0and [L] >0.
Proof. (1) Suppose that [L]. >0 and choose a

fixed number k €(0,[L],). Let B,(E) be the closed

unit  ball  with center 0 in E.The
setS:=ker(L)nB,(E) is mapped into{0},

therefore, x(S) S%X({O}) =0. Now we prove that

the range Img(L)of L is closed. Since
dim ker L < oo it follows that by Theorem 2.1 there
exists a closed subset E,cE such that
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E=E,®ker(L).
Img(L) converging to some y, and choose x, in

Let (y,) be a sequence in

E with Lx, =y,. Now we distinguish two cases.
First assume that x, is bounded, then we obtain

ACSIE
and hence x, — x for some subsequence x, of x,
and suitable x € E . Continuity implies that Lx =y
and therefore y e Img(L) so Img(L) is closed.
Now suppose that [x,[|. —>o0. Put z,:=x, /||,
and G:={z,,2,,...}. Then G =B, (E) and

Lx, VY.

7 =—n =
Il 1%l
thus % (L(G))=0. On the other hand by Definition
22 we have yx(L(G))=kyx(G) and hence

x(G)=0. Without loss of generality we may
assume that the sequence z, converges to some
element z 6B, (E,). Therefore Lz =0, contracting

—0, (h—> )

the fact that X(S)gix({o})zo. Thus, L is upper
semi Lipschitz-Fredholm operator.

Now we prove that the closedness of Img(L)
and the fact that ker (L) is finite dimensional imply
that [L], >0. Since dimker(L)<oo it follows that

by Theorem 2.1 that there exists a closed subset
E, < E such that E=E ;®ker(L). The projection

Pr: E>E, satisfies [Pr] =1.
canonical isomorphism L :E, — Img(L).
L:=CPr and [L] >0, we conclude that

Consider the
Since

[L], >[CPr] and directly by Definition 2.2 we
obtain [L] >[L] [Pr] >0.
(2) Suppose that [L'| >0, by the above

arguments we obtain Img(L") is closed and hence
Img(L) is closed. Furthermore, the kernel ker (L")

of L is finite dimensional hence we may find a
basis {g,, ..., ,} for ker(L'). But the fact

Img(L)= ker(g,)...nker(g,)

shows that ker(L) has finite codimension. Thus, L

is lower semi Lipschitz-Fredholm operator.
Now we show that the closedness of Img(L)

and the fact that Img(L) has finite codimension
imply that [L*:L>0. Again the closedness of

Img(L) implies the closedness of Img(L"). On the

other hand, we have
Img(L)= ker(g,)N...nker(g,), where
{9,,....9,} is a basis of ker(L'). Thus

dim ker(L")<oo, and the result proved in the

second part of (1) implies that [ L] >0.
(3) It follows from (1) and (2).

3. A fixed point theorem and measure of
noncompactness

We adapt the definition of measure of
noncompactness by Banas and Goebel [5] for a
Fréchet space F. Let B, be the set of all nonempty
and bounded subsets of F and X, the set of all
relatively compact subsets of F.

Definition 3.1. [5] A convex function m:
B, — [, iscalled measure of noncompactness if it
satisfies

(1) D=kermcX,;

2 AcB=m(A cm(B);

3 m(A)=m(conv(A))=m(A);

(4) if A, is a sequence of closed sets in B,
such that A ,c A and Lij‘gm(ﬁ)=0 then

A=M_A=.

Theorem 3.1 [6](Tychonoff’s theorem). Let
A be a compact convex subset of a locally convex
(linear topological) space and f a continuous map of
A into itself. Then f has a fixed point.

Let f,g be respectively continuous and semi-
continuous maps from [0,00) to itself such that they
are zero only at zero.

Theorem 3.2. Let U < F be bounded, closed
and convex and let ¢:U —U be a continuous

function. If for each nonempty set AcU
f(m(o(A))) = f(m(A))-g(m(A)).

Then p at least has one fixed point.
Proof. Define a sequence A B,

A=A, Awlch( ),VneD .
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Note that this sequence is ordered by inclusion. Fredholmness of operators between metrizable
By Definition (3.1) we can find positive real number  |ocally convex spaces. It is not easy in practice to
a such that check by definition whether  an operator is

limm(A,..)=2a (38.1) Fredholm so such results are very useful. In
”% addition, as it was obtained in Theorem 3.2, beyond
By our assumption and Definition (3.1) we obtain  ganach spaces we can use the method of measure of

noncompactness to formulate various fixed point
f(m(A,,))=f (m(conv((p(Ah)))) - Pa P
theorems in more general context of locally convex

=f(m(e(A)))< fF(m(A))-g(m(A))- spaces.

So f(m(Am))C f (m(ﬁ))—g(m(ﬂ))- References
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Y METpPUYHHUX 1 TOMOJOTTYHIX BEKTOPHUX MPOCTOPaX MOHATTS MipH HEKOMITAKTHOCT1 BUKOPUCTOBY€ETHCS JIs
BIIMIOBITHOCT1 YMCIIOBUX 3HAUY€Hb MHOKMHAM TaK, II0 KOMIAKTHI MHOKHHHM OTPUMYIOTH HYJBOBI MipH, a
1HIII1 - TO3UTHBHI 3HAYCHHSI, SKi TIOKa3yI0Th, HACKIJIBKM BOHU BiIPi3HAIOTHCA BiJl KOMIIAKTHUX. L1 KoHIEnIis
Oyna iminifioBana KyparoBcbkmii Ha mouaTky 30-X pokiB, i Oyna Bu3Ha4deHa Ta po3poOseHa OaraTbma
pizHuMH criocobamu. Mipu HEKOMITAKTHOCT1 MOXKYTh JJaTH HaM JJOCTaTHI YMOBHU Jyisi OPMYIIOBaHHS Pi3HUX
TEOpPEM PO HEPYXOMi TOYKM B METPHYHUX MPOCTOpax. [HIIAa BajkIMBe 3aCTOCYBAaHHS WX Mip TOJISTAE B
xapakTepu3ailii oneparopis @pearonbmMa B HECKIHUEHHOBUMIPHHUX TOIMOJOTTYHUX BEKTOPHUX IMPOCTOPAX.
Mertoro naHoi poOOTH € CTBOPEHHS BIIOBIIHOTO KPUTEPIIO, KUK BCTAHOBIIOE 3B'SI30K MiXK OIEpaTOpaMu
Jlimmmug-OpearonsmMa B OUIBII  3arallbHOMY KOHTEKCT1 mpocTopiB @Dpemie 1 Mipd HEKOMIIAKTHOCTI
Xaycnopda. Kpim Toro, BUKOpUCTOBYIOUH JIOBIJIBHY Mipy HEKOMIIAKTHOCTI B ceHci banaca i ['ebens, mMu
OTPUMYEMO TEOPEMY PO HEPYXOMY TOUKY JIJIs TpocTopiB Pperme.

KuouoBi ciioBa: nmpocropu ®perre; oneparopu OpeAronbma; Mipun HEKOMIAKTHOCTI
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O npuMeHeHNU Mepbl HEKOMIIAKTHOCTH B MpocTpaHcTBax ®peinre
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B MeTpuuecknx ¥ TOIMOJIOTMYECKMX BEKTOPHBIX MMPOCTPAHCTBAX TMOHATHE MEPhl HEKOMITAKTHOCTH
HCTONB3YETCS JUII COOTBETCTBHS UYHCJIOBBIX 3HAYEHHH MHOXKECTBAM TaK, YTO KOMIIAKTHBIE MHOMKECTBA
MOJMYYHIIM HYJEBBIE MEpPbl, a JAPYyrde MOMYYHIH IMOJOKUTENIbHBIC 3HAYEHHs, KOTOpPbIe IOKA3bIBAIOT,
HACKOJIbKO OHH OTJIMYAIOTCA OT KOMIIAKTHBIX. 3Ta KOHI I U A 6])1.]'[3 HHUOUHUPOBaHa KypaTOBCKI/IM B Ha4vaJie
30-x ron0B, 1 ObLIA OINpeecHa U pa3paboTaHa MHOTMMH Pa3IMYHbIMU crioco0aMu. Mepbl HEKOMIIAKTHOCTH
MOTr'yT JaTb HaM JOCTATOYHLIC YCJIOBUSA JIA (I)OpMyJ'[HpOBKI/I Pas3IMYHBIX TEOPEM O HEIOJABHIKHBIX TOUKaX B
METPHUYECKUX MPOCTPAaHCTBAX. J[pyroe BaKHOE MPHMEHEHHE 3THX MEP 3aKII0YaeTCs B XapaKTepH3allud
omneparopoB PpearoibMa B OSCKOHEYHOMEPHBIX TOIOJIOTHUYSCKMX BEKTOPHBIX MpOCTpaHCTBax. Llenbio
JIAHHOHM pabOThI SABJISICTCS CO3/IAHUE COOTBETCTBYIOIIETO KPUTEPHs, KOTOPBIA YCTAaHABJIMBACT CBSI3b MEXKIY
oneparopamu Jlunmmna-dpenrorsma B Ooniee 00MmEM KOHTEKCTe MNpocTpaHcTB @perie u Mepsl
HEKOMIaKkTHOCTH Xaycaopda. KpoMe TOro, ucmosib3ys MpOU3BOJIBHYI) MEPY HEKOMIIAKTHOCTH B CMBICIIC
Banaca u 'e0ens, MbI mosTyyaeM TeOpeMy O HEMTOABUKHOW TOUKE )11 MpocTpaHcTB dperie.
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