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Abstract

Purpose: Mathematical modeling of complex turbulent near-wall flows, that occur during the flow of airfoils, is
impossible without understanding the nature of the flow in boundary layer. From a mathematical point of view, the
calculation of such flows, because in practical problems they regarded as turbulent, and the characteristics of
turbulence are largely dependent on the geometry of the profile of the longitudinal component of the average velocity of
the near-wall flow. Based on this, the purpose of this work is studying and mathematical modeling of turbulent near-
wall flows in the interaction with the real streamlined surface, that has certain features, such as the curvature,
roughness, etc., as well as the study and research of the influence of the pressure gradient on the empirical coefficients,
parameters of the flow, velocity profiles and friction stress. Methods: We performed the calculations using numerical
finite-difference marching method with algebraic model of turbulent viscosity coefficient. Results: In this paper we
present some results of the numerical study of the effect of the positive pressure gradient on the empirical coefficients of
the transition zone and the law of the near-wall and the outer-wall areas. Discussion: Comparison of the calculated
results with the experimental data shows that the proposed approaches provide an opportunity to simulate the flow as
close as possible to their physical properties. Presented mathematical model for the calculation of turbulent boundary
layers and near-wall flows makes it possible to calculate such a complex and valuable from a practical point of view
type of the flow as the aerodynamic trail behind the streamlined body.
Keywords: boundary layer; pressure gradient; turbulent viscosity; velocity profile; wall stream.

1. Introduction 2. Research and mathematical modeling of

Mathematical modeling of turbulent near—wall turbulent flows

complex streams that occur when using devices and
vehicles that use the wing as a mover or carrier or
controls, is not possible without understanding the
nature of the flow in the boundary layer. Boundary
wall streams are one of the effective controls of

In modern research the use of numerical methods
using computer technology opportunities
significantly  expanded classes of solvable
hydroaerodynamics problems, particularly problems
of turbulent flows. [2—12]. Analysis of the results of

boundary layer, which is widely used in aerial
hydrodynamics. From a mathematical point of view,
the calculation of such flows is a serious problem
even for today [1-18], because of practical problems
must be considered as turbulent, and the
characteristics of turbulence are largely dependent
on the geometry of turbulent wall stream of
nonmonotonic longitudinal averaged speed profile.
In addition, the real streamlined surface has certain
characteristics (curvature, roughness, etc.) and
interacts with the flow, affects the formation of the
wall of stream flow.

calculations of the turbulent boundary layer showed
that when there is a sharp change in pressure
gradient, estimates deviate from experimental [2, 3,
9]. Deviation of the calculated data from
experimental is particularly evident in sections of the
boundary layer. This deviation of calculated results
from experimental data is primarily due to
unaccounted amendments to spatiality and influence
of Reynolds normal stress [2, 3, 9]. Important role as
ignoring the impact of the pressure gradient and low
Reynolds numbers on empirical steel (factors) that
are used in both algebraic and differential models in
[5, 9, 10, 13]. Detailed analysis of the calculation
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results of the work of many authors indicates the
need for a comprehensive study and research of the
influence of the pressure gradient on empirical
coefficients, parameters of flow, velocity profiles
and friction stress [2, 3, 5, 8, 9, 13, 14]. In studies
and calculations introduced amendments to the
gradient, usually in empirical coefficients or not
taken into account [3, 4, 14, 15]. Amendment to Van
Drista factor taken into account in [2, 3, 5, 11].

It should be noted that the approximate formulas
to account for the influence of the pressure gradient
by a factor of Van Drista in Sebes [11] and by Casey
studies [5] give significantly different numerical
values. It is known that the effect of the pressure
gradient in the near—wall region appears much
weaker than outside. Therefore, the influence of the
pressure gradient by a factor external area should be
considered first. Analysis of the results of research
by Stanford conference materials [16] showed that
the rate of the outer regions of this model with
increasing pressure gradient drops from 0.09 to
0.045. Since the area of the law is contained between
the walls and the outer transition area, the effect of
the pressure gradient on empirical factor should be
taken into account and it [5]. In numerical
calculations using algebraic models tend to "merge"
the solutions of the wall and the outer regions [2—6,
10, 11]. This merging of solutions is conducted by
pre—selected ordinate, or by finding the equation of
turbulent viscosity coefficient values of the wall and
the outer regions, each of which was given the
different formulas [2-6, 10, 11]. The study,
presented in [6] indicate incorrect merging tasks at a
rate of turbulent viscosity two—layer scheme:
ordinate splice point increases with pressure
gradient, not decreases. So natural is the intention to
have the formula for the coefficient of turbulent
viscosity, which continuously describing the entire
boundary layer [7, 8].

This paper sets out some of the results of the
study of the effect of the pressure gradient on
empirical coefficients areas and regions; analysis of
numerical calculations gradient turbulent boundary
layer using algebraic models in which the turbulent
viscosity is a continuous function. The problem as to
hold more volume study of the effect of positive
pressure gradient on empirical coefficients of the
transition zone wall and the wall area of the law, and
external and assessment of its impact on each of
them and simultaneously to all.

In numerical calculations is used the method of
lines and following semi—empirical formula for the

coefficient of turbulent viscosity € [7, 8]:

u

. 1T,
€. =ypL AY(V)th W R 1
T =XP () (XAJay (1)
where
_ Yy _ T _ o dp
==, 7, =—2=1+Py, P=——;
Yo 7, 4 T, dx

p — density of liquid; Y — function of intermittency

factor; % — empirical constant; A — Klauzer’s
length scale; v — dynamic speed; / — stirring path
length; T, — HampyxXeHHA TepTs Ha CTiHLI; T, —
tension of friction on wall; & — thickness of the
boundary layer.

Studies have shown that satisfactory formula
(1) gives the comparison with experiment on a flat
plate [13], if we take

Y =y1-y, )

SOy S Gy

[ =l — :
kJ/+ Tw
where I_=X, v =&- 3)
0 Y

Numerical calculations for a flat plate with the
use of this model showed good coincidence with
experimental results [2] and the results of this
calculation and conducted in [7, 8]. The advantage
of the formula (1) in that it involves the approximate
analytical solutions in the areas of wall and outer
regions [7, 8]. The lack of experimental results for
the coefficient of turbulent viscosity in a wide range
of positive pressure gradient didn’t allow to directly
ensure in effect of the latter on factors ), k and ;.

So, approximate equations for friction stress profiles
and speeds were built and using them an impact
assessment on the pressure gradient ) was

conducted. To obtain approximate analytic solutions
in the external area the expression /11—y was laid
out in a row and taken into account the two members
of the series. Then, with the method of [8] the
velocity profile was found. The resulting formula

was used in numerical calculation using the Stanford
conference materials [16]. The results of numerical

experiments the following dependency was
obtained:
x =0,0095+ ! =, B:S—a—p. 4)
74,6 +(2,4+P) T, Ox

It should be noted that for factor £ was used known
Horstmann
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k=0,4+0,1822751 -y (5)
Approximate analytical studies conducted in the

near—wall region wusing materials yielded the
following value to account for low Reynolds

numbers and the pressure gradient by a factor ¥,

namely:
X = XaaXoo (1 +15,0895p7nr, ), 6)
where
1 =1-0,5¢""%%0 10,569 | p* = V*3 P ,
PV Ox
—76,1528£ —361,4064£
r,= l-e +e R

14

Xir :1+0,1[1—e_1”2 j z=10"Re,.,

Reg. = SVue
In the method of lines 3—Z is replaced by the
ultimate difference, that 18
(%:u(x,y)—zix—m,y). As a result of

differential equations in partial derivatives
Ju _H)au _lop 1ot

WPy JP LT )
ox dy pdx pdy
a_u+a_U=0
ox dy

is reduced to a system of ordinary differential
equations. Previously the system of equations (7)
was dimensionlessed and introduced new variables
as follows:

u T V
ylz_a y2= PIE) y3=_a
u pu, e

€

x=2, y=2,
L L

where u, — speed of outer flow, L — characteristic

size.
Thus, we obtain the system of ordinary
differential equations
dy, _
dY _fa
dy, _ »n-»n v —1ou
L=y S+ 44— 8
oy A P ®)

€

by _n—n nou
dY AX  u, 09X’

where

u L .
f=%, ¥ =9 (X —AX,Y).

Boundary conditions for the system (8):

n=0, ¥, =, »;=0 when Y =0, )

The second boundary condition at Y = 0 is
unknown and must be determined in the process of
solving. This difficulty is overcome by "ranging" in
this marginal condition, and by building iterative

»—L y,—=0, y, >0 when ¥ — oo

process based on the parameters & and v". In each
fixed section X = const the Cauchy problem for
systems of ordinary differential equations with
initial conditions y, =0, y,=,,, »;=0 inthe ¥ =
0 is solved. Integration of differential equations (8)
was conducted using Runge—Kutta fourth order
method to values Y, that exceed the thickness of the
boundary layer. For boundary layer thickness was
set to a value ordinates for which the longitudinal
speed was 0,995u,. To implement this method using
a computer in the original section, the values
8, A, v were set from the experiment, and velocity
profiles were determined by the Pertsha’s formula
[3]. In the first stage of the research were taken the
experimental data, for which there are
approximation for external speed.

3. Analysis of research results.

Figure 1-3 is given as an example comparison of the
calculated curves with the experimental results of
Ludwig and Tillman (id. 1200).
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Fig. 1. Comparison of the calculated curves for the
parametersc,, H and §" experiment with Ludwig

and Tillman [16], and the calculations of other authors
[12, 15]:
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1 — calculation for [3]; 2 — calculation for [9]; 3 — valid
calculation excluding amendments at a constant
Yo =0,064, 3" — in y,=0,072; 4 — calculation

amended by formulas (4), (5), (6); o — research ¢, ; ® —

research 8" ; A —research H .
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Fig. 2. Comparison of the calculated curves for the
parameters ¢, H i 8" and experiment with Ludwig

and Tillman [16] taking into account and excluding
adjustments for gradient:
1 — calculation excluding amendments; 2 — calculation
including amendments for by by formula (4); 3 —

calculation including amendments for bk by formula (5);
4 — calculation including amendments by, by Casey [2];
5 — calculation including amendments by formulas (4), (5),
(6); o —research c, ; ® —research 8" ; A—research H .

Calculated curves 3, 3' in Fig. 1 (excluding
adjustments for pressure gradient and small
Reynolds number) is in good agreement with the
experimental  results. The introduction of
amendments to improve the coordination can be
achieved between the calculated and experimental
data. This is evident from a comparison of calculated
curves 3, 4 and experiment.

Analysis of the results presented graphically in
Fig. 2 indicates that the incorporation of
amendments to a separate gradient factor leads to
qualitatively and quantitatively different accounting
curves. Therefore, by introducing amendments we
can refine the calculated curves, as the impact of
each on the integral curve is different.

From Fig. 3 we see that the calculated curves
defect rate is in good agreement with experiment. It
should also be noted that the calculation makes it
possible to find bends in speed profiles.

0,0 02 0434 o0
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Fig. 3. Comparison of the calculated defect rate curves
(solid line) with experiment of Ludwig and Tillman

(circles) [16], it =u—u, [v".

From the above rises the need to create a model
that would allow to count as broad a class of
turbulent near-wall flow, especially such a complex
and important from a practical point of view reaches
as aerodynamic trace. Aerodynamic trace — is a zone
of inhibited gas flow to some extent by the
streamlined body that represents the boundary layer,
which came from the surface of the body [17, 18]. In
[8] the one of the aforementioned models, namely:

ut=xp6uevln( Wt +1J,l=ky; (10)

xOu, /v
du
k=0,223+0,121 arcg—=,
dx

1
75+(2,5+®,)

Fig. 4 compared numerical calculations with
experimental data from [12] — the interaction of
aerodynamic trace of a boundary layer, aerodynamic
footprint — the result of the merger boundary layers
formed on the top and bottom surfaces symmetrical
profile NASA 0012 (chord length 100 mm, d —
height gap between the streamlined surface and
profile), set at zero angle of attack.

Comparative analysis shows almost exact
reproduction trends deformation speed profiles along
the coordinate X .

x=0,01+

(11
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Y, m

0,03

0,02

0,01
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Fig. 4. The distribution of speed = f(y) in
aerodynamic profile of NASA 0012, which is immersed
in the turbulent boundary layer flat in longitudinal section
Xx = const , lines — numerical calculations; o —
experimental data [12]

Calculations performed without iterative finite—
difference method with second order accuracy in
both directions.

Numerical calculations confirmed and feasibility
of modifications related to the application of the
modified cubic spline function [8] for setting the
initial and boundary conditions at the outer edge of
the turbulent boundary layer, in particular, they have
successfully been used for interpolation table
function that describes the shape of an airplane wing
profile. Spline function with good accuracy
interpolates experimental velocity profile at any
point. Others require interpolation "stitching" in
certain areas "pieces" of certain polynomials, which
in turn requires "adjusting" their options.

4. Consclusions

1. In the illustration (Fig. 4) are showed comparison
of calculated distributions of speed, #(y) u=u/u,,

¥=x/L, y=y/L, 7=u(7)_

L— the characteristic size of the streamlined surface)
with experimental velocity profiles at different sections
along the direction of flow. Comparison override

& zjoa(l—u/ue) dy,

8" = j: ufu, (1—u/u,)dy thickness displacement and

— initial conditions,

comparing  characteristics,

loss of momentum respectively, which were at every
turn by the formula Wadle as nature allows you to track
playback calculated by deformation velocity profile. The

calculations were carried out based on our current model
of turbulence.

2. Comparison of the calculated results with
experimental data show that the proposed
approaches allow to flow adequately simulate their
physical properties.

3. A mathematical model for calculating
turbulent boundary layers and layers of wall streams
makes it possible to count such a complex and
valuable species reaches almost as aerodynamic
body should be located in the boundary layer of
smooth surface that allows hope for further
generalization of the proposed approaches to more
sophisticated trends.

4. Comparison of calculations with known
experimental data studies [17] and [4] gave
encouraging results, that confirm whether to extend
numerical experiments to clarify the formula (9),
(10), which enable to avoid using coefficients

and %, .
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TypOyJIEHTHOTO MPHUMEKEBOr0 MIAPY NMPH J0AATHOMY TPaJi€HTi THCKY
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Merta: MartemMaTH4YHE MOJENIOBAHHS CKJIQJHMX TypOyJEHTHHX NPHUCTIHHUX Te4id, SKi BUHMKAIOTh NPU OOTIKaHHI
aepoJMHaMIYHUX MPOQiIiB, HEMOXJUBE O3 pPO3YMIHHS NPUPOIM PO3BHTKY Tedii y IpUMeXeBoMy mapi. 3
MaTeMaTHYHOI TOYKH 30pY PO3PaxXyHOK TaKMX TeUill CKIagae cepiio3Hy MpobieMy i Mo ChOTOIHIIIHIN AEHb, OCKUIBKU B
MPAKTHYHUX 3aBAAaHHSAX iX HEOOXiTHO PO3rIAAaTé SK TypOyNeHTHI, a XapaKTepUCTHKH TYpPOYIEHTHOCTI 3HAYHOIO
MIpoIo 3ajie’kaTh Bif reoMeTpii mpodins MO3M0BXKHBOI CKIaOBOI OCEPEAHEHOI IIBUIKOCTI MPHUCTIHHOTO CTPYMEHS.
Buxonsan 3 1poro, MeToro Ii€i pobOTH € AOCHTIIKEHHS Ta MaTeMaTHYHE MOJENIOBAHHA TypOYJICHTHHX NPHCTIHHIX
Te4id TPU B3aEMOJIl 3 PEaTbHOI0 OOTIYHOIO IOBEPXHEIO, SIKA Ma€ CBOi IEBHI OCOONHMBOCTI Taki K KPHBH3HA,
LIOPCTKICTH TOILO, @ TAKOK BUBUCHHS I TOCIIPKEHHS BIUIMBY T'paJlieHTa TUCKY Ha eMIIpHYHi KoedilieHTH, mapaMmeTpu
Tedii, npodini MWBUAKOCTI i HanpyxeHHs TepTs. Meroau: Po3paxyHKHM BUKOHAHO YHMCIOBHM CKiHYEHHO-PI3HELEBUM
MapIIeBUM METOJIOM 3 BUKOPUCTaHHsM ajreOpaidnoi mozeni koedimienta TypOyseHTHol B’si3kocTi. PesyabraTu: ¥ mii
po0OTI BHUKIJIQZIEHO JEAKi Pe3yJbTaTH YHCIOBOTO IOCII/DKEHHs BIUIMBY IOAATHOTO TPaji€HTa THUCKY Ha EeMITipH4Hi
Koe(ilieHTH TNepexiqHol 30HM 1 3aKOHY CTIHKM IPHUCTIHHOI Ta 30BHILIHBOI oOnacteld. O6roBopennsi: [lopiBHSIHHS
OTPUMAHUX PO3PAaXyHKOBHUX PE3yIbTaTIB 3 €KCIEPHUMEHTAIBHIMHU AaHUMHU TI0Ka3ye, 110 3aIPONOHOBaHI MIAXOAM Jal0Th
3MOTY MOZENIOBATH TeYil MaKCHMAaIbHO HAONMKEHO iX ()i3WYHMM BJIACTHUBOCTSAM. 3alpOIIOHOBAHA MaTEeMaTHYHA
MOJIEJIb JUIS PO3PaXyHKY TYpOYJIEHTHUX MPUMEKEBHX IIAPIB 1 MPUCTIHHUX CTPYMEHIB J]a€ MOXKJIMBICTh PO3paxoByBaTH
1 TaKUH CKIAJHUI Ta HIHHUHA 3 MPAKTHYHOI TOYKH 30py BHI Tedil, K aepOIUHAMIYHHNA CIiJ 32 OOTIYHUM TLJIOM, IO
BCeJIsI€ HAIiF0 Ha MOIIUPEHHS JaHHUX ITiIX0/AiB Ha OLTBII CKIIAJHI BUAM Tedill.
Kio4oBi cioBa: rpajfieHT THCKY; NPUMEXEBUH IIap; NMPHUCTIHHUH CTPYMiHb; Npoiib MIBHAKOCTI; TypOyJIEHTHa
B’SI3KICTb.
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Tg’pﬁy.]’leHTHOFO NOrPAaHUYHOIO CJIOS IIPH IOJIOKUTEIbLHOM I'PajeHTe JaBJICHUS
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E-mails: 'vimamchuk@ukr.net; *iola@nau.edu.ua; *o_bezver@ukr.net
Heab: MaremaTHuyeckoe MOJAEIMPOBAHUE CIIOKHBIX TypOYJICHTHBIX IPHCTEHHBIX TEYEHWH, BO3HUKAIOLIMX IPU
00TeKaHUH adPOJMHAMHYECKUX MPOQHIIeH, HEBO3MOXKHO 0€3 MOHUMAaHUsI TIPUPOIbI Pa3BUTHS TEUEHHS B IIOTPAHUYHOM
cioe. C MareMaTHYECKOM TOUKU 3PEHHUS pacdyeT TaKMX TEUCHUH COCTABISIET CEPhE3HYI0 MPOOIEeMy M Ha CEroHSIIHNAN
JICHb, ITIOCKOJIBKY B TIPAKTUYECKHUX 33/1a4aX UX pacCMaTPHBAIOT KaK TypOyJIEHTHbIE, a XapaKTEpPUCTUKH TypOyJIeHTHOCTH
B 3HAYMTEJLHOM CTENEHHW 3aBUCAT OT I'€OMETPUH NPOGMISA NPOJOJILHON COCTaBIISIIONIEH OCPEAHEHHOW CKOPOCTH
MPUCTEHOYHOH cTpyu. Mcxonms W3 3TOro, MHENbl0 NAaHHOH pPabOTHI SBISETCS WCCIEJOBAHME M MaTeMaTHYECKOe
MOJIeTHPOBaHNe TYpOYIEHTHBIX MPUCTEHHBIX TCUCHUN IPU B3aMMOJCHCTBHH C pPeajbHOI 00TeKaeMoil MOBEPXHOCTHIO,
KOTOpast IMEET CBOM ONpEETICHHbIE OCOOCHHOCTH TaKWe KaK KpHUBU3HA, MEPOXOBATOCTh U T.1., & TAKKE U3yUCHHE U
WCCIEeIOBaHUE BIMSHHS TPAJMCHTA JABICHHS HAa SMIHpPHYECKHE KOI(D(PHUIUCHTHI, MapaMeTpbl TeUeHHs, Npoduin
CKOPOCTM M HampspkeHUs TpeHus. Metoabl: PacueTbl BBIIOJHEHBI YMCJIEHHBIM KOHEYHO-PA3HOCTHBIM MAapLIEBBIM
METOJIOM C HCIIOJIb30BaHUEM aliredpandeckoil mMozenn kodd¢uuueHra TypOyleHTHOH Bsi3KocTH. Pe3yabTaTthi: B
JAHHOW paboTe M3JI0)KEHBbI HEKOTOPBIE PEe3YJIbTaThl YHCIEHHOTO MCCIECIOBAHMS BIUSHUS TIOJIOKUTEIBHOTO IPajueHTa
JIaBJICHUS] Ha SMIIMPHYECKUE KOI(PPUIMEHTH! ePEeXOAHON 30HBI M 3aKOH CTEHKH NPHCTEHHOM M BHEUIHEH o0iacTei.
Oo0cyxnenne: CpaBHEHUE MOTYYEHHBIX PACUETHBIX PE3yJbTAaTOB C SKCIEPUMEHTANBHBIMU JaHHBIMU [IOKA3bIBAET, YTO
TIPEAJIOKEHHBIE TTOIXO0/IbI TAI0T BO3MOXXHOCTh MOJIEIMPOBATh TEUCHHUSI MAKCUMAIILHO MTPUOJIMKEHHO K MX (PU3UUECKUM
cBoiictBam. [IpeiorkeHHas MaTeMaTHYeCKasi MOJIEIb JUIsl pacyeTa TypOyJICHTHOTO TOTPaHUYHOTO CJIOEB M PUCTEHHBIX
CTpYH aeT BO3MOKHOCTbh PACCUUTHIBATh M TAKOW CIIOXHBIM M LICHHBIN C IPAKTUYECKON TOUKH 3PEHUS BUJ TEUEHUS, KAK
a’POIMHAMUYECKHAN CcJell 32 00TeKaeMbIM TEJIOM, UTO BCEISIET HAJEKIy Ha PaclpOCTpaHEHHE MAHHBIX MOIXOJ0B Ha
OoJee CIIOKHBIC BUIBI TCUCHUM.
KiroueBble c10Ba: TpagueHT JaBICHUS; IOTPAaHUYHBINA CIOH; MPUCTEHHBIA MOTOK; MPOo(HiIs CKOpOCTH; TypOyleHTHas
BSI3KOCTb.
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