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Abstract

Purpose: The purpose of this article is to present a method for constructing the branching path of the
information robot (IR) that is a compound dynamic system (CDS) allowing us to formulate, in terms of
optimal control theory, conditions of CDS path modeling with an arbitrary branching scheme. Methods:
The article describes a method of theory of discontinuous dynamical systems optimal control, which is used
to prove the optimality conditions for phase coordinates in the points of structural transformations of the
IR’s branching path. Results: The necessary conditions for the optimality of the branching path along which
the IR moves are defined. These conditions allow using standard subprograms to solve ordinary differential
and algebraic equations and thereby to solve the task of modeling the optimal path of CDS with an arbitrary
branching scheme. Discussion: The proposed method is the methodological basis for definition the
computing algorithms allowing to simulate the optimal CDS paths. The proposed procedure of optimal
branching paths simulating is part of the IR’s computer-aided design software and can be used to define
computing algorithms taking into account the peculiarity of information-telecommunication interaction of
CDS’s specific elements.

Keywords: unmanned aerial vehicles; information robot; compound dynamic system; optimal control;

branching path

1. Introduction

Currently, the successes achieved in the
development of unmanned aerial vehicles (UAVs),
both military and civilian, create technological
conditions for expanding the areas of its application.
One of the promising areas is creation of an
information robot based on the UAV group for on-
line collection and transmission the data about the
state of operational landscape and environment in
the protected areas of critical infrastructure facilities
(nuclear power plants, oil and gas pipelines, military
bases and warehouses, chemical industry enterprises,
etc.), in the natural or anthropogenic disasters area.

Information robot (IR) is a compound dynamic
system (CDS) [5], its elements are: a basic UAV
(UAV-carrier); a group of various mobile UAVs
(drones) equipped with  multisensors and
interconnected through a common information and
telecommunications network.

The basic UAV is used as an airplane for drones
delivery and primary deployment in studied

(investigated) area; to collect, accumulate,
preprocess on-line data received from the drones;
and to retransmit real-time received data to a
command control post. Depending on the tasks to be
performed, various scenarios of drones mobility,
deployment plan and its interaction with the basic
UAYV can be provided.

Depending on specified scenario, separate drones
can operate as independent repeaters or data storage
devices, as well as a network of interacting nodes,
and can be used as a repeater for other drones.

2. Analysis of the research and publications

The efficiency of using the IR will depend on spatial
coordinates and time instants when the structural
transformations occur, as well controlling IR’s
components as they move along the path branches in
time intervals between sequential structural
transformations.

The paths of such CDS in the modern scientific
literature have been called ‘branching paths’,
knowing that they consist of sections of joint
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movement of constituent parts and segments of its
individual movement to the target along separate
path branches.

The prototypes in theory of such systems are
systems considered in the publications of Bryson E.,
Ho Y. [1], Aschepkov L. T. [2], Samoylenko A. M,
Perestyuk N.A. [3], Lysenko A.L [4] and others.

However, all these publications were of a
theoretical nature and did not contain detailed study,
which would provide to design a computer-aided
technology of optimal branching path automated
synthesis and optimal control of CDS for each
specific case.

Therefore, the scientific problem, related to
improvement and development of methods of
designing branching paths that would allow to solve
on a real time basis the tasks of CDS’ definition
optimal paths of this type, is actual.

3. Aim of the paper

The purpose of this article is to present a method for
constructing the branching path of the IR that is a
compound dynamic system allowing us to formulate,
in terms of optimal control theory, conditions of
CDS path modeling with an arbitrary branching
scheme.

4. Problem statement

Consider, for example, the motion of a hypothetical IR,
which includes a basic UAV and four drones, three of
those are based on the UAV, and fourth one starts
motion out of the UAV. During motion, the IR’s
elements can: be grouped together for data exchange;
be separated for the purpose of individual performance
of the task; to influence mutually on the motion
dynamics of the IR’s elements. The scheme of the
motion of the IR’s elements is shown in Fig. 1.
ty 1y

to

Fig.1. The example of an arbitrary branching scheme for the
path of IR’s elements

At the initial time #; — the basic UAYV starts as a single
unit containing three drones. During the motion at the

time 73— the basic UAV drops two drones, completing its
motion at time points 74 and #5. Next, at the time g —

there is a separation of the third drone completing the
motion at the time 7g. At the time point #7— the base

UAYV and the fourth drone (started at the time ¢, ) are

mated (mechanically or by compactly grouping, then the
fourth drone follows the UAV as follower after leader).
At the end of joint motion at the time #, — the basic UAV

and the fourth drone are unmated and move individually
up to time points #;g and ;. The path of CDS motion

shown in Fig. 1. is related to the class of branching paths
[4].

The task will be to find the optimal control vector
that minimizes energy consumption for control,
providing the maximum coverage area of monitored
territory and uninterrupted transmission  of
information about its state.

5. Method of path constructing of information
robot

When solving the tasks of modeling the optimal CDS
motion, it is necessary to consider branching paths of
various complexity in comparison with the scheme
given in the example. At present, optimality conditions
are formulated for particular schemes of branching
paths, it requires a complete solution of the task
whenever the new branching path does not coincide
with known particular cases [6, 7]. Before proceeding to
generalized formulations, consider the examples of
elementary branching paths (Fig. 2), which enable us to

ground the required generalizatidas. 11
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Fig. 2. The time diagrams of elementary branching paths:
a — scheme with separation of subsystems; b — scheme

with grouping of subsystems

The equations describing the CDS motion with
separation (Fig. 2, a) are as follows:
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The optimality criterion corresponds to Bolze’s
form, where the function S(-) physically reflects the
requirements for the values of coordinates of the
CDS elements motion at the moments of start and
end, as well as for the values of time moments. The
integral terms of criterion show the requirements for
character of the motion of CDS elements along
corresponding path branches. The mutual influence
of elements within the time interval [#,£5] is
described as in the equations of its motion (2), (3) as
well in particular integral criteria /1| and ;. The
equations describing the motion of elements and the
criterion in the scheme with grouping (Fig. 2, b)
have the same form as ones for the scheme with
separation, differing only in the sign of the time
variation.

It is mnecessary to choose the controls
up(n)tefto,nl, up(reln,nil, up Orelna],
vectors of phase coordinates
(x1(20),x1 (1), 11 (112):x12(112), 411 (1)) and - time
points ¢#,#,t1,t;2  for both branching schemes
(Fig. 2, a, b), so that the functional / takes the
smallest possible value. We formulate the necessary
conditions for the optimality of branching path along
which the CDS moves (Fig. 2, a, b) [5].
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where p — quantity of subsystems, ¢ — indices of
sections of the branching path (p=1, ¢=0; p=11,

q=12),
4) minimum of the linear combination of
Hamiltonians at time instants ¢e€[f,f,] for control

u,€Q, (p=11, ¢=12),
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parameters; symbol |Aé means that the expression

should be calculated for the optimal values of
variables and parameters, except for & ; parameter 3

takes the value = 1 or 2, for the related scheme with
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separation or grouping; H p(O)=D,0)+ XTP fp(©)

(p=1,11,12), H{I(O=oli (O HIATAZO).

On the basis of stated above conditions (5) — (14)
and considering a complex branching path as a
package of simple ones, we formulate the following
method for modeling the optimal branching path of
the CDS with an arbitrary branching scheme.

For the optimality of a branching path with an
arbitrary branching scheme, existence of solutions of
adjoint vector equations in the intervals of time
between ¢y -start of the motion, ¢z -separation, ¢ -

groupings, fx -
elements, is required.

end of motion of compound

. oH, M oH,
Ay +—L
L axL Z

axL (15)
where L — index of sectlon of the branching path; M—
quantity, ¢— indices of sections of the branching path
whose partial Hamiltonians depend on the phase
coordinates of L-section so that the following conditions
are valid:
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where p - quantity of subsystems whose motion is
affected by start or end of the motion of subsystem
along the L-section; v— indices of the sections of
branching path along which these subsystems move;

2) jump at instants 7 =% and /5 =1, , related
with division of the subsystem moving along the L—
section, by r—subsystems or grouping r—subsystems
into the subsystem moving along the L—section of
the branching path
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where ¢ — indices of sections of the branching path
along which the subsystems move after separation or
before grouping; p — quantity of subsystems, v—
indices of sections of the branching path, along
which these subsystems move, not participating in
the points of time ¢ and #; in division or grouping,
but the motion of which is affected by the separation
or grouping of subsystems moving along sections
with indices L and ¢; ,x7(f)— phase coordinate
describing mass change; jump condition on the p -
section of branching path at time 7, , coinciding with
one of the instants associated with structural changes
in the CDS caused by start or end of the motion,
separation or grouping of subsystems not related to
Mm—section, but influencing it

A
oxy (Ty) R
3) minimum of the linear combination of
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where A— number of subsystems with interacting
controls within specified time intervals; Q —indices

of the sections of branching path along which these
subsystems move.

The stated method is the methodological basis for
constructing computing algorithms that allow
modeling the optimal paths of the CDS motion. The
method for modeling optimal branching paths is a
part of the software of CDS computer-aided design
system.

Consider an example illustrating use of the
simulation method for the optimal branching path.

According to the specified scheme of branching
path (Fig. 1), its time diagram is drawn up (Fig. 3),
in which the time instants of structural
transformations in the CDS motion pattern with
indication its membership to the corresponding types
of time moments are arranged chronologically: 7y,

tp,tg tx -
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Fig. 3. Time diagram of the branching path

The path sections, moving along which the CDS
elements interact each with other, are marked with a
line.

The optimality criterion is written in the form
consisting of the terminal part S(°), dependent on the
coordinates of elements at time instants ¢; (i =1,11)

and these moments of time, as well as the sum of
particular integral criteria

Ip
I = [@;()dt (i=111), (a #b), (a=111),(b=111),
ta
recorded for the each section of branching path
(Fig. 3), enclosed between neighboring points
located on it.

The motion of elements along the path is defined
by equations of x= f(-) type, where f(-)— function
that depends on the controls and coordinates of the
subsystem, as well as on the controls and
coordinates of the interacting subsystem, if the
branch section is marked with a line. Applying the
procedure formulated below, we obtain condition —
for the optimality of path (Fig. 3) it is necessary to

have solutions of adjoint vector equations of type
(15) such there conditions of type (16-21) are valid.

To solve finally the task of modeling the optimal
branching path, it is necessary to add the listed
differential equations and algebraic conditions with
the differential of motion of the
subsystems along the path branches.

Note that the of time
11 <tp <...<tjp<f;; in the task with free time is

equations

sequence instants

given from physical considerations and is
approximate. If it is disturbed, as a result of solution
of the task, and the change in the sequence of
branches of the path is permissible by the physical
meaning of the task, then repeating all calculations
for new refined sequence of time instants is required.

The information given in Tables 1 — 3 is initial
data that allows using standard subprograms for
solving ordinary differential and algebraic equations,
and thereby complete practically solution the CDS
optimal path modeling task.

Table 1
Conditions for formulation of equations for conjugate variables
Type Legend of branch, L
of equation 1,2 23 2.3 3:4 3;6 3;5 3,5 5,7
15) M0 M=1 M=1 M0 M=0 M=1 M=1 M=0
- =23) | ¢+2:3) - - =25 | ¢35 -
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Table 1 cont'd
Type Legend of branch, L
of equation 6,7 6,7 7,8 7,8 g9 9,10 911
(15) M=0 M=0 M=1 M=1 M=0 M=0 M=0
- - G=7;8) 4=(7:8) - - -
Table 2
The solutions of differential equations for conjugate variables must meet the following conditions
Condition 4L b 123 Iy ts Is
type
(16) 1<1;2); 152;3); - I=3; | L=3;5) -
1 =1 4); =2
=2
(17 L~(1;2); LH2; 3); - L=3; | IA3:5) -
=15 p=0 =L p=l; 4 =2 =1
n=(1;2"3) 2 | u=3;5'7)
=0
(18) - - [=2;3); - - L[=(3;6);
=1;1=3; =2;1=2;
g=3:1).(3:5), 3:4) g=6:7).(6:7)
(19) - - L~2:3), - - I[=(3;6);
=13, =1, =2;r=2;
g=(3:6), 3:5), 3:4) H23'5) g=(6:7),(6:7)
(20) — 2=(1:2:3) 2=(2:3:5) — 1=(3;5"7) —
Table 2 cont'd
Condition type 4 i ly o il
(16) - 1=7:3), - 1=9;10); L9 11);
=2 =2 =2
17) - 1~7:8); - 1=9:10); 1=9:11);
=1, =2 =2
n=7,8'9)
(18) 17, 8), - L=8: 9y, - -
=2; r=2; =2;r=2;
g=6:7),(5;7) q=(9;10),(9; 11)
(19) I~7:8): — L=8" 9. - -
2. r=2:p=1; =2:r=2: 00,
q=(6:7).(5; 7). n=(6;7°8) g=(9:10),(9: 11)
(20 26,7 8) »7;8°9) - - -
Table 3
Conditions for Hamiltonian minimizing
Equation Time space
t— o) Ly s s s st It
21 JE1 JEI JEL J=2 JEL JE1 JEI JEL
(12) | 2223 | ¢34 | ¢3:5.655) | ¢:3:6) | ¢(5:D | ¢H67 | ¢HA6T)
Table 3cont'd
Equation Time space
3 Isty ot oty
21 T2 JEL J=1 JE1
¢=(7:8),(7;8) =(8:9) g=9;10) =9 11)

6. Conclusion

The article suggests the method for constructing a
branching path of the information robot motion that
is a compound dynamic system. The method allows
to formulate the procedure for modeling the optimal

branching path of the compound dynamic system

with an arbitrary branching scheme in terms of the
theory of optimal control.

The procedure is a part of the software of
information robot computer-aided design system and
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can be used to construct computing algorithms
taking into account the specificity of information-
telecommunication interaction of elements of
specific compound dynamic systems.
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MeTox KOHCTPYIOBAHHSI TPAEKTOPii pyxy iHdopmaniiiHoro podora Ha 6a3i 6e3MiI0THOTO JiTAJIBLHOTO
anapara

"Hamionansuuii Texuiunuit YuiBepcuter Yipainu «KIII» im. I. Cikopcebkoro, mp. ITepemorn, 37, Kuis,
VYkpaina, 03056

? HanjioHansHuit aBiarifinuii yHiBepcutet, npocn. Kocmonasra Komaposa, 1, Kuis, Ykpaina, 03680
E-mails: 'lysenko.a.i.1952@gmail.com; *tachinina@rambler.ru

Meta: MeTOo0 AaHOiI CTAaTTI € BHUKJIAJACHHS METONy KOHCTPYIOBAaHHS pPO3Taly’KEHOI TpaekTopii pyxy
iH(hopMaIliiiHoro podoTa, 1o SBJIAE COOOI0 CKIIAJACHY AUHAMIYHY CUCTEMY, SIKHI T03BOJISE CPOPMYIIIOBATH B
TepMiHax Teopii ONTHMAIBLHOTO YIPABIIHHSI YMOBH MOJEIIOBAHHS ONTHMAIBHOI PO3Taly’KEeHOI TPAEKTOPil
CKJIaJICHOT TMHAMIYHOT CHCTEMH 3 JIOBUILHOIO CXEMOI0 posraiyeHHs. MeTtoau: Y cTaTTi po3MIITHYTO METOJ
TEOopii ONTUMAILHOTO YIPAaBIiHHS PO3PUBHAMHU THHAMIYHHMH CHUCTEMaMH, SIKHH 3aCTOCOBYBABCS ISl IOKa3y
YMOB OINTHUMAaJIBHOCTI ()a30BUX KOOPAHMHAT, B TOYKAX CTPYKTYPHUX MEPETBOPEHBb PO3TaTy’KEHOI TPaeKTOpil
pyxy iHdopmariitHoro pob6orta. Pesyabratm: CdopMynbOoBaHO HEOOXiTHI YMOBH OINTHMAIBHOCTI
pO3TaTyKEHOI TPa€eKTOPil, IO SAKIH MepeMIaeThCs iHPOPMAIIHHUN poOOT, AKi JO3BOJAIOTH MEPEUTH IO
3aCTOCYBaHHS CTaHJAPTHUX IiIIIPOrpaM pIillicHHs 3BUYaHUX NU(EpeHIiaIbHUX PIBHSIHb Ta anreOpaidyHmx
PIBHSHB 1 THM CaMHM BHPIIIUTH 3a/a4y MOJICIIOBAHHS ONTUMAILHOI TPAEKTOPIl CKIAACHOI AUHAMIYHOT
CHUCTEMH 3 OBIIHHOIO CXEMOIO po3rairykeHHs. QO0roBopeHHs: 3ampoIrOHOBaHNUH METO € METOAO0JIOTITHOIO
OCHOBOIO I TMOOYIOBH OOYMCIIOBAIBHUX QJITOPUTMIB, IO JO3BOJISAIOTH MOJEIIOBATH ONTHMAJIbHI
TPaeKTOPii pyXy CKIaJeHUX AMHAMIYHUX CHCTEM. 3alpoIlOHOBaHA MPOLENypa MOJCIIOBAaHHS ONTUMATBHUX
PO3TATY)KEHHX TPAEKTOPIH € YaCTHHOK MATeMaTHYHOTO 3a0e3MEeYCHHS CHUCTEMH aBTOMATH30BaHOTO
MPOEKTyBaHHs 1H(POPMAILIHHOrO podoTa 1 MOXKe OYTH BHUKOpHUCTaHa JUIsl MOOYIOBH OOYHCIIOBAIBLHUX
QITOPUTMIB, $Ki BpaxoBYIOTb crenudiky iHpOpMaIiifHO-TeNEeKOMYHIKAlliiHOT B3a€EMOAIl E€IEMEHTIB
KOHKPETHHX THIIIB CKJIAJICHUX TUHAMIYHHUX CHCTEM.

KurouoBi cjioBa: 0e3mioTHI JniTambHI amaparty; iH(opMariitHuii poboT; CkilameHa AWHAMIYHA CHUCTEMA;
ONTUMAJIBHE YIPABIIHHS; PO3TATYKEHA TPAEKTOPII.
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MeTox KOHCTPYMPOBAHUSI TPAEKTOPUHU JABU:KeHUs] MHGPOPMAIMOHHOTO PpodoTa HAa 0a3e 0eCUI0THOIO
JIeTATEJILHOI0 annapara

" Haumonanpusiii TexHmaeckuii Yuusepcutet Ykpaunsl «KIIN» um. U. Cukopckoro, mp. [Todexst, 37,
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Hean: [lenpio MaHHON CTaThU SBISETCS WU3JIO0KEHHUE METO/a KOHCTPYHUPOBAHHUS BETBSIICHCS TPaeKTOPUU
IBIOKEHUS WH(POPMALMOHHOTO PO0O0Ta, MPEICTABISIONIETO COOOW COCTaBHYIO JHHAMUYECKYIO CHCTEMY,
MIO3BOJISIONIET0 CHOPMYITMPOBATH B TEPMHUHAX TCOPUU ONTUMAIBHOIO YIPABJICHUS YCIOBHS MOACIUPOBAHUS
ONTUMAJIbHOM BETBAILEWCS TPAEGKTOPUU COCTAaBHOM JAMHAMHUYECKOM CHUCTEMBI C MPOU3BOJBHOM CXEMOH
BerBieHUd. Meroabl: B cratbe paccMOTpeH METOJ TEOPUM ONTHUMANbHOIO YIPABICHUS Pa3pbIBHBIMU
TUHAMAYICCKUMH CHCTEMaMHU, KOTOPHIN MPUMEHSIICS TSl TOKa3aTeIbCTBA YCIOBHM ONTUMATBLHOCTH (Pa30BBIX
KOOpIWHAT, B TOYKAaX CTPYKTYPHBIX MpeoOpa3oBaHUN  BETBSMICHCS  TPACKTOPUU  JIBUIKEHUS
nH(popMarmoHHoro pobota. PesyabraThl: ChopMynupoBaHbl HEOOXOJIMMBIC YCIOBHS ONTUMAIbHOCTU
BETBSIICHCS TPAECKTOPHH, IO KOTOPOH TIepeMerniaeTcss WHPOPMAIIMOHHBIA POOOT, KOTOPHIE ITO3BOJISIIOT
MEPeUTH K MNPUMEHECHHUIO CTAHJAPTHBIX MOANPOrPaMM PEIICHUsS OOBIKHOBEHHBIX TU(GEPEeHIIHATBHBIX
ypaBHEHUI M anreOpanyecKuX YpPaBHCHUH U TEM CaMbIM PCEIIMTH 3a/layy MOJCITHPOBAHUS ONTHMATLHOU
TPAaCKTOPUU COCTABHOM JUHAMUYECKOM CHCTEMBI C NPOU3BOJIBHOM cXxeMol BeTBieHUA. O0cy:kaeHHe:
IlpennoxxeHHBI MeTOA SBISAETCS METOAOJOTMYECKOH OCHOBOM JUIsl TIOCTPOEHMSI BBIYMCIHUTENBHBIX
QITOPUTMOB,  TO3BOJISAIOMIMX  MOJEIHUPOBATh  ONTHUMANIbHBIC  TPACKTOPUU  JBHJKCHHUS  COCTaBHBIX
JUHAMUYECKUX cucTeM. llpenoskeHHas mpouenypa MOJCIHPOBAHUS ONTUMANbHBIX  BETBSILUXCS
TPACKTOPHUU  SBIISAETCS YacThl0 MaTEMaTHYECKOTO OOECTIECUCHHUS CHCTEMBl aBTOMATH3MPOBAHHOTO
MIPOEKTUPOBAaHUS UH(POPMAIIMOHHOIO po0OTa W MOXET OBITh KCIOJIB30BaHA JUIS  MOCTPOCHUS
BBIYUCIIUTEIBHBIX AJIITOPUTMOB, YYUTHIBAIONUX CHeUU(UKY HH(HOPMAIMOHHO-TEICKOMYHHKAIIMOHHOTO
B3aUMOJICHUCTBHUSI SJIEMEHTOB KOHKPETHBIX TUIIOB COCTABHBIX JUHAMHYECKHX CHUCTEM.

KiaroueBble cJjioBa: OCCNMIOTHBIC JICTAaTENbHBIC ammaparbl; WHGOPMAIMOHHBIA POOOT; COCTaBHAsS
JUHAMHYECKAsi CHCTEMA; ONTUMAIILHOE YIIPABJICHUE; BETBSIIAACS TPACKTOPHSL.
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