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Abstract

Purpose: improvement of the algorithm for calculating the liquid-liquid-vapor equilibria for binary and
ternary mixtures (in application for extraction processes). Methods: analysis of phase diagrams, modeling of
cutting off a part of an equilibrium phase, algebraic transformations of the system of Eqs. describing a
single-step evaporation of a three-phase mixture of a given composition. Results: for two types of phase
diagrams of binary mixtures with partial miscibility of components in the liquid phase, restrictions on the
possible values of the mole fractions of the vapor and two liquid phases under the equilibrium conditions of
the liquid-liquid-vapor mixture for a given total composition were obtained. For ternary mixtures, analytical
expressions for the calculation of three phases composition for the given two sets of distribution coefficients
were obtained. Formulas for calculating mole fractions of vapor and two liquid phases according to the
given composition of the mixture are obtained. The following formulas are used to calculate the three-phase
equilibrium of the butylene-n-butane-water mixture based on the Raoult’s and Henry’s Laws. Discussion:
the obtained formulas can be used to determine approximately the composition of coexisting equilibrium
phases of ternary mixtures as well as the mole fractions of phases. For binary mixtures, it is expedient to
supplement the input information of the single-step evaporation of a mixture of a given composition with the
permissible value of the mole fraction of the vapor phase.

Keywords: biotechnology; extraction; liquid-liquid-vapour equilibrium; K-value; mixture; calculation;
material balance.

1. Introduction
2. Analysis of the latest research and publications
Liquid-liquid extraction processes are widely used in

biotechnological industries [1 - 3]. Usually there isa  One of the common approaches to the formulation

vapor phase, therefore, three-phase liquid-liquid-
steam systems should be considered more strictly.
The necessary part of the calculation of an extraction
process is the solution of the problem of isobaric-
isothermal evaporation of a three-phase mixture of a
given overall mixture composition.

of this problem for a n-component mixture (where n
is the number of components) involves the solution
of the following system of Eqs. [4-7 ]:

- Egs. of the material balance, which reflect the
conditions of the closed system:

zi=yi 'V +xL + x50, (1
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- Egs. that reflect the requirement that the
mole fractions sum to unity in each phase:

Zyizl’ anzl’zle‘:l (2)
i1 izl p

and equation of normalization of mole fractions of
the phases:

V+L +L,=1 3)
where z, vy;, X1, X;, are the mole fractions of the i-th
component in the mixture, the vapor phase, the first
(more volatile) liquid phase L1, second liquid phase
L2, respectively; V, L;, L, are the mole fractions of
the phases in equilibrium.

For the solution of Egs. (1-3), distribution
coefficients for the components distributed between
the vapor and the corresponding liquid phase are
usually used:

_ i _ i
Kli - Kzi -
Xy Xoi

1

“

which makes it possible to reduce the system of Egs.
(1-4) to the system of two nonlinear Eqs. with two
unknowns [4]:

Zyi _lei :Z a,-4,=0

i=1 i=1 =1

zyi_zxzi:z b-4,=0 (5)
i=1 i=1 i=1

z.
where A4, = ! ,
V+(1—V)C+(1—V)(1—C)
K, K,
ai=l—L,bi=l— ! , C= L .
K, K, L +L,

For the system of Egs. (5), the given values are
z;, Ky; and K»;, while V, C must be determined.

When solving systems of nonlinear Egs. certain
difficulties may arise, which sometimes leads to
failures of the calculation algorithm. The general
algorithm also does not take into account the
features of binary and ternary mixtures.

3. Research tasks
The aim of the study is to analyze the features of the

solution of Egs. (1-5) for binary and ternary
mixtures.

4. Research methods

To analyze the properties of binary and ternary
three-phase mixtures, we apply the Gibbs’ phase
rule, consider the form of typical phase diagrams,
simulate the isobaric-isothermal fragmentation of the
equilibrium phase while maintaining the three-phase
equilibrium, consider the typical experimental data
on the equilibrium of liquid-liquid-vapor, and the
constraints embedded in the Egs. (1-4).

5. Results

In accordance with the Gibbs phase rule, a binary
three-phase mixture is a univariant system. Given
one intensive variable (temperature or pressure), all
other intensive variables are uniquely fixed. This
thermodynamic feature is transformed into a
mathematical singularity of the system of Egs. (5).
For n = 2, the Eqgs. (5) are linearly bounded by the

a b
relation: — = — . This ratio is easy to obtain, if we
a, b,
apply the method of the sequential exclusion of
unknowns to the system of Eqgs. (1-4). The ratio can
be written as:

1 1 1 1
(I- K_“)(l - K_zz) =(1- K_lz)(l - K_Zl) (6)

That is, only three out of four distribution
coefficients, which are defined to describe the
liquid-liquid-vapor equilibrium, are independent.
This feature should be taken into account when
choosing and applying models for the definition of
Kij.

Let’s show that for two-component systems there
are certain restrictions on possible relationships of
mole fractions of equilibrium phases for a given
overall composition of the mixture. The analytical
form of these restrictions depends on the relationship
between the values yj, x;; and Xx,;.

Fig. 1 and 2 show phase diagrams for
heteroazeotropic and zeotropic mixtures.

For the more volatile component of a
heteroazotropic  mixture (e.g., water (1) -

ethylbenzene (2) [8]) xi1>yi>X;. With isobaric-
isothermal expansion of a three-phase mixture of an
invariant overall composition z; (provided

Y, 22z, 2 X,,) there is evaporation of both liquid
phases, but the more volatile liquid phase 1
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disappears first (Fig. 3 a), and the limit value under
conditions of three-phase equilibrium is L;=0. If we
substitute L; = 0 into Egs. (1, 3), then under this
condition we obtain the minimum value of the
second liquid phase L, and the maximum value of
the vapor phase V. At isobaric-isothermal
compression of the three-phase mixture at all
valuesx;, =2z, 2 x,, the vapor phase disappears,

(Fig. 3 ¢), and the limit value for the three-phase
equilibrium is V=0. Let’s substitute V = 0 into Egs.
(1, 3) and get the maximum values of L;,x and
L2max~

Provided y, 2z, 2x,, , we get the following

restrictions:

OSVS—ZI_XZI, 0<LISZ1 le,
Y1 =Xy X1~ X1
=% <L < X1~ Z %
Y1 =Xy X1 — X1
L1+L2
P
L2 L1
L2+l1+Y

X31 Y1 X11

. Fig. 1. Pressure-composition phase diagram (at constant
temperature) for heteroazeotropic binary system having
partially miscible liquid phases

[
P LL+V
L2+L1

X1 ®11 Y1

Fig. 2. Pressure-composition phase diagram (at constant
temperature) for zeotropic binary system having partially
miscible liquid phases

Provided x,, 2z, 2 y, , the less volatile phase 2
disappears at expansion. Respectively:

Xn—Z 2y =N Z — Xy
0<FV < , <L < ,
X =N X1 =W X1 — Xy
X —Z
0<L, < (®)
X1 — Xy

For heteroazeotropic mixtures with z, =y,
during expansion (P=const, T=const) both liquid
phases disappear at the same time, the limit values
are L,=0, L,=0. For z, = y,:

0<[ < 17X
<L £——,

X — Xy

0<sr<li,

0<L, < =N 9)
X = Xy

T P -

. v e
Moo = o] B
d | e
a b c

Fig. 3. The change of V, L, L, at isobaric-isothermal
volume change of the binary three-phase mixture of

invariant composition ( Y, = z; 2 X,,)

For the more volatile component of a zeotropic
three-phase mixture (e.g., nitrogen (1) -propane
(2)[9]) yi > X1 2Xo (Flg 2) Provided
X, 2 Z; 2 X,,, during expansion the more volatile

liquid phase 1 disappears, while the vapor phase
disappears during compression. Similar to the above,
we get:

Z) — Xy

Vi =Xy

zZ,—X
N P g .
X1 — Xy

0<sr<

Y172 X1~ 2
——< L, <—
Y1 =Xy X1 = Xy

For zeotropic mixtures with y, 2z, 22X,

(10)

during expansion the more volatile phase 1
disappears, while during compression the vapor
phase under the conditions of the three-phase
equilibrium does not disappear. In that zeotropic
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three-phase mixtures differ from heteroazeotropic
ones. For the latter under conditions x,, =z, 2 x,,,

during compression there is a transition from the
equilibrium liquid-liquid-vapor (L-L-V) to a liquid-
liquid equilibrium (L-L), that is, the vapor phase
disappears. For zeotropic mixtures, provided
Y, 22, 2X;,, at compression there is a transition
from the L-L-V equilibrium to the more volatile
liquid 1-vapor equilibrium (Fig. 2), that is, the less
volatile liquid phase 2 disappears. For y, 2z, 2 x;,
the following restrictions are obtained:

Z — Xy Zp — Xy Y172
ST MigpchTn o ggp < NTH
Vi~ X Y1 =Xy Y1 =X
Z — Xy
o<, <=M (11
X~ Xy

Here are numerical examples of the application
of the above restrictions. For water (1) -
ethylbenzene system (2) at T = 536.1 K and P=6.50
MPa according to [8] y;=0.770, x,,=0.99675,
x,1=0.408. With isothermal expansion of the three-
phase mixture, the constancy of pressure is
maintained due to the evaporation of both liquid
phases, but at y, =z, 2 x,, (e.g., z=0.5) the more
volatile water liquid phase will disappear first, and
with x;, 22z, 2y, (e.g., z,=0.9) the liquid phase 2
will disappear . With z,=0.5 the mole fractions of
phases according to (7) can be in the following
limits: 0<V <0.254;0<L; <0.156; 0,746 < L,
<0.844. In the above limits, you can arbitrarily set
the amount of any phase, others are calculated
according to Egs. (1-3). If you set V = 0.2, then,
using Eq. (1), the results are L; = 0.033 and L, =
0.767.

The same is for z,=0.9 according to (8): 0 <V <
0.427; 0.573 < L, < 0.836; 0 < L, <0.164. For the
value V=0.2, and according to Egs. (1-3), such
values are obrained: L; = 0.713, L, =0.087.

In accordance with the Gibbs phase rules, three-
component and three-phase mixtures are bivariant
systems. Therefore, the given temperature and
pressure are sufficient information to determine the
composition of equilibrium phases. Similar to the
two-component mixtures, one can apply the system
of Egs. (1-4). If we assume all K;;, K5; to be known,
then we have six nonlinear Egs. (4) and three Egs.
(2) to determine nine unknown concentrations y;, Xi;,
X5, The system of Egs. (2, 4) can be solved by the
method of elimination of variables:

K21|:K23 —K22 + K23(K22 _1) + K22(1 _K23):|

y = K13 K12
! K22(K23 _K22) + K22(K21 _K23) + K23(K22 _KZI)
Kll K12 K13

K22|:y1 (K, —Ky)

o]
KZI

Vo = )
K23_K22

yv3=1-yi—-y2

(12)

Other concentrations are determined by yi, y, by
means of Egs. (2,4). For the three cases: K;=Ky=1;
Ki=1, Ky#1 and K;=K,#1 there are uncertainties

0
Y1:6~

The first case corresponds to the critical point of
the higher order, when simultaneously the properties
of all three phases become identical and y; = x; = x»;.
The second case corresponds to the critical point of
liquid 1 — vapor system in the presence of the second
liquid phase (yi=x;i#x,; ). The third case corresponds
to the critical point of solubility of liquid 1-liquid 2
in the presence of the vapor phase (y#xX;i=Xy ). In
the all considered cases, the number of phases is less
than three, with the number of unknown
concentrations greater than the number of available
Egs.. When using the Formulas (12, 2, 4), it is
necessary to make sure that all calculated
concentrations belong to the interval [0,1], since
either given T and P, or used mathematical models
of Kj may not meet the liquid-liquid-vapor
equilibrium conditions. This is illustrated by the
example of calculating the equilibrium phases of the
mixture of butylene (1) - n-butane (2) - water (3) at
T = 377.6 K and P=1.757 MPa. These conditions,
according to [11], correspond to the liquid-liquid-
vapor equilibrium. Let’s apply the simplest
mathematical models of Kj; - the Raoult-Dalton’s
law for the main components of the liquid phases:

P.
K =— 13
= (13)
and Henry's law for additive components:
K, =l (14)
P

where Py is the saturated vapor pressure of the i-th
component, Hj; is the Henry's constant.
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At T=377.6 K the values of the saturated vapor
pressure of the components are Py;=1.95 MPa,
Py,=1.67 MPa and P;=0.117 MPa [10]. At T=377.6
K Henry's constants are determined by experimental
data [11] for binary mixtures of butylene-water and
n-butane-water. They are: for butylene in water Hj;
= 4820 MPa and for n-butane in water Hy; = 16000
MPa. For water in solution butylene-n-butane we
will take H; = 8.2 MPa, the average between Hj; =
10.0 MPa and Hs, = 6.4 MPa. Table 1 shows the

calculated and experimental Kj values and their
relative deviations. When substituting the calculated
value of Kjj in Egs. (12), the negative value y; = —
0.019 is received, which means that the three-phase
equilibrium can not be described by the determined
Kij.

For the same temperature T = 377.6 K and the
higher pressure P = 1.869 MPa, the calculated values
Kij by Egs. (12, 2, 4) ensured the validity that all
concentrations belong the interval [0,1] (Table 2).

Table 1
Comparison of calculated and experimental [11] values of distribution coefficients Kij
for butylene (1) — n-butane (2) —water (3) system
T=377.6 K, P=1.757 MPa
k11 k12 k13 k21 k22 k23
EXpeg::;emal 1.023 0.9477 5380 2739.0 9073.0 0.05490
Calculation 1.110 0.9505 4.67 2680.0 9100.0 0.0666
ok, % 8.50 0.3 -15.2 -2.20 0.30 21.3
Table.2

Comparison of calculated and experimental [11] values of distribution coefficient Kij and the concentrations
of the components of three equilibrium phases for butylene (1) — n-butane (2) —water (3) system

T=377.6 K, P=1.869 MPa
k11 k12 k13 k21 k22 k23
EXpe;;rt‘;emal 1.002 0.9167 4.150 2577.0 8538.0 0.05271
Calculation 1.040 0.8882 4.387 2579.0 8560.0 0.06342
ok, % 3.80 -3.1 5.7 0.07 0.27 20.3
Yl Y2 Y3 Xll Xl2 Xl3 X2] X22 X23
Experi
mental | 0.4948 | 0.4525 | 0.0527 | 0.4937 0.4936 0.0127 0.000192 0.000053 0.999755
data
Calcula
tion 0.4417 | 0.5179 | 0.0634 | 0.4025 0.5831 0.0145 0.000162 0.000060 0.999777
Ax 0.0761 | 0.0654 | 0.0107 | 0.0912 0.0895 0.0018 0.000030 0.000007 0.000022
0x,% -154 14.5 20.3 -18.5 18.1 13.8 -154 14.1 0.002
Despite the satisfactory accuracy of the If the overall composition of a ternary three-

description of five from six values of Kji (only for
water 0K»;=20%), due to the complex structure of
error handling, the relative errors of calculating the
composition of phases are quite large (15-20%).
That is, the calculation based on the laws of Raoult
and Henry allows to obtain only the approximate
values. To achieve greater accuracy, it is necessary
to apply more sofisticated models.

phase mixture z; is given and the equilibrium phases
composition is known (or calculated), then the mole
fractions of phases V, L;, L, can be calculated
analytically (instead the solution of the nonlinear
system (5)):

_(Z) = X)X, = X)) = (2, =X )X — X))

(Y, = X)X, = X5) = (¥, = X)Xy —X5))
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(2= X))y, = X)) = (2, = X, )Y, —Xy;)

l (X =X WY, = X5) = (X, = X))y, —Xyy)
L,=1-V-L, (15)

In Egs. (15) the necessary boundary transitions are
executed:

for Zi=Yi and Xli;b X2i VZI, L1 = L2: 0,

for z=x,; and X;i#xy; V=1,=0,L;=1

and for z;=xy and x;;#xy5 V=L=0,L,=1.

For y; = X; = Xai; Xij = Xoi; ¥i = X5 and y; = x;
there are uncertainties, the causes of which are
analogous to those discussed for Egs. (12). The
values V, L;, L, calculated using Egs. (15) may not
belong to the interval [0,1] if the given z; does not
provide the possibility of coexistence of the three
phases.

In Fig. 4 for the fixed T and P the equilibrium
composition of vapor V and two liquid phases L1
and L2 are shown by the points, and 7 regions of
overall composition of mixtures corresponding to
three-, two- and single-phase states are indicated.

"~

Fig. 4. Areas of phase states that are possible during
isobaric-isothermal change of the total composition of a
ternary mixture A + B + C.

The equilibrium of liquid-liquid-vapor L1 + L2 + V
corresponds to the case 0<V<1, 0<L;<1, 0<L,<1. For
the two-phase equilibrium of the liquid L1-liquid L2:
V <0, 0<L;<1, 0<L,<I. For the two-phase equilibrium
of the liquid 1-vapor:
0<v<l, 0<L;<1, L,<0. For the two-phase
equilibrium of the liquid 2-vapor: 0<V<I, L; <0,
0<L,<1. For regions of single-phase states: for vapor
V> 1, for liquid 1 L> 1, for liquid 2 L,> 1.

For an example, considered above at
T=377.6 K, P=1.869 MPa, the butylene—

n-butane-water mixture having a composition of {z;
= 0.40; z, = 0.40, z; = 0.20} is in the two-phase state
of liquid 1- liquid 2 (V =-0.0026), with {z; = 0.40;
7, =0.37, z3 = 0.23} is in the three-phase state (
V=0.708, L, =0.100,

L,=0.192), with {z, = 0.40; z, = 0,36, z; = 0,24} is
in the two-phase state, the aqueous liquid 2-vapor
(L;y = — 0,137). Experimental data of the phase
composition values (Table 2) were used for
calculation by Egs. (15).

6. Discussion

The application of the general algorithm for solving
Egs. (1-5) to binary mixtures usually results in
ambiguity of the calculated values of L;, L,, V.
Therefore, it is expedient to use the restrictions
imposed by Formulas (7-11) for this case and add
the input information to the valid value of one of the
unknowns (V or C). For ternary mixtures for
indicative calculations, or as a first approximation,
Formulas (12-15) can be used both for determining
the composition of coexisting equilibrium phases
and for determining the mole fraction of phases. To
do this, numerical values of the corresponding
Henry’s constants are needed.

7. Conclusions

The considered features of binary and ternary
mixtures should be considered in the algorithm for
calculating the three-phase equilibrium of
multicomponent mixtures.
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'HarmoHansHbIi aBHALMOHHEIH yHHBEpCHTET, mpociekT Kocmonasra Komaposa, 1, Kues, 03680, Ykpauma
*KueBCKHUil HALMOHANBHEIH yYHHBEPCUTET TEXHONOTHHl M mu3aiiHa, yi1. Hemmposuua-Jlanuenxo, 2, Kues,
01011, Ykpauna
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Henb: CoBeplIeHCTBOBAHME ANTOPUTMa pacueTa PaBHOBECHS KHUIKOCTb-)KUIKOCThb-TIAP JUIsI OWHAPHBIX U
TPEXKOMIIOHEHTHBIX CMecei (A7l TpOLEeccoB HKCTpakiuu). Metoabl: AHanmn3 (a3oBBIX Ouarpamm,
MOJICJIMPOBAaHHE OTCEUSHMs] YacTH paBHOBECHOW (haspl, anreOpanmdeckue NpeoOpa3oBaHUS CHUCTEMBI
ypaBHEHUI 3ajlaud OJHOKPATHOTO McHapeHus Tpéx(a3Hoil cMecu 3amaHHOro cocraBa. Pesyabrarhl: [lis
IOBYX THIOB (pa30BBIX JHarpaMM ABYXKOMIIOHEHTHBIX CMeCeil C OrpaHHMYCHHOM pacTBOPUMOCTBIO
KOMITOHEHTOB B KHJKOH (ha3e MOTyUueHbl OTpaHUYCHHS Ha BO3MOXKHBIE 3HAUYEHUSI MOJISIPHBIX JTOJIEH mapoBon
1 JBYX XUAKHX (a3 B YCIOBHAX PAaBHOBECHA XHUAKOCTh-KUAKOCTH-TIAP JJIS CMECH 3aJaHHOTO OOIIero
CcocCTaBa. I[J'ISI TpéXKOMHOHeHTHBIX cMmeceit MOJIY4YC€Hbl aHAJIUTUYCCKUE BBIPAXKCHUA TJIA pacu€Ta COCTAaBOB
TpéXx (a3 mo 3agaHHBIM ABYMsS HaOOpaMu Kod(pduumeHTaM pacnpepeieHus. [lomyueHsl GopMynsl ams
pacdera MOJIPHBIX JOJed MapoBOW M OBYX JKUAKUX (a3 MO 33JaHHOMY OOIIEeMy COCTaBy CMECH.
[MpuBenennbie GopMymbl MPUMEHEHBI ISl pacdera TPEX(Pa3HOTO PaBHOBECHSI CMECH OyTHIICH-H-OyTaH-BOJa
Ha OcHOBaHMM 3akoHOB Payna u I'enpu. OOcyxnenme: [Ing TpeXKOMIOHEHTHBIX cMeced s
OpPHUEHTHPOBOYHBIX PACYETOB MOXKHO NMPHUMEHUTH IONydYeHHBbIE (OPMYIBI KaK I ONPENeICHUs COCTAaBOB
COCYIIECTBYIOIINX PAaBHOBECHBIX (a3, TaKk M IJIsl OIMpENeNeHUsT MOJSAPHBIX nojei (as. [ma OmHapHBIX
cMeceil 1enecooOpa3sHO AOTONHUTH BXOJHYIO HH(OpMAIHMIO 3aJauyd OJHOKPAaTHOTO HCIAPEHHs] CMECH
3aJTaHHOT'O COCTaBa JIOIYCTUMBIM 3HAYEHHEM MOJISIPHOM JTOJTU TapoBOi (ha3bl.

KioueBbie ciaoBa: OHOTeXHONOTHUS; KOI(D(MUIMEHT pacrpeesieHus; MaTepHabHbIi OallaHc; paBHOBECHE
KUAKOCTh-KUKOCT-TIAP; PACUET; CMECh; IKCTPAKIIHSL.
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