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COMPARATIVE ANALYSIS OF TWO METHODS FOR TAKING INTO ACCOUNT
HETEROSKEDASTICITY DURING MATHEMATICAL MODELS BUILDING

Introduction

In econometrics problems, it is often necessary to
analyze empirical data with the subsequent construc-
tion of optimal mathematical models. The technique
of heteroskedasticity detecting and accounting in the
form of appropriate tests has recently been actively
used when constructing such models [1-3].

Heteroskedasticity is characterized by different
values of variance for data in one sample. Since the
heteroskedasticity detection is not easy task, until
recently it was believed that the standard deviation is
equal to a constant for all statistical data under
analysis. Generally, taking into account heteroske-
dasticity is a new direction in the empirical data
processing, but standardized rules and methods have
not been established. According to [4], the criteria
for choosing the best model are:

1. The smallest number of model parameters.

2. The most simple form.

3. Physical validity.

4. The minimum sum of squared deviations.

5. Minimal variance.

Analysis of the latest research and publica-
tions

The literature analysis shows that enough atten-
tion is paid to the problems of mathematical models
construction with regard to heteroskedasticity [5].
Estimates of the unknown coefficients of the ap-

proximating function become less effective if one
disregards heteroskedasticity (if it actually occurs).

The ordinary least squares method and the
weighted least squares method are used as a tool for
mathematical models building [3].

There are different approaches to the calculation
of weight coefficients in situations of heteroskedas-
ticity [3]. Classic procedures for heteroscedasticity
verification of empirical data have been proposed by
Goldfeld-Quandt and Glaser and were demonstrated
in [1; 2]. However, these procedures have disadvan-
tages — they do not give a specific value of hetero-
scedasticity coefficient assessment [6; 7].

The analysis shows that there are a large number
of tests for heteroskedasticity, but there is no unified
quantitative measure in the current literature that
indicates the presence of heteroskedasticity and
could be used to directly calculate weightibg coefti-
cients. The presence of heteroskedasticity can lead
to approximation accuracy decreasing in case of or-
dinary least squares method utilization [8§].

Therefore, this article solves an actual scientific
and technical problem: the substantiation of
heteroskedasticity quantitative measures and com-
parative analysis.

Problem Statement

Define a problem of research mathematically.
Suppose, for a set of two-dimensional statistics
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(x;,»,;), there is a set of approximation functions

v, = f,(x,.d,,,) , where a, , is a vector of m parame-

ters for the approximation function, » is a number of
approximation functions. For each approximation func-
tion standard deviation ¢ between real values y; and

evaluation y, can be calculated. In this case, selection

of the best mathematical model will be carried out in
accordance with the following criterion

n=inf (s eNVj: o(f,(x,.d,,) <o(f,(x,.d, ).

The aim of the paper

The aim of this paper is comparative analysis of
two methods for heteroskedasticity detection and
accounting during mathematical models building.

To achieve the aim of the research, the following
tasks were solved:

— analysis of experimental data and model build-
ing according to the ordinary least squares method;

— calculation of weighting coefficients for het-
eroskedasticity using the direct method;

— calculation of weighting coefficients for het-
eroskedasticity using optimal basic function;

— estimation of numerical value of heteroskedas-
ticity index;

— result comparison in case of two methods im-
plementation for taking into account heteroskedas-
ticity.

Initial data analysis

Consider an example of experimental data on
Lucerne yield dependence on the level of irrigation
[9]. The data are given in Table 1. These data are
characterized by the fact that in each section are the
results of multiple measurements. This makes it pos-
sible to find the heteroskedasticity equation by a
direct method.

The graphical representation of the initial data is
shown in Fig. 1.

Table 1
Lucerne yield dependence on the level of irrigation
Irrigation in inches
0 12 18 30 36 48 60
= 2.35 431 5.69 6.00 7.53 7.58 8.05 5.55
.T;i 2.75 4.78 6.46 6.89 7.97 8.22 8.45 7.25
o 2.89 4.84 7.02 7.96 8.32 8.63 8.63 10.17
?, 3.85 5.83 8.02 8.32 943 9.33 8.83 10.70
2 5.52 6.51 8.38 9.54 9.38 9.52
— 5.94 7.52 9.96 11.06 12.48 10.62
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Fig. 1. The graphical representation of the initial data
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In nature, the phenomenon of heteroskedasticity
is quite common, but in practice it is not taken into
account due to the complexity of the calculations
and the lack of a single methodology.

The heteroskedasticity is very often present in the
equations for the dependence of yield on the level of
water use and fertilizer consumption.

In this experiment, the task was to obtain a frag-
mentary section of a mathematical model in order to
determine the most accurate maximum yield value
and the conditions for its achievement.

Carrying out the multiple experiments require a
lot of material and time resources.

The first step in the construction of the mathe-
matical model is to approximate the data by a second
order parabola using the ordinary least squares
method.

The resulting equation has the following form:

y(x) =3.543+0.252x - 2.823-10 x>

The standard deviation is 1.406.
Then the equation with confidence limits is given
by

y(x)=3.543+0.252x—-2.823-10" x* +2.812.

A graphic representation of the approximation by
a parabola with confidence limits is shown in Fig. 2.

It should be noted that confidence intervals
within the variance band are established on the basis
of the assumption of their Gaussian nature. There-
fore, a histogram of the distribution can be con-
structed. The sequence of plotting the histogram for

the case of multiple measurements in each section is
following:

1. At the first stage, it is a need to determine the
section onto which all experimental points will be
projected. In this case, this section corresponds to
the abscissa x = 36. This section was chosen because
it contains the maximum value. The selected section
will be called basic.

2. At the second stage, each experimental value
will be projected onto the base section along the tra-
jectories of the second order parabola that are equi-
distant to the main parabola obtained by the ordinary
least squares method.

3. At the third stage, the histogram is constructed
for all points that were reduced to the base section.

The obtained histogram for the considered exam-
ple is shown in Fig. 3.

Visual analysis of Fig. 3 shows that the obtained
histogram can be described by a distribution with
positive asymmetry.

So, the analysis of the constructed histogram al-
lows us to clarify the statistical nature of the empiri-
cal data variance within confidence limits.

Methods of taking into account heteroskedas-
ticity

It is known, that a clear methodology for calcu-
lating weighting coefficients is required to use the
weighted least squares method [10]. Let us take into
account heteroskedasticity based on the direct
method. To do this, in each section the average val-
ues and standard deviations need to be calculated.
The calculation results are shown in table 2.

13

Lucerne yield

/

o 20

40 &0

Irrigation in inches

Fig. 2. Approximation of the initial data by a second order parabola with confidence limits
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The histogram of the distribution

L] 5

10 12

Lucerne yield (transformed data)

Fig. 3. The histogram of the distribution in the base section

Table 2
Mathematical expectations and standard deviations calculated for each section
n 1 2 3 4 5 6 7 8
m 3.883 5.632 6.698 7.918 8.975 9.27 9.017 8.418
c 1.519 1.223 0.981 1.363 1.296 1.714 0.923 1.89

Based on the data from table 2 the equation of
heteroskedasticity can be obtained. To do this, we
approximate the dependence o(m) by a linear func-
tion using the ordinary least squares method. As a
result, the equation can be found:

o(m) =1.274+0.012m .

The graphical dependence o(m) is shown in
Fig. 4.

The calculation of heteroskedasticity coefficients
is performed according to the formula

N2
)
o(m,)

where G is an average standard deviation.

The weighting coefficients are presented in table
3. These weights are used to obtain a second order
parabola using the weighted least squares method.
The resulting equation has the form

y(x)=3.557+0.251x-2.8-10 7.

Consider a new method of taking into account
heteroskedasticity. In this case, the weighting coeffi-
cients are calculated by the formula [11; 12].

N
G
l »(x;)

where y is the average value of all empirical data,
y(x;) is the value obtained by the equation of the

second order parabola using the ordinary least
squares method (base parabola), 4 is the heteroske-
dasticity index.

To find the optimal value of the heteroskedastic-
ity index, we consider five options with heteroske-
dasticity indexes & = {— 1;—0.5;0;0.5;1}. The weight-
ing coefficients for different heteroskedasticity in-
dexes are presented in table 3.

The corresponding parabola equation was ob-
tained for each value of the heteroskedasticity index.
For each variant of the parabola, a weighted sum of
squared deviations S were found. The obtained dis-
crete dependence S(%) is approximated by a parab-

ola of the second order by the ordinary least squares
method. The resulting equation has the form

S(h)=81.04 —0.075h +0.295h°.

The minimum of this equation corresponds to the
optimal heteroskedasticity index 7, =0.126.

As can be seen, heteroskedasticity index is small.
However, with the growth of computational capa-
bilities and scientific and technological progress, its
accounting will allow to obtain more accurate and
adequate mathematical models.
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Fig. 4. The graphical dependence o(m)
Table 3
The weighting coefficients for different values of heteroskedasticity indexes
Heteroskedasticity Sample section
indexes 1 2 3 4 5 6 7 8
Direct method 1.066 1.033 1.012 0.993 0.974 0.969 0.974 0.984
h=-1 0.474 0.824 0.959 1.066 1.146 1.199 1.224 1.14
h=-0.5 0.667 0.904 0.979 1.035 1.074 1.099 1.108 1.063
h=0 1 1 1 1 1 1 1 1
h=0.5 1.453 1.101 1.021 0.968 0.934 0913 0.904 0.937
h=1 2.062 1.21 1.044 0.941 0.875 0.837 0.818 0.874
hope = 0.128 1.093 1.024 1.006 0.993 0.984 0.978 0.975 0.983

The optimal equation obtained taking into ac-
count heteroskedasticity according to the second
method has the form

Y(x)=3.564+0.251x—2.798-10 x? .

The initial data and two types of approximations
with taking into account heteroskedasticity accord-
ing to the first and second method are shown in
Fig. 5. As can be seen, both equations practically
coincide. This indicates about accounting reliability
of heteroskedasticity by the second method.

Let us calculate the conditions for achieving the
maximum possible yield according to the three ap-
proximation methodology (without and taking into
account heteroskedasticity by the first and second
methods).

The calculation results are shown in table 4.

As can be seen from table 4, the direct and the
new methods for heteroskedasticity accounting give
very close results that indicates about reliability and
adequacy of the new method.

Table 4

Maximum yield and conditions for its achievement

Without heteroskedas- | Direct method for heteroskedasticity A new method for
ticity accounting heteroskedasticity accounting
Xopt 44.695 44.8 44.792
Yopt 9.183 9.177 9.178
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direct method
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Fig. 5. Approximation of the initial data by the second degree parabola taking into account heteroskedasticity

Conclusion

The article is devoted to the problems of con-
structing mathematical models for empirical data
taking into account heteroskedasticity. The analysis
of data with multiple measurements in all sections is
performed. Such data made it possible to apply the
direct method for constructing the heteroskedasticity
equation. A new method was proposed to bring them
to a single section for a more correct determination
of the probabilistic law of these data description.

The article describes a new method of heteroske-
dasticity accounting. A comparative analysis with a
direct method showed approximately the same ap-
proximation results.

Thus, the new method of heteroskedasticity ac-
counting allows us to construct a mathematical
model, without carrying out multiple expensive
measurements in each section, which can signifi-
cantly reduce the time and resource costs by several
times.
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Ky3smun B. M., 3anicbkuii M. 1O., [lerposa 0. B., Yeken 1. B.
MHNOPIBHAJIbBHUU AHAJII3 IBOX METO/IB YPAXYBAHHSI TETEPOCKEJACTUYHOCTI
11 YAC IOBYJOBU MATEMATHUYHUX MO/IEJIEA

Y emammi posensinymo 3a0auy nopieHanivHo2o ananizy 080X Memooié Ypaxy8anHs 2emepocke0acmuyHocmi nio yac
nooyoosu mamemamudnHux mooeneu. Ypaxysanns 2emepockedacmuiHOCmi € HOGUM HANPAMOM Ni0 Yac aHarizy emni-
puunux oanux. I'emepockedacmuunicms Xapakmepusyemvcs pisHUMU 3HAYEHHAMU OUCnepcCii 01 OaHUX 8 OOHIU eubip-
yi. Hasgnicms 2cemepockedacmuunocmi Modice npu3eecmu 00 3HUNCEHHs MOYHOCMI anpoKCUMayii y pasi 6UKOPUCAH-
H5 36UYALIHO20 MemoOy HaumMeHwux keaopamis. Tomy 6 yill cmammi po3210aEmbCs 3a0a4d ypaxy8anHs 2emepocKkeod-
cmuyHoCmi nio Yac aHanizyeanHs emnipuyHux oanux. Ilepwum emanom noby0osu mamemamuyHoi mooeni € anpokcu-
Mayis OaHUX 3 BUKOPUCMAHHAM 38UYALIHO20 Memody HalimeHwux keadpamis. Ilpu yvbomy nonepedHvo obupacmuvcs an-
POKCUMYIOUA (DYHKYIsL, GUXO0SIUU I3 BI3YANbHO20 AHANIZY CIPYKIMYPU CIamucmudnux oanux. Hacmynuum emanom no-
6y008uU MamemMamuyHoi MoOeNi € ypaxyeanHsa cemepockeoacmudynocmi. Icnytome pisni mecmu OJid 8UABNEHHA cemepo-
ckedacmuynocmi. YV yili cmammi po3enaHymo npamuii Memoo nooyoo8u PiGHAHHS 2emepoKeOacmuyHOCmi ma HO8ul
Memoo, sKUll NOpIeHIoEMbCs 3 npsimum. TIpsmuil Memoo 3acHO8anull Ha OOYUCTIEHHT cepeOHIX 3HAYeHb ma CIAaHOapm-
HUX GIOXUNEHb OISl KOJICHO20 Nepemuny nouamrosoi subipxu. Baeoei koediyicnmu 2emepockedacmudnocmi po3paxo-
8YI0OMbCsl IONOGIOHO 00 ANPOKCUMAYIUHOL 3ANENHCHOCIT CMAHOAPMHUX GIOXULEHb 610 CepeOHiX 3HAYEeHb OISl CMAMUC-
MUYHUX OAHUX 3 BUKOPUCIAHHAM TiHIUHOT hynryiil. Taxuii memoo mae cymmeeuii HedoniK: 6iH NOmpedye KpAmHUX 6u-
MIPI0BAHb 0151 KOJCHO20 nepemuny eubipku. 11i0 yac eupiwienns 3a0au cunmesy HO8020 al2OPUMMY GUSGLEHHS MA YPa-
XY8AHHs 2emepoCKeOACUyHOCMI Agmopu NPONoOHYIOMs HOBY KIIbKICHY Mipy eemepockedacmuynocmi. Oyinka 3anpo-
NOHOBAHO20 [HOEKCY 2emepoCcKe0acmuUyHOCMI UKOHYEMbCA Y MAKill nociioogHocmi. 1) 0115 OeKinbKox 8apianmie Moic-
JIUBUX 3HAUEHb [HOEKCY 2emepocKeddCmMuyHOCII po3paxo8yioms 8i0N0BIOHI anpoKcumayiini Qynxyii; 2) 01 KoxcHol
OMPUMAHOIO YHKYIT pO3PAXOBYIOMb 36AJICEHY CYMY KEAOPAMIE GIOXUNEHb, 3) GU3HAYAIOMb THOEKC 2emepOCKe0acmuy-
HOCMI, 01 AKO020 38AMCEHA CYyMA K8aopamis iOXuieHb € MIHIMAnbHOW. VY cmammi makoic po32isiHymo YHIKanibHull
NPUKIAO eMRIPUYHUX OAHUX 3 KDAMHUMU SUMIDIOBAHHAMU Y KOXCHOMY nepemuti. AHAni3 makux 0aHux 00380aus oorpy-
HmMysamu HaoiliHiCMb ma a0eK8aAmHICMb HOBO20 MEMoOy GUABNIEHH MA YpaxyeanHs cemepockeoacmuunocmi. Hoeuil
Memoo Yypaxye8aHHs 2emepoCcKe0acmudHoCmi 00360J1€ No6YO0ysamu MamemMamuyry Mooeib 6e3 nPpoeeoeH s 0eKLIbKOX
BUMIPIOBAHH OJisl KOJICHO20 NEPEMUHY.

Knio4yoBi cnoBa: anpokcumalis; 3BaXeHWi MeToA HaWMeHLWIMX KBadpaTiB; reTepoCKefacCTUYHICTb; MOPIBHANBHUIA
aHanis; NoKasHuK reTepockeAacTUYHOCTI.

Kuzmin V. M., Zaliskyi M. Yu., Petrova Yu. V., Cheked I. V.
COMPARATIVE ANALYSIS OF TWO METHODS FOR TAKING INTO ACCOUNT
HETEROSKEDASTICITY DURING MATHEMATICAL MODELS BUILDING

The article deals with the problem of comparative analysis of two methods of taking into account heteroskedasticity
during mathematical models building. Heteroskedasticity accounting is a new trend for the empirical data analysis.
Heteroskedasticity is characterized by different values of variance for data in one sample. The presence of heteroske-
dasticity can lead to approximation accuracy decreasing in case of ordinary least squares method utilization. There-
fore, this article concentrates on the problem of heteroskedasticity accounting in case of empirical data analysis. The
first step during the mathematical model building is to approximate the data using the ordinary least squares method.
In this case, the approximation function is pre-selected in advance based on visual analysis of the statistical data struc-
ture. The next step in mathematical model building is to take into account heteroscedasticity. There are different tests
for heteroskedasticity detection. This article discusses the direct method of the heteroskedasticity equation construction
and the new method that is compared with the direct one. The direct method is based on the calculation of average val-
ues and standard deviations for in each section of initial sample. Heteroskedasticity weighting coefficients are calcu-
lated according to the approximation of standard deviations dependence on the average values for statistics using a
linear function. This method has a significant weakness: it requires multiple measurements for each sample section.
During solving the problems of synthesizing a new algorithm for heteroskedasticity detecting and accounting, the au-
thors propose a new quantitative measure of heteroskedasticity. The estimation of the proposed heteroskedasticity index
is performed in the following sequence: 1) for several options of possible values of the heteroskedasticity index, the
corresponding approximation functions are calculated; 2) the sum of squared deviations is calculated for each obtained
function; 3) the heteroskedasticity index is equal to value for which the sum of squared deviations is minimal. A unique
example of empirical data with multiple measurements in each section is considered. The analysis of such data allowed
Justifying the reliability and adequacy of the new method for heteroskedasticity detecting and accounting. The new
method of heteroskedasticity accounting allows us to construct the mathematical model without carrying out multiple
expensive measurements in each section.

Keywords: approximation; weighted least squares method; heteroskedasticity; comparative analysis; heteroskedas-
ticity index.
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Ky3mun B. H., 3anucckuii M. 10., Ilerposa 0. B., Ueken U. B.
CPABHUTEJIbHBIU AHAJIU3 IBYX METO/JOB YYETA TETEPOCKEJACTUYHOCTH BO
BPEMSI IOCTPOEHUSI MATEMATHYECKUX MOJIEJIEN

B cmamve paccmompena 3adaua cpagnumenbHo2o aHanuza 08YX Memooos yuema 2emepocKe0acmuyHOCmu npu
NOCMPOEHUY MaAMeMamuyeckux mooenel. Yuem eemepocke0acmuuHocmuy A8Aencs HOBbIM HANpasieHuem npu aHalu-
3e amMnupudeckux 0anHvix. I'emepockedacmuyHoCmes XapaKxmepusyemcs pasiuyHblMu 3HAYeHUAMU oucnepcuu O 0am-
HbIX 8 00HOU 8b100pKe. Hanuuue cemepockedacmuiHOCmu MOdICem npUeecmi K CHUNCEHUI0 MOYHOCIY ANNPOKCUMAYUU
NPU UCNOTL30BAHUU 0OLIYHO20 MEeMOOd HAUMEHbUIUX K8aopamos. [loomomy 6 5moi cmamee paccmampusaemcs 3a0d-
ua yuema 2emepocKkedacmuyHOCMU 80 8PEMsl AHAIU3A IMAUPUYECKUX dannvix. Ilepeblm smanom nocmpoenus: mame-
MAMUYECKou MOOenU AGNAEMCst ANNPOKCUMAYUSL OAHHBIX C UCHONb308AHUEM 0ObIYHO20 MEMOOAd HAUMEHLUUX K8AOPa-
mos. Ilpu smom npedeapumenvHo GblOUpaemcs AnNPOKCUMUPYIOWAst (DYHKYUs, UCX005 U3 BU3YAIbHO20 AHAIU3A
cmpykmypul cmamucmudeckux oannwix. Credyiomum 3manom nocmpoeHuss MamemMamuieckou MoOenu seisiemcsi yuem
eemepockedacmuunocmu. Cywecmayiom pasiuiHvle mecmol OJisi GblA6LeHUs 2emepockedacmuunocmu. B smou cmamve
paccmompenvl RPMOU Memoo NOCMPOEHUsL YPAGHEHUSI 2eMePOCKedacmUYHOCU U HOBbIIL Memoo, KOMOPbI CPAGHUBA-
emcsi ¢ npsamvim. TIpsamoil Memoo 0CHOBAH HA 6LIYUCICHUU CPEOHUX 3HAYEHUT U CINAHOAPMHBIX OMKIOHEHULL OISl KAIC-
0020 ceyenusi 8blbopKuU. Becogbie kodpduyuenmovl 2emepockedacmutHOCmy paccuumléaiomes. 6 COOMEEMCmaUul ¢
ANNPOKCUMAYUOHHOU 3ABUCUMOCTNBIO CINAHOADMHBIX OMKIOHEHUL OM CPEOHUX 3HAYEHUll O CIAMUCMU4ecKux OaH-
HbIX € UCNONIb306aHUEM JUHeUnoU Gynxyuu. Taxotl memoo umeem cyujecmeeHHblll HeOOCMamoK. O mpebyem Kpamuvix
usmeperull 011 Kaxcooeo cevenust avlbopru. Ilpu pewenuu 3a0au cunmesa H08020 AN0PUMMA OOHAPYICEHUS U Yiemd
2emepoCcKedACmUYHOCIU A8MOPbL NPEONA2aloN HOBYIO0 KOIUYECMBEHHYI0 Mepy cemepockedacmuunocmu. Oyenka npeo-
JIOJCEHHO20 UHOEKCA 2emepOCKedacmUuyYHOCMU BbINOIHAECMCs 8 Clledyiowell nociedogamenbHocmu. 1) 0nst HecKoIbKux
BAPUAHTNOE BO3MOIICHBIX 3HAYEHUL UHOEKCA 2emepOoCcKedacmuyHOCMU PACCYUMbIEAIOm COOMEEMCMEYouue annpoxci-
mupyiowue Qyukyuu,; 2) 0ns Kancoou nOLY4eHHOU (YHKYUU PACCUUMBIEAIOM G36CUEHHYIO CYMMY K8AOpamos OmKIoHe-
Hutl; 3) onpedensaom uHOEKC 2emepocKeddcmuyHoCmu, OJil KOMOPO20 636eUleHHAs CyMMA K8aopamos OMKIOHeHUl
SA6NIAEMC MUHUMATLHOU. B cmamve makoice paccmMompen YHUKAIbHbIUL NPpUMeEpP IMAUPUYECKUX OAHHBIX ¢ KPAMHbIMU
UBMEPEHUSIMU 8 KANCOOM cedeHUU. AHANU3 MAKUX OAHHBIX NO360AUL 0OOCHOBAMb HAOENCHOCMb U A0EK8AMHOCHIb HOB0-
20 Memooda obHapyceHus u yuema emepockedacmuunocmu. Hoeulii memood yuema cemepockedacmuiHOCmu no3601sl-
em noCmpoums Mamemamu4eckyo Mooeib 6e3 npo8edeHUs. HeCKONbKUX USMEPEHUL 0I5l KAdCO020 CedeHUs.

KntoueBble cnoBa: annpokcumauuna; B3BELLEHHbIN METO HAaUMEHbLLINX KBaApaToB, retepockegacTu4yHOCTb, CpaBHU-
TenbHbIN aHanNu3; UHOEKC retepockeacTu4HOCTU.
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