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The theory of one-dimensional magnetic field penetration into conducting medium (flat plate) has been
developed taking into account the motion of plate under the action of magnetic field at the linear growing of
field intensity in the time on the external border of conductor. The process has been described by the equation of
diffusion with convection term together with the equation of medium motion under the specific boundary
conditions. The solution is obtained for the time interval in which the skin depth is less than thickness of plate.
The depth of skin layer has increase in comparison with the classical case of immovable medium. This is a
summarized effect of the field increase reduction on the medium surface and of the medium motion.

Introduction

Recently in the paper [1] a phenomenological theory
of elastic electro-conducting medium reaction to the
penetration of external magnetic field has been
developed. A connection between the skin depth of a
field penetration and velocity of medium motion
(both value and direction) has been shown there.

The analysis of this process can be done in the terms
of more general equations of electromagnetic field
beyond the simple approach used in the paper [1]. In
addition, the time dependence of magnetic field on
the surface of medium has not been considered in
this work. That is why a more detailed consideration
is undertaken in this paper to study the real
dependence of the medium motion on the field
penetration. The change of the applied external field
in the time is obviously able to affect the field
diffusion into the medium. More strict analysis with
respect to movable medium can show the influence
of both sides of electromagnetic induction
phenomenon (caused by the time variation of
applied field and by the medium motion) on the
peculiarities of the field diffusion into depth of
medium. Thus, a deeper connection between
electromagnetic and mechanical processes can be
established in this consideration.

Theoretical model for analysis

Analysis of the process described is done using the
model of conducting medium that is shown in fig.1.
It is like one in the book [2] fig. 1.

The medium surface is designed as the plane YZ,
X-axis is directed into the depth of medium. Instead
of the condition about immovable external border of
medium which has been used in the book [2], we
have supposed the possible motion of this border
under the action of electromagnetic force caused by
the external magnetic field.

Equation of diffusion for a magnetic field intensity
H in the moving medium situated at x” > 0 can be
written as [3]:

%—Ij—rot[ﬁﬁ]:DMAﬁ, (1)

where u = u (x’7) is the field of velocity for the
medium, x’ is an abscissa in the laboratory co-
ordinate system connected with the source of
external magnetic field of intensity H: Dy, is the
coefficient of magnetic field diffusion: Dy, = (op) ~';
o is the coefficient of electrical conductivity of
medium; x is the magnetic permeability of medium.

It is natural to suppose that magnetic field intensity
has only z component:

H =(0,0, H.). )
Then the electrical field and current density have
only y components:

E=(0, E, 0); (3)
J =10, jy 0). “4)
Commonly usable physical approach allows to
restrict our consideration only by x component of
motion velocity for medium u,, due to assumption

about non-deformable medium.
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Fig. 1. Schematic view of calculation model (the
element of conductor volume under the action of
external magnetic field on the surface x” = 0)
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But in general case of plastic medium it would be
necessary to take into consideration the other
components of velocity.

The one-dimensional problem is under consideration
here with the next simplifications:

u,#0, u, = u, = 0.

Thus, at such conditions the equation (1) has the
view

OH,_ o(u,H,)

=D, AH
ot O x M
or
0H 0°H oOH ou

z — z_u z xH (5)
ot Mo x? Yox ox °

i.e. this equation contains, besides time derivative of
field intensity, the first and second partial
derivatives of the field intensity on the co-ordinate
as well as the intensity in zero order.
Now the initial condition and boundary conditions
must be written. The presence of medium velocity
indicates a taking into account of convective transfer
of magnetic field by the moving medium. Let
suppose that the magnetic field in the medium is
absent at the initial time instant ¢ = 0:
H_(x',0)=0. (6)
It is most simple to suppose that the external
magnetic field on the surface of medium is growing
in the time according to linear correlation
H=H,L=v, 1, (7)
tO
while the medium is immovable.
In the correlation (7) the magnitude
vy=H,/t,
is the speed of magnetic field intensity increase on
the surface of immovable medium measured in
A/(m-s). A displacement of the border is considered
going in the positive direction of X-axis and can be
taken into account in the expression of the field
intensity on the surface of medium.
Given the interval of length occupied by the magnetic
field area outside of conducting medium along the X-
axis is equal to /y at the initial time instant. Taking into
account a motion of medium with variable velocity u(%),
this interval of length will increase in the time as

1(t) =1, +ju(t')dz'. (8)
0

So, at the time variation of magnetic field for an
immovable medium given by (7), magnetic field
intensity at the surface of movable medium will have
reduced resulting value through an influence of the
linear interval increase (8) between this surface and
the source of the field:

[
H.(0.0)=H, ~ .
t, 1(1)
Now the boundary condition can be written as
0, t<0;
H,l,t
H.(0,1)= 00 ) ©)

(10+ju(z')dt')z0

So, magnetic content of problem is expressed by
equation (5), initial condition (6) and boundary
condition (9). As seen in (9) it is necessary to define
additionally in the boundary condition the velocity
of displacement u(¢) for the border of conducting
medium. It can be done if we shall consider that a
conducting medium has the view of a flat plate of
thickness L along the motion direction, with density of
matter p. The magnetic pressure on the external side of
this plate facing the source of magnetic field is equal to
P =HH20,1)/2
and can be included into the equation of plate
motion in the form [2]:
Lau uHZ(0,1) .

(10)
ot 2
The next expression can be used as the initial
condition for the equation of motion (10):
u(0)=0. (11)

Resulting, the boundary conditions for the problem
under consideration include two equations:

— integral expression (9), that gives a dependence of
the border field intensity on the geometric
parameter, namely, on the velocity of border (and
whole medium) motion;

— differential equation (10), that gives an
interconnection between the velocity of motion for
conducting medium and magnetic pressure on the
surface of medium.

After obtaining the magnetic field intensity in the
medium H_(x',¢) the induced current density can be

found using the Ampere’s law:
j=rotH . (12)

For our problem that is defined now by equations

(2)—(4) the equation (12) has the form
O0H,

S ox

As we have accepted that the medium under

consideration presents the plate of limited thickness,
we can suppose it moving as solid, i.e.

u,=u.

J= (13)
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Algorithm of solution

At the relatively small time of process the depth of
the field penetration will be significantly less than
the plate thickness. In this situation in
correspondence with general classification of
diffusive phenomena our equation (5) belongs to the
class of diffusion problems with time-dependent
value of diffusive flux on the surface of semi-infinite
medium.

The expression of the field intensity can be obtained
by analytical way for the initial interval of time. On
condition of relatively small displacement of border

for medium
t

[uGeyde, <<,

0

the magnetic field intensity can be define by the
approximate expression

t
;ﬂt(l—iju(tl)dtl). (14)
tO ZO 0

Taking into account condition (11), the velocity of
the plate motion can be defined in the first
approximation by the expression

u=at,

here « is an acceleration of medium.

The integral in expression (14) is

approximately to
2

! t
u(t,))dt, ~a—.
Jut )dr, ~a%

equal

(15)

Substitution of (15) to (14) and further on into (10)
gives the equation related to medium acceleration:

2 2 2
PLLLC B N PRI (16)
2pL | ¢, [y

In the last expression we have neglected the term
4
a 2 t—z .
41,
Equation (16) leads to obtaining the approximate
time dependence for acceleration:

-1
H} t? H] t*

q=| Hlo — |1+ nit,
2pLty

2pLtyl,
Using correlation (17) integral in the expression (9)
can be written in the following approximation:

wHZt! J

(17

18
2pLt; 1, (1%)

t ZO
Ju@)dt, ~—1In| 1+
0 4
The expression for the magnetic field intensity has
been obtained after substitution of (18) to (9), and
the expression below is correct for the interval of

space 0 < x </ (t), including the border surface of
conducting plate at the end of this interval:

Hit?
HOH=H,~[1-Lin RS | P¥
t, 4 2pLtyl,

t wH 3 ¢t
~H o —|1-——F—1 -

to 8pLtyl,
To calculate the magnetic field intensity inside the

plate, the known formula of mathematical theory of
diffusion [4, p. 57] can be used:

(19)

© 12
H((', 1) = J. H[O, t—x—je_8 de=

x/2{Dy t 4Dy, g’
) 2
X
= j(Ho/tO)[t— jx
¥12Dyt 4Dy, &

(20)
wH;

2 4
2
x|1- - al > e’de.
8pLtyl, 4D, €

Distribution of the field intensity inside the plate can be
calculated in (20) using the numerical methods.

The skin depth for the magnetic field intensity can
be calculated using the known expression

1 L
= HK", Hdx", 21
"= 00 { (x", 1) 21
with substitution of A (0, ¢) from (19) and H (X ', 3]
from (20).

The magnetic field intensity can be expressed using
the velocity of Alfven’s waves

v,=H, E,

p
in the following form:

t ,
HOH=H,| — ||1-v;,——— |
(0.0)=Hy t ‘8L,

© r2
x
H(\ )= I (t——Jx
X/2D yyt 4DM82

x| 1

2 2 4 ,
-—A4 > t- > e® deg. (22)
8L [yt 4D , ¢
Substitution of (22) to (13) has resulted in the

expression for the current density distribution inside
conducting medium (plate under consideration):

4
H x' © 2 '
J == [ -2 VAZ[t— ol 2] x
2Dy ty s Dyt 8 Liyt; 4D, €
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It is important to take into consideration that in
accordance with the obtained expression (22)
for distribution of magnetic field intensity we have
obtained electric current density distribution (23) with
zero current density on the surface of conducting
medium:

J, (0,)=0.

Numerous calculations must be done to get the skin
depth using formula (21). It is expedient to find the
approximate value of the skin depth using a more
simple way. On this way we shall consider that the
field intensity inside the plate at depth x' is equal
approximately to [ see (22) ]

H 12
H(x',z);—o(t— al Jx

t 4D,,

B vy ‘o x'? !

8LI,t; 4D,
Approximation for determination
of skin layer depth

According to the classic definition skin depth is a
depth distance for the field intensity reduction up to 17%
with respect to its value on the surface of medium. So it
is possible to use the approximate correlation

2 2 2\
(Hy/ty)|t— o — |t o ~
4D, 8L1,2\ 4D,

v2 t4
~017H,(t/t))|1——=4 )
0( 0) 8L10[(2)

Simple, but painstaking calculations based on
equation (24) have resulted in the correlation

wH;y t* J

x| 1

(24)

8 =
16pL1,t;

Finally, the non-dimensional (normalized) skin layer
depth for the pulsed magnetic field determined by
the time dependence (7) has been written in the form

/8, =18 1+p(), (25)

where §, 1s the classic value of the skin layer depth

4.083D,, 1 [1+

in the immovable medium:

O, =+/t/(no) .

The time-dependent parameter included is
2
wH; ¢! zl Pio Lo z
16pl, Lt 8 p Ll )~
where the magnetic pressure of the field source is

) 2
wH (¢t
Pro="Puolt) 5 Ltoj

(1) =

(26)

There are presented also the ratio of initial gap value
to the thickness of plate (y=/,/L) as well as
normalized time t=¢/¢, and some basic value of
velocity V, =1,/¢, calculated via initial distance

between the plate surface and the surface of the
external field intensity application. In the other
designations, the parameter B(z) can be written as

B(1)=(1/16)y<* 4l, (27)

here the known magnetic criterion of Alfven [5] has
been used:

_ MH;
PVbz
The amplitude value of magnetic field intensity #,

Al

and basic velocity ¥, govern this criterion.

In the expression (26) the non-dimensional value
/ / [, can be included, it can present here the
relative distance between the surface of medium
under consideration and field source. In such a case
the criterion of Alfven can be written with real mean
velocity of plate V' =1(¢)/t instead of V.

The graphical interpretation of dependence (25) is
given in fig. 2.

olo,

//
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0 2 4 B

Fig. 2. Dependence of a normalized depth
of skin layer (25) on the correcting parameter
B given by expression (26)

The obtained mathematical dependence (25)
displays a certain degree of similarity with the
dependence for elastic motion of conducting
medium given in the paper [1] at the constant value
of the field intensity A jump on the border.
Alternatively, in the result obtained in this paper the
correcting term under the root sign in the expression
for 8/8, is defined only by the magnetic criterion

of Alfen, while in the result presented in the paper
[1] the correcting term was defined by the Alfven’s
number and magnetic Reynolds’ number. As it is
seen in (26) a correction to the classic value of skin
layer depth has been presented here by the term

which depends on the time as proportional to* .
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Additional factors y and t in (27) reflect the
peculiarities of the applied field, taking into
consideration increase of the field intensity at the
initial interval of time and its decrease as a result of
conducting plate surface runaway.

Conclusion

In the paper presented the theory of one-dimensional
magnetic field penetration into conducting medium
(flat plate) has been developed taking into account
the motion of plate under the action of magnetic
field at the linear growth of field in the time on the
external border of conductor. The process is defined
by the equation of diffusion with convection term
together with the equation of medium motion under
the specific boundary condition. The last includes
the integral expression for the connection of
magnetic field intensity with velocity of medium
motion, while the velocity of medium in this
expression is found by the equation of motion.

By combination of interconnected magnetic, mechanical
and geometrical conditions described above, the
normalized skin layer depth has been derived on condition
that it is less than the thickness of plate. The depth of skin
layer has increase in comparison with the classical case of
immovable medium for two physical reasons: 1) as a
result of the field reduction on the border of conducting
medium caused by motion of conducting medium away
from the external field source; 2) as a result of reaction to
the medium motion away from the field source due to the
action of electrical field induced by motion. Both reasons
can be considered as connected with one another, but each
of them leads to the similar increase of skin layer depth
independently.

B.T. Yemepuc, A.I. Paituenko

The result obtained here on the basis of diffusion theory
can be considered as a new demonstration of skin layer
depth dependence on the velocity of conducting medium
motion, in addition to presented earlier in [1].

The correcting term that causes difference in
comparison with immovable medium is time-
dependent as ~ ¢*. It has been determined via the
magnetic criterion of Alfven, normalized time and
normalized geometric data.
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YTo4YHEHE BH3HAYCHHS CKIHOBOI IITMOWMHY Mix yac qudy3ii iMITyIbCHOTO MarHiTHOTO IOJIS B PYyXOME €JIEKTPOIPOBIIHE
cepeloBHIIIe

Po3pobneHo Teopiro OZHOBHUMIPHOTO IMPOHUKHEHHS MArHiTHOTO MO B EJIEKTPONPOBITHE cepedoBHINE (IUIOCKY
IUTACTUHY) 3 YpaxyBaHHIM PyXy IUIaCTHHU IIiJ| Ti€l0 MAarHITHOTO IOJIS 32 YMOBH JIiHIHHOTO 3pOCTaHHS HAIPYKEHOCTI
TI0JIs B Yaci Ha 30BHILIHIA Mexi npoBigHuka. [Iponec OyB onucanuii piBHAHHAM audy3ii, 110 BpaXxOBye KOHBEKTUBHHUN
HepeHoc, 1 PIBHAHHIM pPyXy CEpelloBHIA 3a CHELiaIbHUX I'DAaHWYHUX YMOB. PO3B’S30K OTpHMaHO JUIsi 4acOBOTO
IHTEpBaly, B IKOMY TOBIIMHA CKIHOBOTO ILIapy 3aJIMIIAETHCS MEHILO0, HXK TOBIIMHA riacTuHU. CKiHOBA INTHOMHA NpU
bOMY 30ULIBIIYETHCS MOPIBHSHO 3 KJIACHYHMM BHIIAJKOM HEPYXOMOro cepenoBumia. Lledl pe3ynbTaT MOSCHIOETHCS
YIOBUIBHEHHSIM 3pPOCTaHHS MOJs Ha IIOBEPXHI CEpeloBUINA B pe3yibTaTi IEpeMIleHHS MeXi NpOBIIHMKA Ta
0e31ocepeIHbO BILIMBOM PYXY CEPEAOBHIIA.

B.T. Yemepuc, A.H. Paituenko

YTO4HEHHOE OINpee/ieHne CKUHOBOW riyOuHbl mpu Aupdy3ud UMITYyJIHCHOTO MArHUTHOTO MOJSI B JBHIKYIIYHOCS
JIEKTPOINIPOBOISIIYIO CPELLy

PaspaboTana Teopuss OIHOMEPHOIO MPOHMKHOBEHHS MAarHUTHOTO TMOJS B 3JCKTPONPOBOAAIIYI0 cpeay (IUIOCKYIO
IUIACTHHY) C YYETOM JIBMXKEHHMS TUIACTUHBI 1O/ JCUCTBHEM MArHUTHOTO IOJIS MPH JMHEHHOM POCTE HAINPSHXKEHHOCTH
MoJisi BO BPEMEHH Ha BHEUIHEH rpaHuile MpoBogHMKA. [Ipornecc ObL1 omnmcan ypaBHeHHeM aAnbdy3uu ¢ ydeToM
KOHBEKTHBHOTO IIEPCHOCA W YpPaBHCHHEM JBHKCHHS CPEIbl MPH CIEUATBHBIX TPAaHHYHBIX YCIOBUSAX. PeimicHue
IMOJYYCHO JIA BPEMCHHOI'O0 HMHTEpBaAJia, B KOTOPOM TOJIIMHA CKMHOBOI'O CJIOS OCTACTCA MeH]:-LHeﬁ, 4YeM TOJIIIUHA
riactuHbl. CKMHOBas TIyOMHA MPH 3TOM BO3pACTaeT 0 CPABHEHUIO C KIIACCHMYECKUM CIIydaeM HEMOIBHIKHOM CPEJIbL.
DTOT pe3yabTaT OOBICHASTCS 3aME/JICHUEM POCTA OJIsI Ha TIOBEPXHOCTH CPE/bl B Pe3yJIbTaTe MePEeMEIICHHS IPaHULIbI
MIPOBOJIHUKA ¥ HETIOCPECTBEHHO BIISIHUEM JIBUKCHUS CPEJIBI.



