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Abstract

Purpose: Obtain more precise formulas for the theoretical axial critical load of a hinged cylindrical shell;
find the cause of large differences between calculated and experimental critical loads. Methods: The energy
criterion of stability and the relations of the general linear theory of thin-walled shells are used.

Results: New formulas for the dependence of the critical load on the mechanical and geometric
characteristics of the shell and the parameters of wave formation are obtained. The values of the critical
loads calculated from these formulas are close to the experimental data. A greater dependence of critical
loads on: the ratio of the radius to the thickness of the shell is revealed; the ratio of length to radius,
boundary conditions. Discussion: Cylindrical shells are widely used in engineering structures. The loss of
stability of the shell can lead to the destruction of the structure. To estimate the bearing capacity of
engineering structures, exact formulas are needed to calculate the critical loads of shells under axial
compression. Such formulas have not yet been obtained. The reason for the large discrepancies between the
theoretical and experimental values of the axial critical loads of cylindrical shells was not found. In this
paper, an attempt is made to solve this problem. In contrast to the conventional approach, it is assumed here
that when the shell is buckled, the distance between its ends does not change. This approach allowed
obtaining formulas of axial critical loads that more accurately describe the process of loss of stability of a
cyvlindrical shell under axial compression. Analysis of the obtained results allows us to conclude that the
obtained formulas can be used for real calculations of critical loads of cylindrical shells, and the proposed
approach can be used to continue studies of the stability of thin-walled structures.

Keywords: bending; critical load; displacement; energy; experiment; stability

Euler obtained the formula for the critical force
of a rod hinged at its ends.

1. Introduction

Cylindrical shells are widely used in engineering

structures. The loss of stability of the shell can lead
to the destruction of the structure. To estimate the
bearing capacity of engineering structures, exact
formulas are needed to calculate the critical loads of
shells under axial compression. Such formulas have
not yet been obtained. The reason for the large
discrepancies between the theoretical and
experimental values of the axial critical loads of
cylindrical shells was not found. In this paper, an
attempt is made to solve this problem.

2. Analysis of the latest research and publications

The first results of the study of the stability of
structures were obtained by L. Euler [1], Brian [2],
Lorentz [3] and S.P.Timoshenko [4].

Brian first solved the problem of the stability of a
hinged plate, compressed in one direction.

Lorentz and S.P.Timoshenko in a linear
formulation based on the static criterion of L. Euler
considered the stability of a hingedly supported
circular cylindrical shell under axial compression
The value of the critical load (called the upper.
critical load) obtained in these studies was not
confirmed experimentally. The critical loads
observed in the experiments are much smaller than
the upper critical loads.

All further development of the theory of shell
stability was aimed at identifying the causes of this
discrepancy. However, the problem is not solved and
requires further research.
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The most complete and detailed directions for the
studies of the stability of shells, plates, and rods are
presented in [5, 6, 7, 8].

In [9 -12], the stability of a hinged cylinder was
studied for axial compression, taking into account
the change in the external load during buckling, and
it was shown that taking this change significantly
affects the value of its critical load. In this work,
these studies are continued.

The difference between the classical and the

proposed approaches is as follows:
- the classical approach assumes that the transition
from a rectilinear to a curved form of equilibrium
occurs without a change in the value of the critical
compression force N * i.e. with a constant length L
of the shells. In this case, the ends of the shell
receive some displacement in the axial direction, and
the force N * = const completes the additional work
AA # 0 on these displacements;

- the proposed approach assumes that when the
shell bulges out its edges remain in place, and the
forming shells are extended. This is possible when
the compressive forces decrease and become equal

to Ny - N,. The additional work of these forces is

equal to zero (44 = 0), since there are no
displacements of the ends. The shell loses its
stability not because of the work of the external load
with additional displacements of its ends (this is
accepted, for example, in the classical solution of the
problem), but because of the redistribution of
internal compression energy accumulated in the
subcritical state.

Justification of the proposed approach

In accordance with the general theorem of
mechanics, the total potential energy of any system
has a stationary value U = const, when this system is
in equilibrium. And the beginning of possible
displacements asserts that if the system is in
equilibrium, then the work of all forces on any
infinitesimal possible displacements is zero, i.e. AU
= AV- A4 = 0.Proceeding from this, if 44 = 0, then
the increment of the strain energy of the shell 4V =
0. This means that the transition to a new form of
equilibrium is carried out without the expenditure of
energy, and hence the potential energy of the system
remains constant and equal to the energy of the
subcritical state. Since the state of the dimensionless
equilibrium of the system is considered, the
condition 0AU = 0 is used to determine the critical
forces. As a result, we have U = const, AU = 0, 6AU

= (. Based on this, we conclude: the Lezhen -
Dirichlet principle underlying the energy method, is
fully observed in the proposed approach.

The immobility of the ends can be provided in
two ways: a) the shell has fixed hinged edges;

b) the shell has movable hinged edges, but the
convergence of the ends due to bending is
compensated by movements due to the elongation of
the generators.

Case a) was considered in [9 - 12], where it was
shown that taking into account changes in the
external load during buckling of the shell
significantly reduces the theoretical value of the
critical load N =

In the present paper we consider case b), and for
the analysis of the results of the studies as a whole
we briefly describe case (a).

3. Research tasks

Obtain more precise formulas for the theoretical
axial critical load of a hinged cylindrical shell; find
the cause of large differences between calculated
and experimental critical loads.

4.Methods

To solve the problem, the energy criterion of
stability and the relations of the general linear theory
of thin-walled shells are used.

5. The solution of the problem
The shell has movable hinged edges
A cylindrical shell of length L, radius R, with wall

thickness 4, is loaded along the edges by uniformly
distributed compressive forces N (Fig.1)

Fig. 1. Cylindrical shell with uniform axial compression

Initial assumptions: the shell is geometrically
perfect and ideally elastic, the subcritical state is
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momentless, the edges of the shell are supported on
movable hinges.
In the case under consideration, the boundary

conditions have the form: u#0, v=0,w=0, M 1=

0. Here u, v, w are the displacements of the points of
the middle surface of the shell in the direction of the

coordinates x, y, z; M 1 is the bending moment.

We define the displacements corresponding to
the boundary conditions
. mux . ny . MTX Ny
= E— —, = _— -, 1
1 fzsm 7 s1nR w f3s1n 7 cosR @)

where f,, f, are the displacement amplitudes in the

direction of the y and z axes.
We find the displacement u from the condition
2
27RL| 9u N 1 (SW

—|— | ldxdy=0: 2)
0 0f ox axj N

2

The problem is solved in a static formulation,
where it is assumed that at each stage of the
buckling process the shell equilibrium is preserved.
This means that at each point of each face of the
shell two equal and opposite forces are applied along
one straight line: the external forces N * - NI and the
internal forces T * - T1, and the forces NI and T/
slowly increase from zero to some finite value.
Hence it follows that the force N/ is numerically
equal to the force 7/ at each point of each shell face.
Under these conditions, the work done by the force
NI is equal to half the product of the force to move
the point of its application [13]. Thus, the additional
work of the external compressive load

127RL 1 )
N =T, (0)=T;(L) .

The change in the energy of deformation of the
shell with loss of

2
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E,v —Young's modulus and the Poisson's ratio of

the material.
From (4), (5) and the condition 44 = 0, we
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and we find the change in the potential energy
AU =AV -A4:

2
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From the condition AU =0; AU =0 we
af af
obtain a system of two equations f2a1 + f3a2 =0;
1-v
f2a2+f3 a3——hN*a4 =0 . )

The system of equations (9) has a nonzero
solution under the condition that the determinant of

the coefficients of the parameters f2 u f3

9 )
2 =0.

(10)
Nyay

1-v

4 |4

From (10) we obtain the critical compression
2

Eh 1 a = Ny
7| a3== | Ne=mg. (D
1-v™ ay %

where N* =FEh /R‘B 1- V

Figure 2 shows the results of minimizing
expression (11) with integer parameters m and n at
v=0.3. (Fig.2)
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Fig.2. Dependence of a cylindrical shell supported on
movable hinges on changes in the ratios L/ R and R/ h

1-Ny=1;2-L/R=1;3-L/R=2; 4 L/R =4;
5-L/R=8

The shell has fixed hinged edges

According to [14], if the shell has hinged,
immovably supported edges, then the boundary
conditions have the form: u=0, v=0, w=0, M1 = 0.

The displacements corresponding to the boundary
conditions in this case have the form

59
f2—sm2—sm2 ny
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Substituting (13) into (4), (5), similarly to the

2
above, we obtain N = Eh L —= 1;(13)
to1-v© as 9
1-v
6152/12+—n2
6

Figure 3 shows the results of calculations using
formula (13) (Fig.3).
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Fig.3. Dependence of a cylindrical shell supported on
movable hinges on changes in the ratios L/ R and R/ h
1-Nye=1;2-L/R=1;3-L/R=2;4—-L/R =4;
5 - L/R = 8
6. Results and discussion

Analysis of the results of theoretical calculations
using formulas (11) and (13), which are presented in
Fig. 2 and Fig. 3, shows:

1.Absolute and relative values of the axial
critical loads of cylindrical shells depend strongly on
the ratio of radius to thickness and on the ratio of the
length to the radius of the shell.

2. Critical loads strongly depend on boundary
conditions.

3. Theoretical critical loads, calculated from
formulas (11) and (13), are close to experimental
data, which are systematized in [6]. However, for a
more accurate assessment, it is necessary to take into
account, in each specific case, the geometric and
mechanical characteristics of the shell, and the
conditions for attaching edges.

7. Conclusions
1. The obtained formulas can be used to calculate
the axial critical loads of real shells.
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2. The proposed approach can bring researchers
closer to solving the problem of stability and bearing
capacity of engineering structures in general.

3. The proposed approach should be used to solve
problems of shell stability under other boundary
conditions.
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XapkiBcbkuil HauioHanbHu# yHiBepcuteT [loBiTpstnux Cui imeni [Bana Koxxeny0a

By Cymcbka 77/79, Xapkis, 61023, Ykpaina
E-mail: todchuk38@ukr.net

Meta: OrpumaTtH OUTHII TOYHI (OPMYNIM TEOPETHYHOI OCHOBOI KPUTHYHOTO HABAHTaXEHHS INAPHIPHO
3aKpIIIeHOT NWIIHIAPHYHOI OOOJIOHKW;, 3HAUTH NMPUYHHY BEJIHKUX BiJIMIHHOCTEH MK PO3PaXyHKOBUMH i
eKCIICpUMEHTAIbHIMI KPUTHYHUMH HaBaHTOKCHHAMH. MeToa: BHKOpHCTOBYeThCS ~ €HEpPreTHYHHUM
KpHUTEpi CTIMKOCTI 1 CITIBBIIHOIICHHS 3arajbHOi JIHIHHOI Teopii TOHKOCTIHHUX 000JI0HOK. Pe3yibTaTn:
OtpumaHo HOBI (GOPMYNH 3aJ€XKHOCTI KPUTHYHOTO HABAHTAKEHHS BiJ MEXaHIYHHX 1 T€OMETPUYHHUX
XapaKTepUCTHK OOOJIOHKH 1 MapaMeTpiB XBUIICYTBOPEHHS. 3HAYEHHs KPUTUYHHX HaBAaHTa)KeHb, PO3paxoBaHi
3a MU (HopMyJaMu, OMU3BKI 0 EKCIIEPUMEHTAIBHUX JaHUX. BUSBIEHO BeNMKa 3aJ€KHICTh KPUTHUYHHX
HaBaHTa)XEHb BiJ: BIIHOCHMHHM pajiyca A0 TOBIIMHM OOOJOHKH; BIJHOIIEHHA MAOBXHUHH 10 pajiycy;
rpaHngHUX yMOB. OQOroBopenHsi: LlumiHapuyHi 0OOJOHKH HIMPOKO BUKOPUCTOBYIOTHCS B 1HXKEHEPHHX
KOHCTPYKITisSIX. BTpara cTifikocTi 00OJIOHKH MOXE MPUBECTH IO PYWHYBAaHHA KOHCTPYKINi. JIms omiHKH
HEeCcy4ol 3/JaTHOCTI iH)KEHEpHHX CIOpYJ, HEOOXiaHi TO4HI (opMynH ais OOYHCICHHS KPUTHYHHX
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HaBaHTaXXEHb OOOJIOHOK NPU OChOBOMY CTHCHEeHHI. Taki (opMynu Mmoku He oTpuMaHi. [IpuunHy BeIMKHX
PO30IKHOCTEI MiXK TCOPETHYHHMH 1 EKCIICPUMCHTAILHUMHU 3HAYCHHSAMH OCbOBHX KPUTHYHHX HABAHTAXKEHb
OWTHAPAIHUX O0OJIOHOK He 3HaiieHo. Y maHiii poOOTi 3pobiieHa cripoba BUpImHTH 0 Ipodiemy. Ha
BIMIHY BiJ TPaJUIIHHOTO MIIXOIY, TYT MEpPea0adacThCs, M0 MPU BUITMHAHHI OOOJOHKH, BilCTaHb MiX 11
KIHIIMHE HE 3MiHIO€ThCsl. Takuil miaxix M03BONMB OTpUMATH (HOPMYIH OCHOBHUX KPUTHUYHHMX HABAHTAXKEHB
SKi OUTBIII TOYHO OMHUCYIOTH MPOIIEC BTPATH CTIHKOCTI NUIIHAPUIHOI OOOJIOHKH MPH OCHOBOMY CTHCHEHHI.
AHami3 OTpUMaHHX pE3yJbTaTiB JO3BOJIIE 3pPOOMTH BHCHOBOK, IO OTpUMaHi (OpMyJIH MOXKHA
BUKOPHUCTOBYBATH JUUISl PEATbHUX PO3PaXyYHKIB KPUTHYHMX HABAHTAXKCHb IMJIIHAPUYHUX OOOJIOHOK, a
3arporoOHOBaHUH MiAXia MOXxe OyTH BUKOPUCTAHWHN AJIS TPOAOBKEHHSI TOCIIKEHb CTIHKOCTI TOHKOCTIHHUX
KOHCTPYKIIiH.

Kiio4oBi cjioBa: BUT'MH; €KCIIEPUMEHT; SHEPIisl; 3MIIEHHS; KpUTUYHE HABAHTA)KCHHS; CTIMKICTh

B. A. Toguyk

YeroitunBocTh HMIIIHAPUYECKUX 000JI04EK

XapbKOBCKHI HallMOHAIBHBIN YHUBEPCUTET BO3AYIIHBIX cuil nMeHu MBana Koxenyba
yi. Cymckas, 77/79, Xapwkos, 61023, Ykpauna

E-mail: todchuk38@ukr.net

Hean: Iloxyuuts Gonee TouHBIE (OPMYIBI TEOPETHUECKOH OCEBOM KPHUTHYECKOW HATrpy3KH IIIapHUPHO
3aKPEIUICHHON IMIIMHAPUYECKONH 00O0JIOUKH;, HAWTH NMPUYUHY OOJBIIMX PAa3IMYMid MEKIY PaCUCTHBIMU U
AKCIIEPUMEHTAIILHBIMA KPUTHYECKUMHU Harpy3kamu. Metoa: Vcmonb3yercs sHepreTHdecKHil KpuUTepuid
YCTOMYUBOCTH W COOTHOIICHUS OOMIeH ITWHEHHOW TEeOpHH TOHKOCTEHHBIX o00onodek. Pe3yabTaThi:
HOJIy‘IeHLI HOBBIC (1)0pMy.]]LI 3aBUCUMOCTH KpHTH‘IGCKOﬁ Harpys3km OT MCXaHUYCCKUX U T'COMCTPUUCCKUX
XapaKTePUCTUK OOOJIOYKM M TMapaMeTpoB BOJHOOOpa3oBaHMs. 3HAYCHUS KPUTHYCCKUX HArpy3ok,
paccuuTaHHble TIO 3TUM (opMynaMm, ONU3KH K OKCIEPUMEHTAILHBIM JaHHBIM. BEIsSBIeHa OoJbInas
3aBUCUMOCTb KPUTHYCCKHUX HArpy30K OT: OTHOHUICHHA paanycCa K TOJIIIUHE O6OHO‘{KI/I; OTHOWICHHUA MJIMHBI K
paauycy; TpaHW4YHBIX ycioBui. OOcyxkaenue: [lumuHnpuueckue o0OOJOYKU IIMPOKO UCHONB3YHOTCS B
WHXXEHEPHBIX KOHCTPYKIMsX. [loTeps ycTOHYMBOCTH OOONOYKH MOXET NPHUBECTH K Pa3pyIICHUIO
KOHCTPYKIMH. [ OmeHKH Hecymied CIMOCOOHOCTH WHXEHEPHBIX COOpYKEHHH, He0OXOOUMBI TOYHBIE
(GopMyIBI [T BBIYUCICHUSI KPUTHUECKUX HArpy30K 00O0JIOYEK MPH OCEBOM CKAaTHH. Takue (GopMyIbl MoKa
He monmydeHbl. [lpuumHa OONBIIMX PACXOXKACHWUH MEXIY TEOPETHUYECKUMH W DKCIEPUMEHTAITBLHBIMU
3HAYEHHUSIMH OCEBBIX KPUTHYECKHUX HATrPy30K MIJIMHIPHYECKUX 000I04eK He 0OHapyxeHa. B maHHoi#t paboTte
MIPEANPUHATA MTOTBITKA PEIIUTH 3Ty MpodieMy. B oTnuune oT 0OBIYHOTO MOAX0/1a, 3/IeCh MPEANoIaraeTcs,
YTO TIPU BEITYYHBAHUU 000JIOUKH, PACCTOSIHUE MEX]Ty €€ KOHI[AMH HE U3MEHSETCS. TaKou Moaxo1 O3BOIHII
MOJTyYUTh (POPMYJIBI OCEBUX KPUTHYECKHX HArpy30K KOTOpBIE 0OJ€e TOYHO OMHCHIBAIOT MPOIEC MOTEPU
YCTOWYHMBOCTH IWIMHAPUIECKOH OOOJOYKK TPH OCEBOM C)KaTHH. AHAINM3 TOJYYEHHBIX PE3yIbTaTOB
MO3BOJIICT CJIENIAaTh BBIBOJ, YTO IOJyYEHHBIC (POPMYJBI MOXKHO HUCIONB30BATh ISl PEATBHBIX PacYeTOB
KPUTHYECKUX HArpy30K NUIHHIPHYECKUX 000JOYEK, a MPEATOKEHHBIA MOIX0]] MOXKET OBITh HCIIOIB30BaH
IUTS TIPOAOJDKEHUS HCCIIeI0OBAaHIH YCTOMYNBOCTH TOHKOCTEHHBIX KOHCTPYKITHH.

KuroueBsble coBa: u3rud; KpuTHYeCcKas Harpy3Ka; CMeIIeHne; YCTOMYMBOCTh; IKCIIEPUMEHT; SHEPTHUS
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