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FLUCTUATIONS OF AN AIRPLANE WITH AERODYNAMIC WINGTIP «AT WINGLETS»

Introduction

The influence of two-way wing tips (AT
winglets) on the lateral oscillatory stability of the
aircraft is investigated using the method of equations
of steady horizontal flight. A related coordinate
system with the center at the center of mass of the
aircraft is considered, where the longitudinal axis
Ox coincides with the axis of symmetry of the
aircraft, the normal axis Oy is directed upwards,

and the transverse axis Oz is directed along swing
to the right wing.

The lateral oscillatory motion of an airplane is
manifested by the action of a perturbation along the
slip angle (for example, after a lateral gust of wind)
if the aircraft has increased stability with respect to
the Ox axis above the stability with respect to the Oy
axis [1-3, 7, 8]. In this case, the exit from the roll
occurs quickly, and the slip has not yet been
eliminated. Under the action of the restoring
moment, which still continues to operate, the aircraft
will tilt already in the opposite direction, and so on.
As a result, the aircraft oscillates about the
longitudinal axis. Such a state is called oscillatory
instability (the “Dutch step”). Of particular
importance here is the requirements for the initial
(unperturbed) flight regime.

The case where the initial regime corresponds to
a flight in a vertical plane without roll (y, = 0) and
slip (Bo = 0) o = ®,0 =0 is generally accepted is
that for a zero index, constants are denoted equal to
the values of the corresponding quantities at the
beginning of the disturbed motion.

We note that the thesis of this article was
published in [5].

Formulation of the problem

The approximate equation of motion of an
airplane, with a wing without wingtips, with
respect to the slip angle, is written in the form [2]
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- +kMHB-op=0, (1)
where the ordinal denotes ordinary derivatives with
respect to time from the slip angle, and the following

notation is introduced: damping moments in a semi-
coupled coordinate system:

— Q 7 Oy
MV =M cos’ o+
v y
— o 7Oy . — © )
+(M ¥+ M 7)sinacoso+ M ¥ sin”a,
_Q —
M7 =M}* cos” o+
J’_(M(DX_M(D)/) . _Mmy . 2
. ;7 )sinacosa L sina,
angular rotation speed
QW =®,co80+®,sina;
Q, =, cos0-0, sina,
coefficient of dynamic stability of the aircraft in yaw

qul—Sl(mg cosa+j—ymfsina} I, and [, are the
y X

moments of inertia, y is angle of heel, v is yaw
angle, o, and o, are angular velocity of rotation

around the corresponding axes, k =Q, /Qw , g 1s

dynamic head, S is wing area, / is wingspan,
M, =M_]I,.

We note that the coefficients of the differential
equations in the flight dynamics problems are
strictly constant if the rectilinear steady-state
motion of the aircraft is considered as the initial
motion. In addition, the moments of inertia of the
aircraft, as a whole as a solid body, can be assumed
constant when analyzing the angular motion of an
aircraft. This approach greatly simplifies the
solution of problems of the dynamics of the angular
motion of the aircraft and the analysis of the
solutions obtained.
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To obtain an approximate equation for the
lateral oscillatory motion of an aircraft with a wing
with wingtips, we shall use the expressions of the
roll and yaw moment coefficients derived by us [4]

m,=m_—B(C°cosp+C"cosp)tany,
m, =m, —B[CB cos<p(cosaz -2x" sina2)+
+(CH cos@cosd—2x" sinB)],

for the front location of the pressure centers of the
tips

m, =m, —B[CB COS(P(cosaz +2x" sin(xz)+
+C" cos<p(cos6 +2x" sin6)],

for the rear location of the centers of the wingtips
pressures.

The partial derivatives of these quantities with
respect to the slip angle are easily determined

P =mP —(C®cos@+C* cosg)tany;

n%g = mg —[C“ cosq)(cosaz —2x"sin (xz)+
+C" COS(p(coséS—Z)_c" sinS) },
(for the front location of pressure centers),
n%f = mg - [CB coscp(cos o, +2x"sina, ) +
+C" coscp(cosé +2x"sin 8)],

(for the rear location of pressure centers).
For brevity, the expressions relating to the
wingtips are denoted by the following symbols

P = _(CB cos@+C" COS(p)tanX ;

Xz

= —[CB coscp(cosocz -2x" sinaz)+
+C" coscp(cos6—2)?“ sinS)];
mb :—[CBcos (cosa +2x"sina )+
yz2 ¢ z z

+C" cos<p(cos6 +2x" sin S)J

Then the derivatives of the moments of roll and
yaw in the case of a wing with the wingtips “AT
winglets” will be written in the following form

sB_ B B
mx_mx mxz’
B BB
my—my myzl,
2B B B

my—my myzz.

We will assume that the moments of inertia are
calculated for an aircraft with a wing with tips.
Then, if in all the above expressions we change the

moments and their derivatives with the same
quantities supplied with the cap, we obtain the
equation of the lateral oscillation of the aircraft
along the bank for the aircraft with the wing with the
wingtips. Suppose that this is done and all of the
above equations refer to an aircraft with a wing with
wingtips.

Equation (1) is an ordinary differential equation
of the second order with constant coefficients

T= %(1\7 j,) v+ kM ‘? ") . As we shall see later, here the

coefficient determines the decay of the solution, and
the coefficient of dynamic stability of the aircraft
along yaw is related to the frequency of oscillations.

The solution of the problem

We seek the solution of (1) by the Euler method,
according to which the solution is sought in this
form P=e". Substituting this into the equation, we
obtain

(k* =2tk - 6)e™ =0.
To satisfy this equality, there must be
k> -2tk -6=0.
This is the characteristic quadratic equation of the

differential equation (1). The solutions of the
quadratic equation are the quantities

ko, =143 46 .

Then the general solution of the differential
equation (1) can be written in the form

B(f): Cle(%+\/%2+6)t (G-V22+6)1 '

+C,e

Here C, and C, arbitrary constants of
integration, which are determined from the initial
conditions.

We analyze this solution: if at least one of the

numbers % is either positivevt’ +0o, then the
solution is unstable, it tends exponentially to
infinity. Hence we immediately conclude: that for a
stable motion the number T must be negative. If the

root vt?+0o is positive or negative, then the
solution is also unstable, either the first or the
second exponential tends to infinity. It follows that
this root can not be a real number.

However, if we take the root Vt’+oc as a

purely imaginary number, i.e. 2> +&<0 , then it is
possible to choose a stable solution describing the
oscillatory motion of the aircraft. So, let's say a

negative number o < —t”. Then we represent the root
in the form

\/rz +G =i\/|c|—12 ,
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and  write  the solution
B(r)= ef‘r"[C1 cos(t |G| —1%)+C, sin(¢ |G| —1)].
This  solution can be  presented as

follows B(¢) = Ce T cos(tyl|o]—1* +9), which

describes a damped oscillatory motion. Here

general again

Ce ' is the amplitude of the oscillations, r| — is

the attenuation coefficient, 1l|cs|—172 is the

oscillation frequency, and 9 is the initial phase. In
solving non-stationary problems, the constants of
integration u are determined from the initial
conditions.

If the amplitude of the oscillation decreases all
the time, the oscillations are called damped, if the
amplitude of the oscillations is constant, then they
are harmonic, and with an increasing amplitude, they
are increasing (divergent). If the damping forces
prevail over the forces causing the oscillations, then
the oscillations decay, and otherwise the amplitude
of the oscillations increases, and may lead to the
destruction of the structure.

Thus, the following two conditions

t<0 and &<-%

provide a stable lateral oscillation of the aircraft,
with aerodynamic wingtips, along the roll around the
unperturbed  balanced flight regime. These
conditions are more stringent than those for lateral

static stability, which require the fulfillment of the
inequalities m® <0 and n%‘;’ < 0 the positivity of the

3>
= o™

relation €= >0, since the condition

A

m

< ™

6 <—t*requires not only the negativity of these
derivatives, but even that the linear combination of
these quantities 6 must be less than some negative

number — 2.
B

X

Using the above expressions m! and rhgcalculate

the magnitude modulus 6:

G :q_SZ( (mﬁ)er(n”aB 1)2 cosa +

Y vz
I,

Xz

+§—i (mE‘ )2 +(n‘1B )2 sinaJ,

for the front location of the centers of the pressure of
the tips, and

A

qu—Sl( (mﬁ)2+(rhB )zcosa+

v yz2
Iy
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for the rear location of the centers of the wingtips
pressures.

In the most simplified case for the damping
coefficient we obtain

A~ o, ~o, qSI
rzMy" cos’ a=m,’ q—cosz a
I}’
where
A0, O, A0,
m, =m, my. .
m.” — is the derivative of the yaw moment

y
coefficient for the component of the ®, angular

velocity vector of the aircraft as a rigid body
around the center of mass, for an aircraft with a
wing without wingtips; for the front location of the
centers of the pressure of the tips

SOy _
yz1

B oc cos @ (cos o, —2x"sino, ) +
ow,

¢ ct cos<p(cos§ —2Xx"sin 6)},
ow,

+

for the rear location of the centers of the pressure of
the tips

®
5 Y —
myzZ_

—B{ ¢ coscp(cosaz+2)?Bsinaz)+
oo,

H

+ ct cos<p(cos§+2)_c" sinS)}.

o y

In these relations, the derivatives and sufficiently
small numbers. Since the damping property of an
airplane is sufficiently small in comparison with the
oscillatory one, we can write:

l6]>> 2.

From the last two formulas it follows that the
wing tips increase the frequency of free lateral
oscillations of the aircraft along the slip angle. Even
in the case of an aircraft with a wing without

winglets mE = mE =0, due to wing tips, the aircraft

makes lateral oscillations with a frequency, the
square of which is defined by formula:

AR . .
(Dzzq— ‘mB. SIn o —Tz.
Iy yzi

where eitheri=1 or 2 wingtip on the front or rear
position of the pressure centers of the wingtips
relative to the coordinate plane Oyz.

1
cos o + —y‘n%fz
1
X

Conclusion

The lateral oscillatory stability of a plane with a
wing with wingtips of the “AT winglets” type is
investigated in the article. The total aerodynamic
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forces and moments created by the wingtips
correspond to the established horizontal flight. The
coefficients of roll and yaw moments, as well as
their slip angle derivatives for an airplane with a
wing with tips, are determined. Replacing these
quantities with the corresponding values for an
aircraft with a wing without wingtips, the equation
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of lateral oscillation of the aircraft along the slip
angle was obtained. The general solution of this
equation is written. In the case of damped oscillatory
motion, the attenuation coefficient and the
oscillation frequency are determined, which are
increased by the influence of wing tips.
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Malikov E.
FLUCTUATIONS OF AN AIRPLANE WITH AERODYNAMIC WINGTIP “AT WINGLETS”

By the method of equations of steady rectangular horizontal flight the effect of the aerodynamic wingtips "AT
winglets" on the lateral oscillating stability of the aircraft is investigated. This method calculates the expressions for the
coefficients of the roll and yaw moments for a wing with wingtips, which are used here to obtain an approximate
equation for the lateral oscillatory motion of the aircraft. The forward and backward arrangements of the centers of
pressure of the tips with respect to the vertical plane passing through the lateral coordinate axis are considered. The
derivatives of the coefficients of the roll and yaw moment coefficients for the slip angle for the wing with the tips that
enter the equation for the lateral oscillation of the aircraft are determined. The correspondence between the derivatives
of the coefficients of the moments of roll and yaw for the wings without the tips and with the tips for the slip angle is
established. Using this correspondence, from the known differential equation of the lateral oscillation of an aircraft
with a wing without an wingtip, the corresponding equation of lateral oscillation of the airplane is obtained for the
aircraft for aircraft with a wing with wingtips. A study is made of the solution of this equation in terms of stability,
depwingtip on the ratio of the attenuation coefficient Tt and the coefficient of dynamic stability of the aircraft in yaw
G . The study showed that for a stable lateral oscillation of an airplane, the numbers T and G must be negative and, in

addition, still should be less than — ©a negative number, i.e G < —1t%. It is shown that, in the case of steady lateral
oscillations, the presence of wing tips leads to an increase in the oscillation frequency and amplitude decay factor as
compared to the wing without the wingtips.

Keywords: lateral oscillation, AT winglets, mathematical model, frequency, attenuation coefficient.

Meaikos J. T.
KOJIMBAHHS JIITAKA 3 AEPOOIUHAMIYHUMMUM 3AKIHIHIBKAMUA «AT WINGLETS»

Memoodom pisHsiHb 6CMAHOBIEHO20 2OPUZOHMAILHOZ0 NOLLOMY OOCTIONCYEMBCS BNAUE AePOOUHAMIYHUX 3AKIHYIBOK
kpuna «AT wingletsy na Oiuny cmitxicmes aimaxka KoausawHsm. Llum memooom eusnaueni eupaszu roeqhiyicHmis
MOMEHMIE KPeHy [ PUCKAHHS 0151 KPUAA i3 3aKIHYIBKAMU, 5Ki GUKOPUCMOBYIOMbC MYym Ol OMPUMAHHS HADIUICEHO20
PpisHANHS OiuHO20 KOMUBAHHs Jimaxa. Pozensnymi nepeoHe [ 3a0HE PO3MAULYBAHH YEHMPI6 MUCKI8 3aKIHYIBOK
BIOHOCHO 8epMUKANLHOI NIOWUHU, WO NPOXOOUMb 4epe3 OIUHYy KOOpOUHamHy 6icb. Busnaueni noxiowi xoeghiyienmis
MOMeHmMi6 KpeHy I pUCKAHHSA NO KVIMY KOB3AHHA 0I5l KPUNA I3 3aKIHYI8KAMU, AKI 6X00AMb 6 DIGHAHHS OIYHO20 KOIUBAHHSA
aimaka. Bcmanoenena 3anedxicHicms noxiowux 6i0 KoeiyicHmie MOMeHmMi6 KpeHy i pucKanusa Os Kpui Oe3 3aKiHYigoK
ma i3 3aKiHYIeKAMU NO Kymy Koeszanus. Buxopucmogylouu yio 3anesxicnicms, i3 6i00M020 OupepeHyitinozo pigHsiHHs
OIUH020 KOAUBAHHA AIMAKA 3 KPULOM 0e3 3aKiHYIBOK, OMPUMAHO GIONOGIOHe DIGHAHHSA OIYH020 KOAUBAHHS AIMAKA 3d
KpeHoM OJisl imaka 3 Kpuaiom i3 3axinyiekamu. J{ocriodceno pilients ybo2o pPIGHAHHS 3a CMIUKICIMIO 3A1edNCHO 8i0
GIOHOUIEHHsL Koeiyienma 3a2acanns i Koe@iyieHma OUHAMINHOI cmillkocmi IimaKa 3a PUcKawHsm. Y pesynomami
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OMPUMAHO, WO 0I5l CMILUKO20 OiYHO20 KOIUBAHHA NimaKa yucia T i G maroms Oymu 6i0 €MHUMU i, KpiM moeo, G e

s 2 2 .
Mae 6ymu meHute 8i0 €MHo20 yucia —T° mobmo G < —1". Ilokazarno, wo y pasi 6i4H020 8CMAHOBIEHO20 KOIUBAHHS,
HAABHICMb 3aKIHYIBOK KPULA NPU3800UMb 00 30iNbUIEHHSA YACMOMU KOIUBAHb | KoeqhiyieHma 3a2acantsa amniimyou 8
NOPIGHAHHI 3 KpUiom 6e3 3aKiHYiBOK.

KnrouoBi cnoBa: 6i4yHe konuBaHHA, AT winglets, MaTemaTnyHa Moaenb, YactoTa, koedilieHT 3aracaHHsi.

Meauxkos J.T.
KOJEBAHUS CAMOJIETA C ADPOIUHAMUYECKUMU 3AKOHIIOBKAMMU «AT WINGLETS»

Memodom ypaenenuil yYCMAHOBUBUIE2OCS NPSIMOY2OIbHO2O 20PU3OHMATLHO20 NOAEMd UCCIeOYemcst GIUsHUe
aspoounamuyeckux 3axonyoeox kpwiia “AT winglets” na 6oxosyio ycmotuueocms camonema Koreoanusm. mum
MEMOOOM BbIYUCTIEHbL BbIPAIICEHUS KOIDDUYUEHO8 MOMEHMO8 KPEHA U PbICKAHUsL O KPblid ¢ 3aKOHYOBKAMU,
KOmMOopble UCHONb3VIOMCsE 30eCh O NOAYYeHUsi NPUOIUICEHHO20 YPAGHEHUs OO0K08020 KOLeOAHUs camoiema.
Paccmompenvt nepeonee u 3a0nee pacnonodcenus YeHmpos 0asieHull 3aKOHYOBOK OMHOCUMENbHO BEPMUKANLHOU
nIOCKOCmU, npoxodauell uepe3 OOKo8YI0 KOOpOuHamuyr ocb. OnpedeneHvl npousgooHsie KO3PhuyueHmos MoMeHmos
KpeHa U PbICKAHUSL N0 Y2y CKOIbICEHUs OISl Kpblld C 3AKOHYOGKAMU, KOMOpble 6X005m 6 YypasHeHue OOK08020
KONebaHusl camoiema. Ycmanosnena 3a6Ucumocime nPOU3B0OHbIX 0m KOIPOUUUEHNO08 MOMEHMO8 KPEeHA U PbICKAHUS
07151 Kpblibeg 0e3 3aKOHYO0BOK U C 3AKOHYOBKAMU NO Y2ly CKOIbCceHUsl. MCnob3ys amy 3a6UCUMOCHb, U3 U36ECTHO20
oupepenyuanvuozo  ypasnenus 0O0K08020 KOMeOAHUsL CAMONEmMd C KpPbLIOM 6e3  3aKOHYOBOK MNOJYYEHO
coomeemcmayiouee ypasHenue boKo8020 KONeOanus camoiema no KpeHy Oiisl CAMONema ¢ KpulioM ¢ 3aKOHYOBKAMUL.
Hccneoosano peutenue smoeo ypagHuenusi O YCMOUYUBOCIU 6 3AGUCUMOCMU OM OMHOWEHUsT Kod(duyuenma
3amyxanus. T u KodhPuyuenma OUHAMULECKOU YCMOUYUSOCMU CAMOJIema no pelckanulo G . B umoee noxyueno, umo
0711 YyCmouuueo20 O0K08020 KONeOAHUsl CAMONeMa YUcid T U G O0JICHbL OblMb OMPUYAMETbHLIMU U, KPOME M020, G

2 2
eue O0JIHCHO ObIMb MEHblUE ompuyamenbrHozo 4wucia —T , me. 0 <—T . HOKa3aH0, umo 6 cjiydae yCmaHoeueuiecocs
60K06020 KoONEOAHUS HaATUYUE 3AKOHYOBOK Kpblila npueodum K YB8eJU4YEeHUIO 4acmombl Konebanutl u Koaqbqbuuueﬂma
3amyxaHust wmmumy()bl no CpAa6HeHUI0 ¢ KpbliloM be3 30KOHYOBOK.

KnioueBble cnoBa: 6GokoBoe konebaHue, AT winglets, matematuyeckas Mogenb, YactoTa, KoadduuneHT
3aTyxaHus.
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