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The question of asymptotic property research of local polynomial spline of three variables on the basis of the
second order B-splines is considered in the article. Both the correspondent theorem and arguments as well as

implications were formulated, proved and mentioned.

Let us consider some observation results of si-
multaneous realization according to three character-
istics T, Q, G of the observed and investigated

object which are the arguments of some p(t,q,g)
function. Let us state three separations A", ,

Ah of the axes observed by means of points

t, =ih,, gqj =j\ , gr=rhr, (i,j,rezZ), provided
that the steps ht, h? , hg correspondingly to which
the separations AR ~ of the simultaneous realiza-
tion of T, Q, G properties domain are given. As
the result of the separations AMNAA, there is
axbxc of domains in the boundaries of which we
shall look for the approximation function p(t,q ,g)
according to the array of

(ti,qd,gr},P¥d=Ildj=\b,r=Xc), where (t,,gp gr)

the interior point (i,j,r) of domain separation; and

Pij.r - value of function p(t,,qj,gr).

According to [1], let us state the local polynomial
spline on the basis of the second order
B-splines in accordance with the array of values

p ={Puy>(.i’J>reZ)}
s20{pd.q.9)= (M
IX/1 ("-'A R a(qg-j\)hhg(g~rhs)Pij.r.
ieZjeZrez
where with accuracy to the argument [2]

0, [/|>3V/,
(3+27n~)78, le[-37/2,-~2]
3/4-(2/A)T4, [E[-V 2,72],
(3-2/A)V8, le[h,/2,3V 2],
I=t,9,0-
For the value of function p(t,q,9) on the
(/,j,r) separation element ptJr=Pu,r +£u,r>

where

(+12h +12)A, (g

p{t,q,9)dtdqdg,
(-I/2)A, 0-1/2)1,, (r-1/2)h,

Pu,,

i,j,reZ;eijr- amistake;
we can write
p(t,g9,9)-S20(p,t,q,9)\<

® (cq,9)-"20{p.,t,q,9)| +e[S20(p>La.9)ll, (2)
where s =max{eljr},

["20(/2L"9)||= Ksula_ maxis,0@,L"g)|-

So, to determine the quality of approximation
function p(t,q,g) by means of spline (1), there is a
problem how to evaluate each of the summands of
the right part (2).

Theorem 1. If p(t,q,9)&C212 so » —0,
hg-> 0, h,,—0 and where h=max{ht,h ,h,} then
the asymptotic equality is fulfilled uniformly accord-
ing to the arguments t, q, g

hi
p(t,4,9)-S2Q(p.t,q,9)= --ébp"Z(t,q,g)

“T. 4

6 " » (t.q,s)-~P% (»2.n

)

Proof. Under Taylor-series expansion of the

function  p(t,q,9)eC222 near the points
{ih,,jha,rhg), we shall get

(let us write this in such a way t =ih,, z-t-t ;
2=A. v=g-q\ g =rh C=g-9%,

p=p(iht,jha,jhg),a =p, (ih,Jhqrhg),...
S${p.t,q,9)=S(p)...)\

p{t>q>g)=p+PT+p[v+pgg +"p™ 2+ p"Y +
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2pg\CZ+PHtv+/;< + /< +-/;1v +

Aﬂ+V| <2+

+\ pPA +

2
of M+ - 2pilt+ Ye< 24

P Kk n 4" + A

For the spline S20(p,t,q,9), it will be correct
respectively:
SO{P’19:g) =*20(/) +720(/), T+SILO(P \ ~+

+%o0(/)gE +-,2,0(/),ir2+-h,0{P)f v2+
4/\0(/\/\+/\0(/\/\+/\0(/\<_+

#,0P)p<+ -S M f, AV fI{p)" V?+

+- Ko{P)V < 2+s20{p)tgn<+-45(/),yr V+

M@ 4 apfg  +270

+“ 4,0 {p),cf tv*2+74,0 (/),y gr2'/x +

4 N2(*)/W N2+0M
where (because of economy motive, the part of ex-
pressions isn’t given any more)

S20(P) = -A{Pi-l.j-l.r-1 + 6P -1.j-1,r + Pi-1,j-Lr+l +

+6Pi-1jj-X +36Pi-1j,r +6Pi-1,jr+l +Pi-1,j+1,r-1 +

*6Pi-17Hf + PI-L0+ L IH + 6Pij-1.r-1+ %
+36pP ijr-i +216Pu

u +6/(7-1r++

. +36pljr+]1 +6Pij+\r-\ +36/,,7+]j+

+6 A,7Hp-+1 + Pi+1j-1,r-\ + MPi+1,j-1,r + Pi+\,j-\,r+1 +

+6P i+ 1j,r-1+ AP i+ 1,j,r + APi+1j,r+1 + Pi+l,j+1r-1 +

(174 + P (F7H/+1)
52,0(/), - 128" ( Pi-1,j-1,r-1 6Pi-1,j-I,r

~~Pi-Lj-l,r+1 ~6Pi_Lj,r-1 —36Pi-1,j,r _ 6pj_i,jr+]“ it -1j+1r-l

~6Pi-1j+1,r ~ Pi-1,j+1r+1 + Pi+Lj-l,r-1 + 6Pi+1j-I,r +
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+/(+1,7-1,r+l + ~Pi+1j,r-l +3 6P i+i,j,r + 6pi+lir+] +
+Pi+LI+Lr-1 + APi+1j+1r +/[i+17+,r+]) i

4 o(/)?=pg” (-/i-lj-L.r-1 ~6Pi-1,j-I,r ~Pi-1j-l,r+1 +
+/(-1,7+1,r-1 + 6/i-1,7+1,r + /’(-L7+Lr+ -6A ,y-i,,-i -

-36Pi,j-I,r ~6pij_Jr+i+ 6pij+Ir_i +36P iJ+\r + 6Pi,j+I,r+l ~

Pi+1,j-\,r-I  6Pi+ljI,r Pi+7-1,r+ +

H/(FLTHLr-1 + AP+ Lj+1r + Pit\,j+1r+1) i

~20(P)g-

Pi-1jr-1+ ~APi-1j,r+

( Pi-1j-lr-l+Pi-1j-1r¥~

Pi-Lj+lr= +Pi-1j+1r+ ~
-bp.j-l.r-l + (P,,7-Lr+L -3 6Pi,j,r-1 +36/2,7r+1-6/2, }+1/-1 +
+6/2,, 7+, r+l — //+1,7-1,r-1 + Pi+1j- Lrd ~6A+uU.r-i +

+6/, 7L~y L MLy
520(/),2 ="(A-1,7-1,rF1+6AL7-1r+

+/(-1,7-1,r+1 + 6/M.7.1r-1 + 36Pi-1,j,r +f>Pi-X,j,r+l +
+/(-1,7+Lr-1 + AP i-Lj+Lr + P i-1j+1rHl _ 2Pij_Ir-I ~
~\2pij_Xr- 2pitd_ir+l -\ 2pidr_x-N p w ~
~APijr+ 1 ~ APLj+ Ll ~A3Pij+ L r —2/( T+ r+ +
+/(+1,7-1,r-1 + ~Pi+ Lj-l,r + Pi+17-1,r+1 + 6/i+L,r-1 +

+36/,H,7r +6/, 7 + /(+,7+1,r-1 + 6/ LML+ /i+1,7+1Lr+) |
~20(/),?=32n10 (/i-1,7-Lr-1 +6/(-1,7-l,r +

+/ (274l ~Pi-1j+ 1r-1 -6 Pi-17+Y/

/(-12+1rHl ~ Pi+L1j-Lr-1 ~~Pi+ Lj-I,r —/(+1,7-1,r+ +

+/(+1,7+1,r-1 + 6/ (+,7H,r + /(+1,7+r+1) "’
J_
(-/(-1,7-1,r-1 + 2/ (-L7-1r"

W 44

Pi-Lj-1r+l + /(-1,7+1,r-1
+2/(7-Lr-1-41,,7-U +2/,7_|r+1- 2/, Pra +4fi, 7+, "

2/, 7+, r+1

2pi_ij+Ir + /(-1,7+1,r+ +

/(+1,7-1,r-1 + 2//+1,7-1+

/(+1,7-1,r+1 + /i+1,7+1,r-1 2//+1 7+l r + [i+1,7+1,r+1) "’

4 ,0(/),22p="272 (/(-17-U-1- 2/ - 17-U +

+/(-),T-L, i+l —27i-1,/,v-1 + 47 (_ij,r —2/(_iil,++i +

+/(-1,7+1,r-1 — 2/ (-1, 7+Lr + Pi-1j+1r+l —AP i j-1,r1 +
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+4Pij-\,r ~ 2Pij-\,r+ 4Pij,r-1 ~ *Pi,jr 4

~APiLj,r+1—2Pij+\,r-\' ~APij+\;r ~ 2Pij+lr+l 7
+Pi+j-Lr-1 ~~2Pi+\,j-\;r =rPi+\j-\;r+\ -2 p i+\j,r-\ +

AP i+\I,r ~="Pi+Lir+l  Pi#\jH\r\  APi#\j+\r  Pi+\j+\r+) 5

i M2 g2

i J J (p +ptr+pv +pc +
P35 iy hI2h0/2hg/2(p pitr + pov +p'ee

+\ P?~ +\ Pfv2+\ PfC2+Pwy™ +Pg< +

*pid< Y p-/""*{p:, "2+ p"Y <+

2 4s 2 48

24

aPA 3 _p\hl +Eep@m?+ﬁap'3/° Lt *

1-p% hh2+— Mhi+Oi
57?2{3_ q8 ﬂé’@iﬂpt(%)g 198 )

: 13
PiHUHI-L=P+PA +p'A ~Pgh, +— /5>'f +

“0 >0

lﬂl ’i
*~ K &\

*~pkM i-p'M K+
10 @ i3n2+}4 (4 i3i3 TikE. J3) 12)j2
576PIgq1" " 5 7 6 hg+si6Pql8 4g

~YAP Ne hohg~ 21 PLK-X8+2R A K7 ~
169.pﬁ\gghfh&h8 = P\ 2phpd+

P,lqgl
2197

516 ﬁﬂggy H;P%\Zi 13824' g&ﬁl@‘?ﬁgm(h&'
. 13 1
it - 1 ana*o P g, RS Spogng”

\hzhy -+
576 )F/){

— pAihlh2+— fh h2
" 576 {ZS]rLLI, v p“! 48 576'D‘qgr4 i

+—p@ahz +— pnrhhl +—
24r‘q“ 4 24148 48

s Fl—p"\ Azl +o(ho)-
13824

and so on..
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A +2P>],

}HS N -, Hgli/?"2+p<giT+Blrﬁ£+2—ﬂ.6\ +

+2_98 +210<+N ¥ [I<+M«V <2+

+ i p*%vr l?.!)._~

taPIVarpy Wty gVt P lggvke-

& hfc +;«r+ ~ v+5-pfvrl +

+l ] 2/'21--~A .fn /[~+1n A2
+4"gvy" J 36 \(;D @ 2P

V k/ n(d
n t{p'v

N 2P NMNr-j~ P > oM -

On the other hand we have:

P”(0>g)=P”+P"qv +P"[] +\:lpt§;(14)2\/2/41

+2p<]
+
+2’\@92<, 2+—4ﬁ1@v2\/2‘2+0(h4?;

pm MshKypr+KM+iti

p7dMp +2PV% A~

P pr P +ph (A p% /(A

P-p%sM + o(K)-,

“\tq.0)=]2t FTHE Y+

2 Ft
+§Pq"52v2+pf‘%ﬂ/ +12_2p(15})g2r2 v.
7 ?5\ZgiT2v2+0(h4);
P% {t,q,9) =P% +P%gE +1

PIV {t>4>g) =P % +pf4 v +\

Po [**>*) = 1G]

P?YY (62,9)=>6Bv +°(>
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It means that we can prove the correctness of the
expression (3). The theorem is proved.
Corollary 1. Under hy =0, h ->0, hg->0 for

\/p(t,q,9) e C222 will be correct

p(t,9,9)~ S20(p, 1, q, )] =§6 Ip"2(t,q, 9)I| -

Ppin’S) +-I Pp{tq,9) *
212

N4 oy P +
5 PP {tag) o P%(ag)

T R L4y (1)
Let us carry out the standard spline evaluation (1).
Theorem 2. For the spline S20(p,t,q,9) the
o(p,t,q,9)|ll =1/?(/, q, 9)|| is fulfilled.

Proof. Let us consider the
20(p,t,q,9) inthe form of

evaluation

representation
NO(P> Og) =N (0-XF (1-yf (1% Zf pi-j-\r-\ +
+@-xf @L-y)2(6- 22)p,-n-ir+
+11-*)2(1-7)2(1+zf Pi-ij-\r+\ +

10 xf (6 25)0. )2iisri.

+0 - xf (6-2y)(6- 2z)Pi_lJr+

+{\-xf (6-2y){\+zf plAj rH+
+(1-v)2(i+y)2(1- z f Pi_IJHr x+

+(1-*)' (\+y)2(6-2z) piAj+r +

+(1-xf (I+y)2(1+z)2g0u m ,,, +

+(6-2x)(B-y)2(1- z f pij-ir-i +

+(6-2x)(I-yf (6-22)p +

+(6-2X) (1-y)2(1+2)2Pij-ir+H +(6-2x)(6-2y) (I-z)2p jrA+
+(6- 2x) (6 - 2y)(6- 2z) pijr +

f6-2x)(6-2y) (\+zfpiIJM+(6-2x) (1+y)2(I-z) 2Pijnr-\+
+(6-2X) (1+yf (6-22)p j+ ir +(6-2X) (1+y)2(1+2) 2Pj+Hr+ +

+0 +*)2(1-yf O- zf pi+\j-\,r-\ +
+{\+xf(l-yf(6-2z)pMj_1r+
+ (1 xF -y FO+ZEP My +
+(1+xf(6-2y)(l1-zfpMJr_1+
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+(@+x)2(6- 2y)(6- 22)pij r+

+(Q+xf (6-2y)(A+zf pi+Ur+, +
+(1+x) (A+y) (1-z) pi+ij+hr-i +
+(i+x)2L+y f (6- 22)piHIHr+

+(@Q+xf QL+yf @Q+zf piHIHAH),

where x=—(t-ih'f |x| <1,

y=j{aq-jhq), \y\"U z=~(gq~rhg), \z2\<l.

Then

1o (.t a,9)[<~ [P0, 0)INL g BA (>y2)>

where
A(x,y,2)= (I-x)2(1-y)2(l-z)2

(1-n)2(1- Y(6-2r) + (I-~)2~yf @+zy
(I-x) (6-2y)(I-z)~ +(I-x) (6-2y)(6-2z) +
(1-x)2(6-2y) (1+2)2 + (1-x) 2(1+y)2(1-2) 2 +
(1-x)2(1+y)2(6-22) + (1-x)2(1+y)2(1+2)2
(6-2x)(1-y)2(I-z)" +(6-2x)(I-y)2(6-22) +
(6-2x)(1-y)2(1+2)” + (6-2X)(6-2y)(I-2)2 +
1(6-2x)(6-2y)(6-22)| +(6-2x)(6-2y)(I+z)2+
(6-2x)(1+y)2(1-2) 2 + (6-2X)(1+y)Z(6-22)
(6-2x)(1+y)2(1+2) 2+ (1+x)2(1-y) 2(1-2) 2 +
(1+x)2(1-y)2(6-22) + (1+x)2(1-y)2(1+2)2
(1+x)2(6-2y)(I-2)2 + (I1+x)2(6-2y)(6-22) +
(1+x)2(6-2y) (I1+2) 2+|(1+x)2(1+y)2(l-2) 2

+ (1+x) (1+y)2(6-22z) +(1+x)2(I+y)2(I+z)2

After taking into consideration the fact that the
function A(x,y,z) is even, it will be enough to ex-

amine it for x,y,ze[0;I] in order to define its it

maximum. Knowing the fact that the expression un-
der the module sign is greater than 0, it is not diffi-

cult to prove that A(x,y,z) =512. Thus
IKo(*L"g)HW ""g)ll- (4)
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On the other hand, for any special case

Ko (p,44q,9)"1"20(M q,9)Il.
Then for x- 0,y =0, z=0, we have

$,<>(PAJhgShg) 1+6p,-\j-ir +

+Pi-\,j-\,r+l + 6Pi-1.J.r-1 + 36A-lj,r + 6Pi-\J.r#i+

+Pi-1+1r-1 + 6A-§+l,r + A-1J+U+L +6A,y-i,r-| +

+36Pij.t, +0p,j_hrH +36pijr I+

+ A p iJr+36pidr+i+6piJHr.i+36piJ+ir +

+6PiJH, H+P,HI-1,-14+6Pi+1j1r t -

+p.i+lj-Lr+l + Pi+\jr-i + 36 0+,7r +

+HOpiH\J,r+H\ +PiH jH r-\ + Pi+\j+\ + Pi+lj+Hr+\) m
if Pabc =\p{t>g>g)1>

a=/-1;/+1; b-j-\\j+\\ c=r-1;r +1,

then  [1530(p, t, 0, 9)Il > |S20(/>*t, 0, 9)|| >

~S2,0(A0,0,0)|=|/7(/,"a)ll.

It means that with regard to (4), we can find out
that

The theorem is proved.
Corollary 2. For \/p[t,q,9)eC222 there is

h2\ v
\p{t>cpg) -*.0 >0, 9 " — 1S (a9 *

LK hi
6 Pm(t,qxg) +_6f }jgl{t,q,g)

hx ph2 .

|
36 ply bl 6) 36 p(% bl Y)+
1 h2hzh2
KdA
+ vox
% P % bl Pk ,x8

+s\p(t,q,9)\ +o(h6).

The statement follows from the theorem 1 and 2
as well as the corollary 2.
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Corollary 3. Let us {pum,i,jr<=7Z} - is the

meaning of the empirical function of distribution
density of three -dimensional random variable
probabilities, where

ieZ jeZ rez
p(t,q,9) - isthe correspondent theorem theoretical

function of the distribution density,
1 (i+V2)h, (7+1Dhq {r+\i2)hg

Pcjr=TT7~ 1 1 1
W s (i-V2)h, 0-1/2)*, (r-\/2)hg

p{t,q,9)dtdqdg,

eigr=Py,~Pu,’ f= mﬂf{ﬂ,j.r}.
then ||520(/2,L?,9)|| =1 and for Vp(t,q,g)e.C222

\\p(tvqig)' Sm{p’ t, q, g)” < 1|$ (t’ q, g)” +

8 (L2,g)[+N-$ (L9g) |+ -|PY(b9,g)Il +

+- 36 P% (*»?>«) +M36 P%{t,q,9) *

h2hah;
+ 216 P%g2{t,q,9) +£+0(h6).

The results obtained testify to the high-level ap-
proximating properties of spline S10{p,t,q,g) and
give the right to recommend to use them in the field
of data observation processing, visualization of
space models of different kinds as well as in the area
of the probabilistic evaluation of the density
distribution function of three-dimensional random
variable realization probabilities.
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BigHOBNEHHA (YHKLIT WiNbHOCTI po3noginy TpbOX 3MIHHWX MOAIHOMIaslbHWM CMJlaiHOM Ha OCHOBI

B-cnnaiiHis

JocnigXeHo acuMMNTOTWUYHI BAACTMBOCTI

NoNiHOMIanbHOro CnnaHy TPbOX 3MIHHMX Ha OCHOBI

B-cnnaitHiB apyroro nopsaky. CopMynboBaHO i J0BeeHO BiAMOBiAHI TEOPEMU, HAaBEAEHO HaC/iaKN.

®.A. lNpuctaska

BoccTaHoBEHME (DYHKLWM NAOTHOCTU pacnpeaeneHns Tpex nepeMeHHbIX NoAMHOMUAIbHBIM CrialiHOM

Ha ocHoBe B-cnnaliHoB

WccnepoBaHbl acMMNTOTMYECKME CBOICTBA MOMIMHOMUANLHOIO CMnaliHa TPex MepeMeHHbIX Ha OCHOBE
B-cnnaiiHoB BTOpOro nopsiaka. CthopMynnpoBaHbl 1 oKa3aHbl COOTBETCTBYHOLLE TEOPEMbI W CNEACTBUS.



