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The question of asymptotic property research of local polynomial spline of three variables on the basis of the 
second order B-splines is considered in the article. Both the correspondent theorem and arguments as well as 
implications were formulated, proved and mentioned.

Let us consider some observation results of si­
multaneous realization according to three character­
istics T , Q, G of the observed and investigated
object which are the arguments of some p ( t ,q ,g )

Pu,,
1 (/+1/2)h, (;+l/2)A, (r+l/2)hgJ p{t,q,g)dtdqdg,

(,-l/2)A, 0-1/2)/,, (r-]/2)h,

i , j , r  e Z ; ei j r -  a mistake;
function. Let us state three separations A^ , , we can write

Ah of the axes observed by means of points 

t, = ih, , qj = j \  , gr = rhr , (,i , j , r e Z ) , provided
that the steps ht , h , h correspondingly to which where s  = max{el j r} ,

p ( t , q ,g ) - S 20(p,t,q,g)\<

ф ( с q,g ) -^2.0 {p,t,q,g)| + є |S2,o(p>L q,g)||, (2)

? ’ g
the separations Ah< ^ ^  of the simultaneous realiza­

tion of T , Q , G properties domain are given. As 
the result of the separations A^jA A , there is

a x b x c  of domains in the boundaries of which we 
shall look for the approximation function p ( t , q ,g ) 
according to the array of
(ti,qJ,gr},PJ/d = ld j= \b ,r = X c ) , where ( t , ,qp g r)

|^2o(/2,L^g)||= SUP maxis,0@,L^g)|-
K,,|si

So, to determine the quality of approximation 
function p ( t ,q ,g )  by means of spline (1), there is a
problem how to evaluate each of the summands of 
the right part (2).

Theorem 1. If p(t,q ,g )& C 2,1’2 so ^ —>0, 
hq -> 0, h„ —» 0 and where h = max {ht , h , h,,} then

the interior point (i , j , r ) of domain separation; and the asymptotic equality is fulfilled uniformly accord-

Pij.r -  value of function p ( t , ,q j ,g r).
According to [1], let us state the local polynomial 

spline on the basis of the second order 
B-splines in accordance with the array of values

p  = {Puy>(.i’J>r e Z )}

s 2,o {pd,q,g)=  ( l )

I X / 1  ( ' - ‘A R a, ( q - j \ ) h h g (g ~ rhs)P ij.r.
ieZ jeZ  reZ

where with accuracy to the argument [2]
0, | / |> 3 V / ,

(3 + 2 7 ^ )7 8 , /e [ - 3 ^ /2 , - ^ /2 ]  ,

3 /4 -(2 /A )7 4 , / € [ - V 2 ,^ /2 ] ,

(3 -2 /A )V 8 , le[h ,/2 ,3 V 2 ],

ing to the arguments t , q , g
_ h1

p ( t , q ,g ) - S 2Q(p ,t ,q ,g )=  - - 4 - p"2 ( t ,q ,g )О

“ т 4  ( t . q , s ) - ~ P %  (».?.«)■6 »

(3)

Proof. Under Taylor-series expansion of the 
function p ( t ,q ,g )e C 2'2'2 near the points 
{ih,,jhq,rhg), we shall get

(let us write this in such a way t = ih,, z - t - t  ;

? = A . v = q - q \ g = rh Ç = g - g *,

l = t,q,g-
For the value of function p ( t ,q ,g ) on the 

(/ , j , r )  separation element ptJ,r =Pu,r + £u,r> 
where

p=p(iht,jhq,jhg ) ,д  =p, (ih,Jhq,rhg) ,.. .  

S{p,t,q,g)=S(p)...)\

p{t>q>g)=p+Р Ї + p[ v+p'qç + ^ р ”̂ 2 +^р"чУ  +
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р \ с 2+Р:ч t v + / ; < + / ; < + - / ;  / v +
2 g

2 
’2f ^ + - 2p i / t + ' / e < 2 4 ^ л +И < 2 +
Р^ к л 4 ^ +\ ^ +\ Р^ +

For the spline S2,o (p ,t ,q ,g ) ,  it will be correct 
respectively:
S?,0 {P’l> 9: g) = *-*2,0 ( /)  + ̂ 2,0 (/), T + Sl,0 (P \  ̂ + 

+‘% o (/)g £ + - ,S2,o(/),i r2 + -h ,o { P ) (f  v2 +

4 ^ o ( ^ ^ + ^ o ( ^ ^ + ^ o ( ^ < - +

+h,0\P)qg < +  - S M f ,  ̂ V+̂ f l { p ) ^  V? +

+-  Ko {P)lr/  < 2 +S2,0 {p)tqg n< + -  45  (/),y  r  V + 

+ 4̂ j  (p),*g2 +^4 o[p) fg +2^o 

+“ 4,o {p),qgi tv^ 2+^4,0 ( / ) ,y  g r2'/2<̂ +

4 ^ 2 ( * ) / W ^ 2+ 0 M ’
where (because of economy motive, the part of ex­
pressions isn’t given any more)

S 2,0 ( P )  = - ^ { P i - l . j - l . r - l  +  6 P - l . j - l , r  +  P i - l , j - l,r+l +

+ 6 P i - l j j - X  + 3 6 P i - l j , r + 6 P i - l ,  j.r+ l + P i-1 , j+1,r-1 +

* 6 P i -1,7+1, r +  P l-lJ+ l,r+l +  6P i,j- l ,r -1 + % u  + 6/( ,7-1, r+1 +
+36P i j r - i  +216P u ,  +3 6 p ljr+ ] + 6Pi,j+ \,r- \ +36/, ,7+1/ +

+6 A,7+1p/-+1 + P i+ l,j- l ,  r - \ + ̂  Pi+1,j-1,r + P i+ \,j- \ ,  r+1 + 

+ 6 P i + l , j , r - l + ^ P i + l , j , r  +  ^P i+ l,j,r+ l +  Pi+1, j+1,r-1 + 

+^/(+1,7+1,r + P (+1,7+1/+!) ’

52,o(/), -  128^ ( P i-1 ,j-1 ,r -1  6P i- 1 , j - l , r

~~Pi-l,j-l,r+l ~ 6 P i_ l,j,r - l  —3 6 Pi-1,j,r _ 6 p j_ i,j  r+] “ й - l  j+ l  r-l 

~ 6 P i - l , j+ l ,r  ~  P i-1 , j+1,r+1 +  P i+ l , j - l , r - l  + 6 P i+ l , j - l ,r  +

+/(+1,7-1,r+1 +  ^ P i + l , j , r - l  + 3  6 P i +i , j , r + 6 p i+ l J r + ]  +

+ P i+ l,J+ l,r -l +  ^  Pi+1,j+1,r + /i+ 1,7+1,r+1) і

4 o ( / ) ? = p g ^  (-/i-lj-l.r-l ~ 6P i - l , j - l , r  ~  P i - 1, j - l , r + l +

+/(-1,7+1,r-1 + 6/i-l,7+l,r + / ’(-1,7+1, r+1 -б А ,у - і,,- і  -

- 36P i , j - I , r  ~ 6p i  j_ ] r+i + 6p i  j + lr_i + 36P i J +\ r  + 6P i,j+ l,r+ l ~  

P i+ l , j - \ , r - l  6 P i + l , j - l , r  P i +1 ,7-1,r+1 +

+/(+1,7 + 1,r-1 + ^ P i+ l , j+ l , r  + P i+ \ ,j+ l,r+ l ) і

2̂,0 (P)g =  ( P i - 1, j - l . r -1 + P i - 1, j - 1,r+1 ~

P i - 1, j , r -1 +  ^  P i - 1, j , r +1 P i - 1, j+ l , r —l + P i - 1, j+ 1,r+1 ~  

- b p . j - l . r - l  + ( P , ,7-1, r+1 - 3  6P i , j , r - l  + 36/2, ,7,r+1 -6/2,J+1/-1 +
+6/2, ,7+1, r+1 — //+1,7-1,r-1 + P i+ 1, j - 1,r+1 ~ 6  A + u .r-i + 

+ 6/,+1,7,r+1 '  ~ тРг+1,у+1,г-1 /Vfl.y+l.r+l ) ’

*52,o(/),2 = ^ (А -1 ,7 -1 ,г-1 + 6А-1,7-1,г +

+/(-1,7-1, r+1 + 6/M.7. r-1 +  3 6 P i - l , j , r  + f> P i-X , j , r+ l +

+/(-1,7 + 1,r-1 + ^  P i - 1, j+ 1,r + P i - 1, j+ 1,r+1 _ 2 P i  j _ l  r - l  ~

~ \ 2 p i  j _ X r -  2 p itJ_ i r + l  - \ 2 p i J r _ x - П р ш  ~

~ ^ P i , j , r + l  ~  ^  P i,  j+ 1,r -1 ~ ^ 3 P i , j+ l , r  — 2/(,7+I,r+l + 

+/(+1,7-1,r-1 + ^ P i + l , j - l , r  + P i+ 1, 7-1,r+1 + 6/і+Ц,г-1 + 

+36/ ,+1,7,r +6/,+1,7,r+1 + /(+1,7+1,r-1 +6/,+1.7+1.Г + /i+1,7+1,r+1) І

2̂,0 ( / ) ,? = 32ЛЛ (/i-l,7-l,r-l + 6/(-l,7-l,r +

+ /(—1,7—1, r+1 ~ P i - 1, j + 1, r -1 - 6  P i - 1,7+1/

/(-1,2+1,r+1 ~  P i+ 1, j - 1,r -1 ~ ^ P i + l , j - l , r  —/(+1,7-1,r+1 + 

+/(+1,7+1,r-1 + 6/(+],7+i,r + /(+1,7 + 1,r+1) ’

_ J ___

W 4 4
(-/(-1,7-1,r-1 + 2 / (-1,7-1,r '

P i - 1, j - 1, r+1 + /(-1,7+1,r-1 2 p i _ i j + l r  + /(-1,7+1,r+1 + 

+2/(,7-l,r-l -4/,,7-U +2/,7_l,r+1 - 2/ , ,7+1,Г-1 +4/i,7+l,r "
2 / ,  ,7+1, r+1 /(+ 1,7-1,r-1 +  2 //+1,7-!,+

/(+ 1,7-1,r+1 +  /i+1,7+1,r-1 2//+1 7+1 r + /i+1,7+1,r+1)  ’

4 ,o(/),2?2g2 = ^ 2 ^ 2  (/(-1.7-1/-1 - 2/ - 1.7-1/  +

+ / ( - ) ,  7-І, r+1 — 2 / i- l ,/ ,r - l  +  4 / (_ i,j,r  — 2 / (_ i i7,++i +  

+ /(-1,7+ 1, r -1 — 2 / ( - l ,7+l,r +  P i - 1,j+ 1, r+1 — ^ P i , j - 1,r- 1  +
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+ 4P i,j- \,r  ~ 2 P i j - \ , r +l 4 P i,j,r -l ~  ̂ Pi.j.r 4"

~ ^ P i , j , r + 1 — 2 P i,j+ \,r - \  ^ P i,j+ \,r  ~  2 P i,j+ l,r+ l ^

+ P i+ l , j - l , r - l  ~~2 P i+ \ ,j - \ ,r  ~>г P i+ \,j-\,r+ \ - 2 p i+\ j , r - \  +  

^ P i+ \J , r  ~~^Pi+l.j.r+l Pi+\,j+\,r-\ ^Pi+\,j+\,r Pi+\,j+\,r+\) 5

j r̂/2 hg/2
Pi, JS hthh J \  J (p + p'tr + p'qv + p'qc  + 1 лл ,..-Л h l (  .

Д +2Р> Д

V‘g -h,l2-hq/2-hg/2

+ \  P ?  ̂  + \  P f  v 2 + \  P f  C 2 + Р щ ™  + P ”g<  +

*р :!< У р - / ' ’ * { р : , ^ 2+\ р " У < +

+ ~ д \  2v V 2
4 O V  r  b J

JL
6-  /  -  V

+ ? ! л < + ^ , ¥ / !< + ^ « V < 2 +

'!) ~ e  hfc + ;’«,r+  ^ v + 5 -p fv rI +

/?"2 +pmiT + p m2 £  + —Д 4\ +<̂7 м  2 ' V

2 я s 2 48

Л t { p ' v

+ ° м -

+ —
2 9 8

+ - р ® г 1?  .
4 *W  )  6

+—p ty iV 2 + p ^ i W +— v2£ + —p 1'? 2v£2 -2 4 ? ‘4g 2 ‘ 98 2 ‘ 98

+ l  J 6) у2/ '2! - -^ A .f  n(4) + n(5) /- + 1  n(6) A2
+ 4 ^ 2? v ^  J 36 ^ V +;?№  2 P'W ^

V k /  n(4)

24

+— р"Д  +— p\hl +— р(1\ Щ  +— Р % Щ  +
24 ^ ? 24 ^  8 576 'V ? 576 'v  8

5 7 6  ‘ q-g~ 4 5 13824 '
13

Pi+U+U-1 = P + P'A + p 'A  ~ Pghg  + —  />' /г, +

1 -p % h 2h2+—^ p(6) M h i+ O ih 6);
><ГГ q 8 17824 t q g 1 9 8 V /
+l,r-l = P

•* ' Д > і  ' ' Д ’і  * K M  - K M  +

* ~ К Ф \  -

* ~ р ‘« м і  -  р 'м к +

:1Д_ „(4) іЗи2 + }Д_ „(4) іЗіЗ і ikE. J3) l2Ij2
5 7 6 P ‘lq 1 ' " 5 7 6 hg + s i 6 Pql8 4 g

~YAP № hqhg ~ ^ л Р \ Х ^ Х +^ Р ш А кЯ  ~

1 (4) 2^- p y 2v +-  ^ t  q

^ - 2 P ^ r - j ~ P >

On the other hand we have:

P ” (Ґ>0>g) = P ” + P"qv + P"Д +\

+ 2 р<гД  p74gv(p + 2 P‘V% ^

+ -  ̂ (25) 2 < 2 + -  p (t \  2 v2̂ 2 + O (h4); 2 Ґ4g ’  4 m 2?V  ’ \ Г

p P■■ M s h K y p ^ + K M + i t ir 4‘

P p^ P +p^ ( A p% / ( A

P - p % sM + o(K)-,

576 ‘ 4 8 
169

2 4  Щ g ‘ q 8 24 lqg 

576 P,lqgl
169 p(5A  hfh2h + —  p \ ] 2h2h h1 +:l Kqg ‘ q 8 t q g

•\t*q,g)=]?t +ptg.

Д )  h h 2h2 +Р ,У У П1Па Пя +
2197

5 1 6 r ‘P g‘ ‘ 4 s 13824" rq ‘g
13

D(6) h2h2h2Ppq1«1 1 ч s + o ( h 6)-
+ — p ^ 2v 2 + p ^ 4\ . .  .2 ч s ‘qg 2

\  (4v + - p \
2 Ft

+р"'гт+рт,r ‘g r qg
(4) 1 (5) 2

r  \ T V  + — p y  2r  V-<qg 2 1 qg

1
Pi i+1 ,  =  P + p A  +— p\rf  + — p \h 2 + —  p \h 2flj+i.r f  Jrq q 1 n.i'q1 Я  ̂л V g l24 24 9 ? 24 8 8

+
+ — р^г\ i T2V2 4 y rq 2g

+ 0(h4);

+ — p m2 h2h +—  p mгhhI  + —  p {t \h 2h2 + 
24  r ‘ q ‘ 4 2 4 1 48 4 8 576 y ‘ 4 4

+ — Р{2]г Щ  + — pAihlh2 +— Д  r fh  h2 +  
576  s  8 576 4 8 4 8 576  ‘ qg 4 4 8

+ - Я — p^\  2hfh2hl + o ( h 6)-
13824 ' q 8 4 8 4 '

and so on...

P %  {t,q ,g ) = P%  + P % g£  + 1

7,V  {t>4>g) = P % +p f 4f v + \P

,(5.)P%  {**>*) =

P?YY (6 ? ,g )= > ((5 v  +°(>
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It means that we can prove the correctness of the 
expression (3). The theorem is proved.

Corollary 1. Under h, —> 0, h -> 0, hg -> 0 for

\ /p(t ,q,g) e C2,2,2 will be correct

£
6

p ( t ,q ,g )~  S2 0 (p, t, q, g)|| = £  Ip"2 (t, q, g)|| -

P p i ^ ’S) +-Г Pp{t,q,g) +

h 4
36 

36

2 / 2

P% {t,q,g) P% (t,q,g)

t,q,g) +

36

Ш
216

+

?%f{t^g)\+0(hb).
Let us carry out the standard spline evaluation (1).

Theorem 2. For the spline S2 0(p , t ,q,g)  the 

evaluation o (p, t,q, g)|| = |/?(/, q, g)|| is fulfilled.

Proof. Let us consider the representation 
■$2,0 (p , t ,q,g)  in the form of

^,0 (P>‘ O’ g) = ̂  ( 0 -  Xf  (1'- y f  (1'- Zf  P i- \ , j - \ , r - \  +

+ (1 -  x f  (1 -  y)2 (6 -  2z) р , -и -1іГ +

+11-* )2 (1-т)2 (1+zf  P i-i,j-\,r+ \  +

+0 -  xf  (6 -  2 у )0 -  -  )2 P i- i , j . r - i  +

+ 0  -  x f  (6 -  2y) (6 -  2z) Pi_l J r +

+ { \ -x f  (6-2y){\+zf  plAj r+l+,

+ (l -  v)2 (i + y )2 (1 -  z f  Pi_lJ+]r_x +

+(!-*)' (\+y)2(6-2z)piAj+lr +

+(! - x f  (l+y)2 (1+z)2 д ч м „ , +

+(6-2x)(B-y)2 ( l- z f  P i j - i r - i  +

+ (6 -  2x)(l -  y f  (6 -  2 z) p +

+(6-2x) ( 1-у)2 ( 1+z)2 Pij-ir+i +(6-2x)(6-2y)(l-z)2 p jrA + 

+(6 -  2x) (6 -  2y ) (6 -  2 z) p ij r  + 

f6-2x)(6-2y)(\+zfpiJM +(6-2x) ( 1+y)2 (l-z)2 Pij+xr-\ + 

+( 6-2x) ( 1 +yf ( 6-2z) P j+ ir  +(6-2x) ( 1 +y)2 ( 1+z)2 Pj+ir+i + 

+ 0  + *)2 (1 -  y f  О -  z f  P i+ \ , j - \ , r - \  +

+ { \ + x f ( l - y f ( 6 - 2 z ) p Mj_1:r + 

+ ( l + x f ( \ - y f ( \ + z f p M j-\,r+\ +

+ ( l + x f ( 6 - 2 y ) ( l - z f p MJr_1 +

+ (1 + x)2 (6 -  2y)(6 -  2z ) p i+X j  r +

+ (1 + x f  (6 -  2y)(1 + z f  p i+Ur+, +

+ (l + x) (1 + y) ( l - z )  p i+i j +hr- i  + 

+ (і + x)2 (1 + y f  (6 -  2z)pi+lJ+lr +

+ (1 + x f  (1 + у f  (1 + z f  p i+lJ+lr+l ),

where x = — (t - i h ' f  |x| < 1;

y  = j { q - j h q),  \y \^U  z = ~ ( q ~ r h g),  \z\<l.  

Then

11̂ ,0 (/». t, q, g)[ < ~  ||/> (*» q, g )|| NslJ g |zjsl A (*>y>z)>

where
A(x ,y , z )=  ( l - x ) 2( l - y ) 2( l - z ) 2

(1-л)2(1- У)2(б-2г) + (l-^ )2 (1 ~yf  (1 + zy

+

+

+

+

(l-x ) (6-2y)(l-z)~ + (l-x ) (6-2y)(6-2z) 

( l-x )2(6-2y)(l+z)2 + ( l-x )2(l+y)2( l-z )2 

(l-x )2(l+y)2(6-2z) + (l-x )2(l+y)2(l+z)2 

(6 -2x)(l-y )2(l-z)'' + (6-2x)(l-y )2(6-2z) 

(6-2x)(l-y)2(l+z)” + (6-2x)(6-2y)(l-z)2 + 

|(6 -2 x )(6 -2 y )(6 -2 z ) | + (6-2x)(6-2y)(l+z)2 

(6 -2x)(l+ y)2( l - z ) 2 + (6-2x)(l+ y)Z(6-2z) 

(6-2x)(l+y)2(l+z)2| + (l+x)2(l-y)2(l-z)2 +

(l + x)2( l - y ) 2(6-2z) + (l+x)2(l-y )2(l+z)2 

(l+x)2(6-2y)(l-z)2 + (l+x)2(6-2y)(6-2z) 

(l+x)2(6-2y)(l+z)2|+|(l+x)2(l+y)2( l-z )2

+ (l + x)‘ (l+ y)2(6-2z) +(l+x)2(l+y)2(l+z)2

After taking into consideration the fact that the 
function A (x , y , z ) is even, it will be enough to ex­

amine it for x ,y ,ze [0 ;l] in order to define its it
maximum. Knowing the fact that the expression un­
der the module sign is greater than 0, it is not diffi­
cult to prove that A(x,y,z) = 512. Thus

|K o ( ^ L ^ g ) H W ^ ^ g ) | | -  (4)

+
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On the other hand, for any special case

|K o  (p, 4 q, g)|| ^ 1̂ 2,0 ( M  q, g )||.
Then for x -  0 , y  = 0, z = 0, we have 

$,<>( PAJhgShg) 1 +6p,-\j-ir +

+Pi-\,j-\,r+l + 6Pi-l.J.r-l + 36A-lj,r + 6Pi-\J.r+1 + 
+Pi-lJ+l,r-l + 6A -1j+l,r + A-1J+U+1 +6A,y-i,r-| +
+36 P ij .t ,  + 0p,j_hr+l + 36pijr _l + 

+ ^ p iJ r +36piJr+i+ 6piJ+l:r.i+36piJ+i r + 

+6PiJ+l ,+l+P,+lJ - l ,- l+6Pi+l,j-],r + -

+p.i+lj-l.r+l + ̂ Pi+\,j.r-i + 36Д+1,7 ,r +

+6pi+\J,r+\ +Pi+\,j+\,r-\ + ^Pi+\.j+\, + Pi+l,j+\,r+\) ■ 

if  Pa.b.c =\p{t>q>g) 1 > 

a  = / - l ; /  + l ;  b - j - \ \ j  + \ \  c = r - l ; r  + l ,  

then ||52j0 (p, t, q, g)|| > |S2 0 (/>*, t, q, g)|| >

^ |S2,o(A O ,0,0)|= |/7(/,^g)||.
It means that with regard to (4), we can find out 

that

The theorem is proved.
Corollary 2. For \/p [ t ,q ,g )e C 2’2'2 there is

h2\\ ||
\p{t> q> g) -^ .o  {p> t, q, g)|| ^ — 1|$ (/, q, g)|| +

+ К
6

h2K

hi
P"q2 (t ,q ,g ) + - f  p"gi{ t,q ,g )

+

36

К Я

p]y Ы б ) p % Ы у)

6 g
p2h2
36

i 4) +

36

II h2h2h2
р % Ы Р Ik  ' * 8216

+ s\p ( t ,q ,g ) \  + o ( h 6).

The statement follows from the theorem 1 and 2 
as well as the corollary 2.

Corollary 3. Let us {pu ■ y,i,j,r<=Z} -  is the
meaning of the empirical function of distribution 
density of three -dimensional random variable 
probabilities, where

ieZ j e Z  reZ

p (t,q ,g )  -  is the correspondent theorem theoretical
function of the distribution density,

1 (i+\/2)h, (7+1/ 2)hq {r+\/2)hg

Pcj.r=TTT~  1 1 1  p{t,q,g)dtdqdg,
W s  (i-V2)h, 0 -1 /2 )* , (r-\/2)hg

£ i.J.r = P u , ~ P u ,  ’ f  = ma*{£i,j.r } .J J l,J,r

then ||52 0(/2,L?,g)|| = l and for V p(t ,q,g)e.C2'2’2 

\\p(t,q,g)- S20 {p, t, q, g)|| < 1|$ (t, q, g)|| +

+- $  (L ? ,g ) |+ ^ - j$  (L93g ) |+ “ -|P% (b9,g)|| +

+-

+

36
h2h2qh;

p %  (*»?>«) +•M
36 P % {t,q ,g ) +

216
P % g2{t,q,g) +£ + 0 ( h 6).

The results obtained testify to the high-level ap­
proximating properties of spline S10{p ,t,q ,g ) and
give the right to recommend to use them in the field 
of data observation processing, visualization of 
space models of different kinds as well as in the area 
of the probabilistic evaluation of the density 
distribution function of three-dimensional random 
variable realization probabilities.
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