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3ACTOCYBAHHA MIBUAKOTI'O ITEPETBOPEHHSA ®YP’E€ AAfI PO3B’A3AHHA
3AAAYI LPN HAA CKIHUEHHVMMHM ®POBEHIYCOBHMM KIABITAMM

Amnror Osexcifdyk, Ceprif Irmarernkxo

3adava LLPN ¢ o0duicto 3 naiisioomimux 00uucaosansio ckiadnux sadad. B natibinem sazanviomy gpopmyaweanni eona
NOAA2AE 6 PO36 AIAHHI CUCIIEMU JIHIHUX DISHANG 30 CHOMIBOPEHUMUM HPABUMU YUACIHIUHAMU HAD 006IALHUM CKIHYEHHUM
KiAvYyeM i 6KA104ac 6 cebe, AK OKpeMuti 6Unadok, 3adayy 0exodysanis 6unaokos0zo Ainilinoeo kody nad ckinyennum nosem. Ha
Cb0200Hi 6100M (AK CUMENIDUYHIE, MAK T ACUMENIPUYHE) KDUNIIOCUCHIEMU § NPOMIOKOAM, CHITHKICIb AKUX 0a3YENIbeA Ha CKAAOHOCHIE
po3s ‘asannsa sadaui LPN. Tomy pospobia Ginvut egpexmusrux, 8 nopisusmmi 3 6100MuMu, aszopummis supiulenia yici sadaui ¢
aAKIMYANBHUM HANPAMOM cyHactoi Kpunmosoeri. Hatinadidinimum (ma natibiavut mpyooMicmKkum) Meni000m poss a3annsa sadaui
LPN ¢ memod maxcumymy npasdonodiorocmi. Bidomo, wo s cucmem ainidnux pisnams 31 cnomeoperuM npasumu
qacmunam Hao CKINYEHHUM NOAM abo KiAbYeM AUNIKIE 3a MOQYACM CHIENeHs OBIHKU MOINCHA IMEHIUUIIY TPYOOMICTIKICIIb
Yb020 Mem00y, BUKOPUCHIOBYI04Y ateopumMy weudkozo nepemeoperna Pyp'e. Tlopad 3 mum, numarnna npo me, HackiabKu
UUPOKUM € KAQC CKIHUCHHUX KIACYD 13 3A3HAUECHOR BAACIUBLENI € HA CbO200HI 8I0KpUMIUM. B daniti comanmi nokasaro, wo
maKum € Kaac ckindennux gpoberycosux xiseys. Lled xaac € dyowe nomymcnum i sxanwuac 6 cebe, 30kpema, 6y0b-AKi Kiavya
conosnux (nisux uu npasux) ideanis. Ompumani pesysvmamy ciduams npo me, wo npu poss’asanni sadavi L.PN nao
Q0BLABHUM CKIHUCHHUM PPOOEHYCOBUM KIAbYEM MONCHA BUKOPUCIIOBYEanI anzopumMu weuoxozo nepemeopertn Pyp’e, dodpe
6100M1 014 BUNAOKY CKIHUENHO020 NOAA ab0 KIAbYA AUUKIE 3a Modyaem cmenera 06iky. Lle nadae mosmcausicms nominito
SMEHUUMIU IIPYOOMICIIKICHID PO36 A3AHHA YLl 3a0ati Men1000M MaKcuMyMy npasdonodibHoc.

KarogoBi caoBa: rpunmonozia, obrpynmosara cmiikicims, 3adava LPIN, cucmema ainiinux pisnans 3i cnomeopenumi

npasuMu yacmuram, weuoxe nepemeopenia Pyp’e, cxinuernne gpobeniycose Kiasvye.

Berym.

3anaua LPN (Learning Parity with Noise) €
OAHIEFO 3 HABIAOMIIIIIX OOYHCAIOBAABHO CKAAAHHUX
3apad [9-12, 19]. B manOiabimn 3araabHOMY POpMmy-
AIOBaHHI BOHA IIOAfITA€ Y PO3B’A3aHHI CHCTEMH
AHIHHHX PpIBHAHDb 31
YACTUHAMM HAA AOBIABHUM CKIHUEHHUM KIABIIEM 1
BKAIOYAa€ B ceOe, fIK OKPEMHH BHITAAOK, 3aAA9Y
ACKOAYBAHHSA BHIIAAKOBOIO AIHIITHOIO KOAY HaA
CKIHYECHHUM IIOAEM (3ayBAKHMO, IIIO YaCTO-IYCTO B
Altepatypi mA 3apagero LPN posymirors ii okpemuii
BUITAAOK, KOAW KIABIIE, HAA SKHM PO3TAAAAETHCA
cucrema piBuAHb (CP), € moAeM 3 ABOX €ACMEHTIB; ¥
BUIIAAKY KIABIIl AMIIKIB 32 HATYPAABHHIM MOAYAEM
sapauy LPN HasuBarors Takoxk 3apauero LWE
(Learning With Errors) [9, 19]). Bia ckaaanOCTI
pos®’azanna  3apaui  LPN CTIHKICTD
CyJaCHUX ITOTOKOBHX ITH(MPIB BIAHOCHO KOpEAf-
mitaux arak [15; 18, 22]. biaemr toro, Bisomi (fx
CHUMETPHYHI, TaK 1 ACUMETPHYHI) KPHIITOCUCTEMH 1
IIPOTOKOAH, CTIMKICTh AKHX OE3II0OCEPEeAHBO Oa-
3YETbCA HA CKAAAHOCTI po3p’asaHHs 3aaaui LPN [12,
13,16, 17, 19]. Tomy po3pobxa OiAbI epEeKTHBHIUX, B
ITOPIBHAHHI 3 BIAOMIMHE, AATOPHTMIB BHPIIIICHHS ITi€]
32A29l € AKTYaABHHM HAIIPAMOM CY9YaCHOI KpHII-
TOAOTIL.

Hatinaaidiainmmy (1a HaHOIABIIT TPYAOMICTKIIM)
MeTOAOM po3p’asanHA 3apadui LPN e meroa makch-

CHOTBOpCHI/IMI/I HpaBI/IMI/I

3AACKUTDH

MyMy IIpaBAOIIOAIOHOCTI (1, 3, 6]. Biaomo, 110 AAf cH-
CTeM AIHIMHHUX PIBHAHB 31 CHOTBOPEHHUMH IIPABIMU
YACTUHAMH HAA CKIHYEHHHUM ITOAEM 200 KIABIIEM AH-

IIIKIB 32 MOAYAEM 2N Moskma 3MenTIITH TPYAOMICT-
KICTB IIBOTO METOAY, BHKOPHCTOBYIOYH AATOPHTMU
mBuAKoro nepersopenns @yp’e [2, 5, 14, 22]. I[Topsaa
3 THM, IIMTAHHA IIPO T€, HACKIABKH IITHPOKUM € KAAC
CKIHUEHHUX KiA€Hb 13 3a3HAYEHOIO BAACTUBICTIO € HA
CHOTOAHI BIAKPHTHM.

B aAamiif crarri IM0Ka3aHO, 110 TAKKUM € KAAC CKiH-
deHHHX (PpoOeHiycoBUX KiAemp (IPH IbOMY 3 pe-
3yAbTaTiB, HaBeAeHux B [20, 21|, Bunambae, mo neit
KAAC € y IIEBHOMY CeHCl HafrupIium). OrpumMani pe-
3YABTATH CBIAYATD IIPO Te, ITIO IIPH PO3B’A3aHHI 3aAa4l
LPN HaA AOBIABHIM CKIHYEHHIM (PPOOEHIyCOBUM Ki-
ABIIEM MOKHA BHUKOPHCTOBYBATH AATOPHUTMH IIIBHA-
koro repersoperd Pyp’e, AOOpe BIAOMI AASI BUITAAKY
CKIHYEHHOTIO ITIOAfl 200 KIABLIA AHIIKIB 32 MOAYAEM
2N Ile HAAAE MOKAMBICTD IIOMITHO 3MEHIIIUTH TPY-
AOMICTKICTD PO3B’A3aHHA IIi€l 3aAa9l METOAOM MAKCH-
MyMY IIPaBAOITOAIOHOCT.

1. ITocTanoBKAa 32A4a4i.

Hexait R — ckindenne (acouiatuBHe) KiAbIle 3
oannuriero, | R|= (. Posrasuemo cucremy piBuaub 3i

CHOTBOPCHI/IMI/I HpaBI/IMI/I JaCTHHaAMU

Ax=Db, (1)
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Ae A — BUITaAKOBa pIBHOMMOBIpHA M X N -MaTpHUIA
Haa Kiabem R, b — BEKTOP AOBKHUHH M 3 KOOPAH-

matamu b = Aa+¢&, | el,_m, ae A, ..., A, — paaku
matpuri A, a:(al,...,an)T — HEBIAOMHIT BEKTOp-

crosrrentb HaA Kiabriem R (icrumnwmit poss’ssok CP

M), s -+

soaiaeni 3a sakonom P{& =z} = p(z), ae p(z)20

, & — HE3AACIKHI BUITAAKOBI BEAHYNHI, PO-

AAsE KOskEOTO Z € R Z p(z) =1. 3apaua LPN moas-
zeR

rac y BIAHOBACHHI BEKTOPA a

32 BIAOMHMH peaAi3arii-
svu matpuii A | Bextopa b Ta posroairom EmoBip-
wocreit P, =(p(z):zeR) [9-12, 19].

OAHUM 3 HaMBIAOMIIIIUX METOAIB PO3B’A3aHHSA
miel 3apadl € Mem0d Makcumymy  npasdonodibrocni
(MMI]), axuit 1oAdrae B 3HAXOAXKCHHI “OIHKH

a* Bextopa a 3a mpasuaom P{&=¢(a*)}=

maxP{ =50}, A €= (& &), £(X) =D AX

Aast Gyab-skoro X € R". Skmmo Bekrop @ ¢ pisHOMI-
PHO posroairenm Ha MuOKHHI R TO MeTOA Mak-
CHMyMYy IIPaBAOIIOAIOHOCTI Mae HaiimeHmny (cepe-
AHIO) HMOBIPHICTD IIOMHAKH CEPEA VCIX METOAIB
posp’azanna CP (1) (amB., HarIpukaaa, [8, c. 141]).

Ilpu npakrmanomy 3acrocyBanui MMIT 3Bu-
YaifHO BUKOHYIOTH Takui aaroputm [1, 3, 6]:

1) aast kouoro X € R" obumcarooTs savenus
dysxrii

n
A= >, n(@e(x)log ap(z), xeR", (2
ZeNE(R)

ae N.(R)={zeR:p(z) >0}, n(z|&(x)) — wacrora
sycrpiuaemocti eaementa Z y Bekropi €(X);

2) 3HAXOAATH BEKTOp a* 3a
A(@*) =max{A(x): xe R"} (aximo icuye Aekiabka
TaKUX BEKTOPIB, TO BHOUPAIOTh OYAb-AKHI 3 HHX).

Ockinbku A(X) =logP{& =&(x)}+qlogqg, xeR",

TO BEKTOp @™, AKUH OTPUMYETHCA 3 BUKOPUCTAHHAM

IIPAaBHAOM

HABEACHOTO aATOPUTMY, CIiBITapae 3 poss’askom CP
(1) 3a somomororo MMII. Ilpu mpomy ABifikoBa 4a-
COBA CKAQAHICTD AATOPHTMY AOPIBHIOE

T=nmq"(C, +C)), (3)

Ae C,i C, e ABIMIKOBI CKA2AHOCTI omeparif AoAa-
BAHHS TAa MHOKEHHS €AEMEHTIB KiAbII R .

Biromo, 110 y BumaaAky, koan R e ckingeHHIM

ITOAEM 200 KIABIIEM AHIIKIB 32 MOAYAEM (] = 2V Ans

obuncAeHHA 3HaYeHDb PYHKIT (2) MOKHA BHKOPHC-

ToByBaTH IteperBopeHHA Pyp’e MEBHUX AOIIOMIK-
uanx Qynkmiii, sasarmx wa rpym (R",+). [pn
IIbOMY 3aCTOCYBAHHSA AATOPHTMIB IITBUAKOIO IIEPET-
BopenHa Pyp’e AO3BOAAE TOMITHO CKOPOTHTH TPY-
aomictkicts poss’asanua CP (1) 3a aomomororo
MMII (2, 5, 14, 22].

B 3B’A3Ky 3 IIIM € IPUPOAHIM 3aIIUTAHHA IIPO Te,
HACKIABKH IITHPOKUM € KAAC CKIHYEHHHUX KIACIlb, AAA
axkux obuncaenns ycix snadens N(Z|&(X)) y supasi
(2) MmoxkHA 3AINCHUTH 32 AOIIOMOIOIO IIEPETBOPEHHS
Dyp’e. Busnauenns Takoro KAacy KIAEIb € OCHOBHOXO
33A29€EFO, ITI0 PO3B’A3YETHCA AAAl B CTATTL.

2. ITonmepeaHi BiAOMOCTi PO IIEPETBOPEHHA
®yp’e Ta PppobeHiyCoBi KiabIIA.

Haraaaemo, 1110 (aAMTHBHIM KOMITAEKCHUM) Xapa-
Kmepom KiabLs R HazmBaeTbCst roMmoMopism HOro aan-
THUBHOI IPYIIN B MYABTHIIAIKATHBHY IPyITy IToAd C Kom-
ITACKCHHUX 9HCEA. XapakTepy Kbl R yrBOprorors

MYABTHIIAIKATUBHY TpyIy R, i3omopdny rpymi (R, +);
IIpH OBEOMY 3a3HAYEHHH i3oMopdism ab> y,, a€ R
MOKHA 32AATH TAKUM YHHOM, IIMOOHU AAA OYAB-fIKHX

a, X € R BuxonyBasace piBHicTS g, (X) = g, (a) [7].
[ epemsopernam Oyp’e pynxuii f :R" — C masn-

sactbea dyrkuin f(a)= Y f(X)z,(x), a€R", ac
xeR"
n . .
Xa — xapakrep rpymnu (R", +), mo Biamosiaac eaeme-
HTy @ IPH 3aAaHOMY i30Mopdi3Mi i€l rpyrm B rpymry
AN
R", X.(X) — 4YHCAO, KOMIIAGKCHO CIIPSIKEHE AO

%a(X) .| Oymxmia f BiasOBATOIOTBCA 32 i TIEpeTBO-
dopmyroro  f(x)=q™
> f(@)z.(x), xeR" (aus., mamprxaaa, [20]).

aeR"

I)CI{}IHBJ

dyp’e  3a

Kiasrie R masusaerscsa @pobeniycosunm, KO ic-
HY€E HOTO ym80p1owuiuii cnpasa xapaxmep, TOOTO TAKHI
eaement ¥ € R, mo R={ry:reR}. Koxen yrsopro-
oYMl cIrpaBa xapakrep Kiabiig R € Takox yrsoproro-

YHM 3AIBa, TOOTO 3aA0OBOABHAE YMOBI R={xr:reR}
, 1 B IIOAAABIIIOMY HA3UBAETHCA IIPOCTO J/260pP10IUUM
xaparmepom (ppobemniycosa) kiabna R [20].

Haseaemo HaiiBaKAMBIII, 3 IIPAKTHYHOIO IIOT-
ASIAY, IpUKAaAH (ppobeniycoBux kirers [20)].

. r

1. Ckinuenne more R=GF((q),ae q=p", p —
mpocre 4uCAO, € QpodbeniycoBum Kiabriem. Ilpu
poMy yrBoproiounm € xapakrep  y(X) =o',

XeR, Ae ® — npuMiTHBHUIT KOPiHb cTemeHs P 3

oaunuti, Tr(x) =x® x° ®..-®x" . xeR.

b
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2. Kiabne ammkie R=21(q) e dppobeniycosum

kiAplleM ¢ yTBOprOfoumMM xapaktepom ¥ (X) = ",
s Iy 2

xeR, ac w=exp{-27iq'}, i’ =-1.

3. ByAb-fike CkiHUEHHE KIABIIE TOAOBHHUX (AIBHX
YU IPABHX) iAcaAiB € PPOOEHIYCOBUM KIABIIEM.

4. [Tpama cyma xiaenp R;,...,R, € dppobeniyco-
BUM KABIIEM TOAI T TIABKU TOAI, KOAH KOKHE KiABLIE
Ri, i1€ln, e dpobeniycoBum. fAximo upu mpomy Xi

€ YTBOPIOIOYHM XapakTepoMm kiapma R, TO

i

X(Xl""’xn)=X1(X1)“'Xn(xn) s Xi € Ri, [ Eﬁ’ €
YIBOPIOIOYHM XapakTepoMm Kiapit R=R @---® R .

5. Kiapme matpune R HaA ppobeniycoBum ki-

AblieM R ¢ dpobeniycopum. IIpu 1pomy ars OyAb-
AKOTO YTBOPIOIOYOTO Xapakrepa Y kiabi R Biao-
Opaenns y(X)= y(tr(X)), ae tr(X) — cyma aiaro-
XeR,,

HAABHHX €AEMEHTIB MaTPHII n, € YTBOPIOIO-
YHM XapakTepom Kiabma R .

Hacrymaa Aema, AOBEACHHS AKOI BUIIAHBAE O€3-
IIOCEPEAHBO 3 HABCACHUX O3HAYEHB, HAAAE OIIHC YCIX
xapakrepis abeaesoi rpyrm (R", +) aan dbpobemniy-
coBa Kiapma R .

Aema 1. Hexait R e ¢dppobeniycoBum kirbriem
XaPAKTEPUCTHKH | 3 yIBOPIOIOYHM XapakTepoM J .
G(x)

Toal y(X)=w ", xe R, A¢ ® — npuMiTHBHUIT KO-
piHb crerens I 3 opanunti, G:R—>Z/(l) — romo-
MOpdi3m aOEAEBUX TPYII, AAPO AKOTO HE MICTHUTH He-
HYABOBHX TNpaBux (AiBHx) iseaais xiabra R. Tlpm
IIbOMY BCl Pi3HI XapakTepH aOeAeBOl Irpymu (R",+)
MaroTh BuTAIA Z,(X) = y(ax), XeR", ae aeR",
ax — CKaAIpHHH AOOYTOK BEKTOPIB @ Ta X HaA
kiabem R.

3. OcHOBHI pe3yAbTATH.

Posrasaemo CP (1) map dppobeniycoBUM KiAb-

mem R ta ITOKaKEMO, IK CKOPHCTATHCS IITIBUAKHM ITe-
perBoperusaM Pyp’e AAA OOYHCACHHA yCIX 3HAYEHD

n(z|e(x)) ysupasi (2).
Teopema 1. Hexaii R — ¢pobeniycose kiabiie
IIOPAAKY ( 3 yTBOPIOIOYHM  XapakTepoM  J ,

AeR

3ycTpigaemocTi n(z | 8(X)) eAeMeHTa Z 'y BEKTOpI

it be R™. Toai ars koskuoro Z € R wacrora

£(X) =b— AX sapoBoAbHAE piBHOCTI

n(z| () =q(g,(x)+m), XeR", (4

AC

9.(0)= >

(reR\{03}, jel,m):
rAj=y

x(ro;—2)), yeR". (5

Aoseaenna. Ha miacTaBi o3HaYeHHA IIEPETBO-
pernsa Pyp’e dyuxuii (5) Ta Aemu 1 crpaBeaAnBi pis-
HOCTI

0,00=3 9,0z, =

sy

(o —2))x(=yx) =
yeR" (reRY0},jel,m):

rAj=y
= > (b — ) (-rAX) =
(reR\{0}, jel,m)
> 1(r(b; -z~ Ax) =
(reR\{0}, jel,m)
= > > -z-Ax)=
jel,m reR\{0}

2. (a3(z.0; = AX) =1 = gn(z | e(x)) - m |

jel,m
A€ TIEPEAOCTAHHS PIBHICTH BUIIAMBAE 31 CIIIBBIAHOITICHHS
OPTOTOHAABHOCTI AAfL XAPAKTEPIB: 3 (ru) = qo(u,0),
reR
0 € cumBoAoM Kponekepa (AmB., HarIpuKAaA, [7]).

Ormxe, cupaBeasnBa dopmyaa (4). Teopemy Ao-
BEACHO.

Takum IHHOM, Ha IIACTaBI OTPHUMAHOI TEOPEMHU
pu poss’aszarsi CP (1) maa dppobeniycoBum KiabIieM
R 3a comomororo MMIT poctatHBO OOYHCANTH AAS
koxHOrO Z € R mepersopenns ®yp’e dpynkuii (5) Ta
3HAHTH (IIIASIXOM IIOBHOIO IEPeOOPY) TOUKY MaKCH-
mymy pyskuii (2).

[TokazkeMO, fIK CKOPHUCTATHCA AAA OOYHCACHHSA
yCiX 3Ha4YeHb (4) IIBHAKAM aATOPHUTMOM, HABEACHHUM
B [5].

[Teprr 3a Bce, cPOPMYAFOEMO HACTYITHY AEMY,
AKa AOBOAUTBCA ITTASXOM IIPAMOIO OOYHCACHHS.

Aema 2. Cymy t HEBIA’€MHEX ITAUX YHCEA, KO-

xue 3 axux He nepesmrye M | moxma obuncanT,
BHKOPHCTOBYroun He Oiabrme Hixk St(10gtM +2) aBiii-
KOBHX OIIEpAITiH.

Posrasuemo marpuIro le(afe(yx)) A€

X,yeR
G:R—>Z/(l) — romomopdism, 3a3HaueHuUit y dpop-
MyArOBaHHI Aemu 1.

Teopema 2. 3a ymoBu Teopemu 1 AifikoBa da-
COBa CKAQAHICTh OOYMCAEHHS BCIX 3HaYeHb (4) He ITe-
peBHIIye

T,(n) =5T,(1)g"nl(log(T, (1)q"nm) + 2)

©)
+q(q-)m((n+1)C_+C, +C;),
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A€ Tq (1) — umcao apudmernunmnx onepariii B moai C,
110 BUKOPHUCTOBYIOTBCS AASL MHOJKCHHS BEKTOPIB AOB-

AHHE ( Ha MATPHITIO H, I - XapaKTePUCTHKA Ki-
apist R, C,, C 1 C, — ABilikoBi ckAaAHOCTI OmIEepa-

A AOAABAHHSA, MHOKCHHSA CAEMEHTIB KIABIIA R ma
obuncAeHHsA 3HadYeHHA ToMomopdismy G BiAmo-
BIAHO.

AoBeAeHH:A. 3pO3yMIAO, IIIO OOYHCACHHS IIepe-
tBOpenua Pyp’e dyuxmii (5) pPIBHOCUAPHO MHO-
KEHHIO ~ BEKTOpa il 3HAYeHb HAa  MATPHIIFO
H, =(x(- yx))x,yeR" , IKa € N -M TEH30PHUM CTEIIEHEM

matpumi H, . Orixe, mepersopenns Pyp’e dpyrxii (5)
MOKHA OOYHCAUTH 32 AOIIOMOTOIO IIIBHAKOTO aATO-
PHATMY 31 CKAQAHICTEO
' n-1
T,(nN)=T,Ma" n ()
orepariii AOAABAaHHS KOMIIAGKCHUX YHCEA Ta X MHO-
JKEHHA HA CTEICHI EAEMEHTA (), IPUYOMY UHCAO
Tq (1) AOpiBHIOE CKAAAHOCTI MHOKEHHSI BEKTOPIB AO-
mxuHn 0 Ha Matpurro H, [5].
Aani, eaementn matpuri H | sk 1 3HAYeHHSA KOX-
Hoi dyHKI (5) € MHOTOYACHAMH BIA @ 3 HIAHMHU KO-
edirientamu, To6T0 HaexaTh Kiabio Z[@]. Otxe,

OOYMCAEHHA MOKHA IIPOBOAUTH B ITbOMY KiAbII. Ko-

JKEH €AEMEHT KIABIIA Ma€ (He OOOB’A3KOBO OAHO3HA-
1-1 _

YHE) IIPEACTABACHHA Y BHTAAAL Zcia)I , Ae C,el.
i=0

AOAaBaHHS ABOX TAKHUX €AEMEHTIB 3BOAHUTHCI AO AO-

AABAHHA ITIAOYMCEABHHX BEKTOPiB AoBxmHHA |, a

k
MHOKCHHS TAKOTO CACMEHTA Ha CACMEHT (@ — AO IIH-
KAlgHOTO 3CyBY Bekropa (Cy,...,C, ;) mpaBopyd Ha K

nosuniii. Kpim toro, Beamumna koedirmieHTiB G,

1 €0, -1, y npeacraBaennsx saauens dynkuii (5) sk
eaementis kiabia Z[@] e nepesunye uncaa aoaaH-
KiB y BHpasi, AKMNA BH3HAYAE IO (DYHKIIIO, TOOTO
m(q —1) . 3BIACH Ha MIACTaBI AeMH 2 BUIIAUBAE, IO
ABIITKOBA 4YaCOBa CKAAAHICTb OOYHCACHHSA IIEPETBO-
perna Pyp’e koxuoi okpemoi pymkiii (5) He mepeBn-
mye ST (NI(log(T;(N)m(q-1))+2), ae T,(n) ¢
CKAAAHICTIO OoOumcAeHHs reperBoperaa Pyp’e el
dyuxmii B onepariax HaA mosem C (AuB., PopmMyAy
(7)). Orxe, ABIHKOBA CKAQAHICTD OOYHMCACHHSA IIEpe-
TBOpens Pyp’e yeix ( dynkiii (5) He mepesuIiye
T, =5T,/(n)ql(log(T,;(n)mq) +2).. (8)
Aani, Aas BusHadueHHA KOKHOI (pyHkmil (5) fK
eremenTa kiabria Z[@] Tpeba BukomaTH He GiAbIe

ik M(qQ-1)(n+1) omepaniii muoxerns, M(Q—1)
OTfeparlifi AOAABAHHA EAGMEHTIB KiAbIn R Ta
mM(q—1) omnepariit sBepuenns A0 romomopdismy G.
Orxe, ABIFIKOBA CKAQAHICTD BH3HAYECHHA yCIX (PyHK-
it (5) AOpIBHIOE
T,=a(@-DI(+1C.+C, +Co). (o)
[Tiancymosyroun supasu (8) i (9), orpumaemo do-
pmyay (6). Teopemy AoBeAeHO.
3ayBaKUMO, IIPU IPAKTHYHIN peaAizarii aAro-
pUTMY, 3a3HAYEHOTO Y AOBEACHHI TEOPEMH 2, B pe-

3YABTATI OOYHCAEHD, BUKOHAHUX B KiAbi Z[@], xo-

AN
xne snauenns ¢, (X), X € R", 6yae orpumano y su-

A 1-1
TASIAl MHOTOYAEHA BIA @ : gz(x) :Zci(x)w', A€
i=0

C,(x)eZ, 1€0,1-1,1inamiacrasi hopmyan (4) aas

3HAXOAKEHHSA 9aCTOTU n(z | S(X)) AOCTATHBO OOYMU-
1-1 )

CAUTU 3HAYECHHA zci (x) Re(a)')- Ile € eaAuau™M Buma-
i=0

AKOM, KOAU AOBEAETHCSI MATH CIIPAaBY 3 YHUCAAMH 3

IIAABAFOYOIO KOMOIO, IO, OAHAK, HE HPH3BCAC AO

BTPATH TOYHOCTI OOYUCACHB, AKIIO 3a3AAACTIAD BH-

suaunTn sHaveHus Re(w'), i€ 0,1-1 , 3 TOTPIOHOTO
TOYHICTIO.

Sk IpHKAQA, 1110 1AFOCTPYE OTPHMAaHI PE3YABTATH,
posraszemo 3apaay LPN maa kiasriem R=2Z/(2").
Toai q=1=2" G(X) = X aas komuoro x € R. Kpim
toro, C, =5N -2, C_=6N*-6N+2 [5], T ()=

(2N —1)2" +1 [4] i na miacTasi Teopemn 2 ABiiikoBa
9aCcOBA CKAAAHICTb 3HAXOAKEHHSA ICTHHHOTO PO3B’A3KY
CP (1) 3a aorromororo 1mBHAKOro repersopenns Pyp’e
HE IIEPEBHIIIYE

T, (n) =5-2""*""Nnlog(2"" Nnm) +

22" m((n+1)(6N? —6N +2)+5N —2).
B Toit ke wac, 3riaHO 3 dpopmyaroro (3), ABLIKOBa

pO3B’A3Ky 32
AATOPHUTMY  AOPIBHIOE

CKAQAHICTB
AOIIOMOIOIO  3BUYATHOI'O

T=nm2"(6N*-N).

B T1aba. 1 AAg Hu3km 3gadenr N, N 1 m

3HAXOAKCHHA ObOTIO

HaBeACHI 3HaucHHA Burpamy 7=T-T, (" B

YACOBIM CKAQAHOCTI, IKUH OTPHUMYETHCA B PE3YABTATI
3aCTOCYBaHHSA IIBUAKOTO eperBoperHsa Pyp’e.

Sk BUAHO 3 TaOAWIN, 3HAYEHHA BHUIPAIIY
IIPAKTUYHO HE 3aACKHTH BIA YHCAa N HEBIAOMHUX T2
IIBUAKO 3pPOCTa€ 3 POCTOM YHCA2 M pIBHAHB Y
cucremi (1).
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Tabaunra 1

. . . . . . N
UnceAbH] 3HAYCHHSA BUTPAIIY § YaCOBIH CKAAAHOCTI ITpy po3p’a3anHi 3aaadi LPN Haa kiabiiem ZI(27) sa

AOIIOMOTOIO IIBUAKOTO nepersopennsa Pyp’e

(n, N) 20 25 30 35 40 45 50 55

(20, 4) 1,56-10° | 1,96-10" | 2,53-10° | 3,32-10" | 4,42-10" |5,94-10® | 8,05-10"" |1,09-10%
(30, 4) 1,54-10° | 1,95-107 | 2,51-10° |3,29-10" |4,38-10" (5,89-10" |7,99-10" |1,08-10%
(40, 4) 1,53-10° | 1,93-107 | 2,49-10° |3,27-10" |4,36-10® |5,86-10" [7,96-10" |1,08-10%
(60, 4) 1,51-10° | 1,90-107 | 2,46-10° |3,24-10" |4,32-10® |5,81-10" [7,90-10" |1,08-10%
(20,8) 1,11-10° | 1,42-10° | 1,85-10" |2,46-10° |3,29-10" |4,45-10" |6,06-10" |8,32-10"
(30, 8) 1,09-10% | 1,41-10° | 1,83-10" |2,43-10° |3,26-10" |4,42-10® |6,02-10® |8,27-10"
(40, 8) 1,08-10% | 1,39-10° | 1,82-10" |2,42-10° |3,25-10" |4,39-10" |5,99-10" |8,23-10"
(60, 8) 1,07-10% | 1,38-10° | 1,81-10" |2,40-10° |3,22-10" |4,36-10" |5,96-10" |8,18-10"
(80, 8) 1,06-10° | 1,37-10° | 1,79-10" |2,38-10° |3,20-10" |4,34-10" |593-10" |8,15-10"
BucnoBku [6]. A. AeBurckad, "CrucreMBl CAyJalHBIX YPaBHEHUN HAA

[1pn posp’asanni 3aaaui LPN HaA AOBIABHIM CKi-
HueHHIM (DPOOCHIYCOBHM KIABIIEM MOKHA BIKOPHC-
TOBYBATH  ITPOIEAYPY IIBHAKOIO  IIEPETBOPEHHSA
Dyp’e, AOOpe BIAOMY AAS BUITAAKY CKIHUEHHOTO IIOAS

200 KIABIIA AHIIKIB 32 MOAYAEM 2" Ie mapae MOXK-
AUBICTB IIOMITHO 3MEHIIHTH TPYAOMICTKICTD PO3B’A-
3aHHA I1i€l 3aAa9l METOAOM MaKCHMYyMY IIPaBAOIIOAIO-
HOCTI, YHUKAFOYH IIPU IIbOMY OIT€PAIiif HaA KOMIIAE-
KCHUMH 9YHCAAMH. 30KpeMa, AAA KIABIA AMIIKIB 32

N . . .
MOAYAEM 2 BUIPAIIl B TPYAOMICTKOCTI CKAQAA€ BIA

3 20 . o
10° a0 10™ pasis B saaexnocTi Bia mapamerpa N Ta
4gncAa piBHAHD My cucremi (1).
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ITPUMEHEHME BBICTPOT'O
ITPEOBPA3OBAHUA ®YPLE AAA PEITEHUA
3AAAYH LPN HAA KOHEYHbIMHA
®POBEHHNYCOBBIMH KOABITAMM

3aaaga LPN saBAsieTcsa OAHON M3 CAMBIX M3BECTHBIX BHIYMC-

Frobenius Access:

AUTEABHO TPYAHBIX 3aAad. B Hamboaee obmedl mocra-
HOBKE OH4 COCTOHUT B PEIIIEHUU CHCTEMBI ANHEHHBIX YPaB-
HEHHUI C HMCKAKCHHBIMH IIPABBIMH YaCTAMH HAA IIPON3-
BOABHBIM KOHEYHBIM KOABIIOM U BKAIOYAET B cebs, B Kade-
CTBE YACTHOIO CAVYasf, 3aAa9y ACKOAUPOBAHHS CAyYai-
HOI'O AWHEMHOTO KOAQ HAaA KOHEYHBIM ITOAeM. VI3BecTHBI
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(KaK CUMMETPUYHBIC, TAK U ACHMMETPHYHBIE) KPUIITOCH-
CTEMBI M IIPOTOKOABI, CTOMKOCTb KOTOPBIX Oa3HpyeTcs Ha
caoxuoctu perrerus 3aaagn LPN. ITosromy paspaborka
Boaee 53(pPEKTUBHBIX, 10 CPABHEHUIO C M3BECTHBIMU, AA-
TOPHTMOB PEIIICHUA 9TOH 3aAA9N ABAACTCHA AKTYAABHBIM
HAIIPAaBAGHHEM COBpPEMEHHOI Kpuirrosornn. HanmGoaee
HAACKHBIM (M HAUOOAEE TPYAOEMKUM) METOAOM PEILICHHSA
3aaagu LPN sBAfeTCS METOA MAKCHMyMa IIPAaBAOIIOAOOHHL.
M3BecTHO, 9TO AASL CHCTEM AMHEHHBIX YPABHCHHN C HCKa-
KEHHBIMI HpaBbIMI/I JaCTAMU HAA KOHEYHBIM IIOAEM HUAU
KOABIIOM BBIUETOB ITO MOAYAIO CTEIICHH ABOWKH MOMKHO
YMEHBIIINTH TPYAOEMKOCTD 3TOTO METOAQ, IIPHUMCHSAS AATO-
puTMBbl ObICTpOTO HIpeobpasosanus Pypse. Buecre ¢ Tem,
BOIIPOC O TOM, HACKOABKO IITHPOKUM ABASETCHA KAACC KO-
HEYHBIX KOACI[ C YKA3aHHBIM CBOHCTBOM OCTA€TCH OTKPBI-
TBIM. B AQHHOM CTaTbe IOKA3aHO, YTO TAKUM SBASCTCS
KAACC KOHEYHBIX (PPOOEHHUYCOBBIX KOACIL. DTOT KAACC
O4YCHb OOIIUPHBINA U BKAIOYAET B CeOs, B YACTHOCTH, AFO-
OBIe KOABITA TAABHBIX (ACBBIX MAH IIPABBIX) HACAAOB. [lo-
AYYCHHEIC PE3YABTATHI CBUACTCABCTBYIOT O TOM, UTO IIPH
pemrernn 3apaun LPN HaA ITPOM3BOABHEIM KOHEYHBIM
PpOOEHUYCOBEIM KOABLIOM MOMKHO IIPUMEHATH aATO-
putMbl ObICTpOro IHpeobpasosanus Pypre, xoporro us-
BECTHBIE AASl CAYYas KOHEYHOIO ITOASl HAH KOABIIA BBIYC-
TOB ITO MOAYAIO CTEIICHH ABOHKH. DTO A2€T BO3ZMOKHOCTb
3aMETHO YMCHBIINTH TPYAOCMKOCTD PCIIICHHSA YKA3AHHOMN
32A29H METOAOM MAaKCHMyMa IIPAaBAOIIOAOOHS.
KaroueBble caoBa: kpurrrororus, 0OOCHOBAHHAA CTOM-
KoCThb, 3apaua PN, crcrema AMHEHHBIX ypaBHEHHI C
HCKAKCHHBIMH IIPABBEIME YaCTAMH, OBICTPOE IIpeobpaso-
Barue Pypre, KoHEIHOE PPOOCHUYCOBO KOABIIO.

APPLICATION OF FAST FOURIER
TRANSFORM FOR SOLVING OF THE LPN
PROBLEM OVER FINITE FROBENIUS RINGS
The LPN problem is one of the most famous hard
computational problems. In the most general formulation,
it consists in solving a system of linear equations corrupted
by noise over an arbitrary finite ring and includes, as a
special case, the problem of decoding a random linear code
over a finite field. Numerous (both symmetric and
asymmetric) cryptosystems and protocols, which resistance
relies on the complexity of solving the LPN problem are
known. Therefore, the development of more efficient
algorithms for solving this problem, in comparison with
known algorithms, is an actual direction of modern
cryptology. The most reliable (and most time-consuming)
method for solving the LPN problem is the maximum
likelihood method. It is well known that for systems of
linear equations corrupted by noise over a finite field or a

residue ring modulo power of two the complexity of this
method can be reduced by applying algorithms for the fast
Fourier transform. At the same time the question of how
wide is the class of finite rings with this property remains
open. In this paper we show that this is the class of finite
Frobenius rings. This class is very extensive and includes,
in particular, any (left or right) principal ideal ring. The
obtained results indicate that it is possible to apply
algorithms for the fast Fourier transform, well known for
the case of a finite field or a residue ring modulo power of
two, to the solving the LPN problem over an arbitrary
finite Frobenius ring. This makes to significantly reduce the
complexity of solving this problem by the maximum
likelihood method.

Keywords: cryptology, provable security, LPN problem,
system of linear equations corrupted by noise, fast Fourier
transform, finite Frobenius ring.
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