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ARCHED GEARS TEETH GEOMETRY WITHIN REFERENCE
PROFILE SHIFT

Teeth geometry of cylindrical arched gears generated by rack tool which is profiled
in normal cross-section and in longitude direction by arbitrary curves taking into ac-
count reference profile shift has been researched. Meshing of arched rack’s and
gear’s teeth within reference profile shift considering as an analogue of the teeth
generating process by rack tool by means of generating method. The essence of this
method is that teeth surfaces of the rack tool envelop the gear’s teeth surfaces. The
equations of teeth surfaces coordinates were obtained in X,;Y,Z; and X;Y>Z, coordi-
nate systems connected with pinion and gear respectively. In common case these
equations are equations of helical surfaces of variable height. Using these equations,
the surfaces coordinates of pinion convex tooth side and gear concave tooth side can
be determined. These equations can be also used for the determination of meshing
field borders, appropriate to the tops of the pinion and gear teeth. The equations are
applicable both for symmetrical and asymmetrical relatively to XOZ plane arched
teeth. Obtained results can be used for the determination of indices of loading ability
and other meshing characteristics of arched gears with generalized teeth geometry
within reference profile shift.

Key words: reference profile, generating surface, arched gears, reference profile
shift, basic rack.

Introduction. Modern terms of market economy raise the tasks of quality in-
crease, reliability and durability of machines and mechanisms in front of enterprises of
machine-building. Gear transmissions take one of the leading places among the output
of machine-building branch because they practically are the constituent part of drives
of all machines. That is why the improving of qualitative indices of gears by means of
the teeth geometry optimization is an actual scientific and technical task.

Geometrical and kinematic indices of loading ability in dependence of the un-
known functions, determining rack type cutting tool geometry, are necessary within
the synthesis of gears teeth geometry [1]. General issues of plane meshing geometry
are considered in works [2, 3, 4]. Though obtained in it results and relations do not
allow to synthesize cylindrical gears’ teeth geometry according to loading ability indi-
ces. In works [3, 4] geometry of cylindrical arched gears, formed by generalized gen-
erating surface, has been researched. Though, research data cannot be applied for
arched transmission within the reference profile shift.

1. Generalized surface of arched teeth rack tool within the reference profile
shift. It can be considered in coordinate system X vz (Fig. 1). Curve 7,(pn) deter-
mining generating surface’s longitude tooth form is given in coordinate system
X,Y Z, , and rack teeth profile is outlined by generalized reference profile in normal

cross-section.
Let’s present the equation of rack tool’s tooth surface (generating surface) in con-
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nected with it coordinate system in the form of vector [1] in order to synthesize cylin-
drical gears’ geometry by given indices of loading ability

o = () + by i)+ 7 2 (1), M
where 7,(u) is a vector, determining longitude generating surface tooth form; b,, 7,
are unit binormal and normal vectors of 7 (u) curve; f;(1), f,(X) are functions, de-

termining reference profile geometry of cutting rack tool (generating surface) in nor-
mal cross-section ; A, p are independent parameters.
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Fig. 1. Parameters of arched teeth generating surface (rack tool teeth surface)

Using the results of the works [3, 4, 5], the equations of arched rack tool teeth sur-
face can be obtained within m =1 mm in the following form (reference profile is

placed above pitch line):
- convex side of arched teeth (Fig. 2)

xi1:f1+E.>’ y;1:y0+f200SB’ Zn:ZO_fZSinB; (2)
- concave side of arched teeth (Fig. 3)
X,=fi+& y,=yy— frcosP+0,5m, z,=z,+ f,sinp, 3)

where y,, z, are the vector’s 7;(i) projections on coordinate axis; [ is the corner of

teeth incline (the corner between axis O,Z and tangent to curve 7(n) (Fig. 1), de-

termined from relations: sinf3 =j/0/1/(j/§ +23), cosP = z'O/w/(jzg +20) 5 Vo» Z, are

the y,, z, function’s derivatives with respect to p; & —reference profile shift.
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Fig. 2. Convex side of arched rack tool’s Fig. 3. Concave side of arched rack

tooth tool’s tooth
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2. Meshing of arched teeth rack tool with gears within reference profile shift.
It is an analogue of the process of teeth cutting with rack tool by means of generating
method. Surfaces of gear’s teeth within meshing with rack are enveloping of teeth sur-
faces of the last one.

The scheme of rack tool meshing with gears is presented at Fig. 4.
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Fig. 4 Scheme of rack tool meshing with pinion and gear (1 is the profile of rack arched tooth
in normal cross-section)

Here O, and O, are axes of pinion and gear, R, R, are radiuses of initial cylin-
ders of pinion and gear, “n.1.” is the pitch plane; X,Y,Z, is the coordinate system,
connected with rod; X,Y,Z, is the coordinate system, connected with pinion (less gear
of teeth pair); X,Y,Z, is the coordinate system, connected with gear (larger gear of
teeth pair); coordinate system, connected with gear (large gear of tooth pair ); XYZ is
fixed coordinate system. Plane ¥ O Z is the pitch plane of the rack; the YOZ plane

n n n

coincides with the pitch plane; axes O,Z,, O,Z, are directed along gear axes; OZ
axis intersects the XOZ plane at the meshing pitch point; ¢,, ¢, — the pinion’s and
gear’s turning angles (@, = u@, , where u — transfer number of tooth transmission); v
— linear rack speed (V' = o,R, = ,R, ); ®;, ®, — corner speeds of pinion and gear.

Within gear rotation (pinion rotation) on the corner ¢; (i =1 for the pinion and
i =2 for the gear) rack will move on the distance R, .

Equations of surfaces of arched rack teeth in unmovable coordinate system XY7Z
have the following form within m =1 mm:
- for left side of reference profile (convex side of arched teeth) using eq. (2)

x=f+&, y=y,+ f,cosP-Ro;, z=2z,—f,sinp; @)
- for right side of reference profile (concave side of arched teeth) using eq. (3)
x*=f,+&, y*=y,— frcosB+n/2—Ro;, z¥=z,+ f,sinp. (3)

Equations of rack meshing with gears we can write down in the form [2]:
- for rack and pinion meshing
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R =7, (6)
- for rack and gear meshing
F =e- V7", (7)
where V7', 77? are the relative speed vectors for rack meshing with pinion and gear;

¢ —unit normal vector with coordinates within » = ( ﬂ)z + ( £ )2 :

e, = ifz'n_l s € = —fl'n_l cosf, e, = fl'rfl sinf3. ®)
Relative speed vectors (within @, =1rad/s, @, =1 rad/s) for rack meshing with

pinion and gear are determined:
- using eq. (4) (convex side of pinion teeth, concave side of gear teeth)

VP =—(yo+ frcosB—Re)i +(f; +E)j +o-k,

- ' e ©)
V2= +f COSB_Rz(Pz)l_(fl +E:)J +o-k;
- using eq. (5) (concave side of pinion teeth, convex side of gear teeth)
VplZ_(J/O_fchSB"‘n/z_Rl(Pl)lT"'(fl"‘a)]_""o‘ka (10)

V7%= (= fr00s B /2= Rogy)i =/ +E)j + 0k,
where j, j, k are unit vectors of fixed coordinate system.
It is necessary to multiply o, and ®, appropriately for identifying true values of
relative speed vector’s projections ¥ ”' and ¥ 7%,
Let’s present the equations of meshing (6) and (7) with the account of meanings
of vector e projections in the following way:

- within rack meshing with pinion and gear (convex side of pinion teeth, con-
cave side of gear teeth)

Fi* = |:_ (yo +f2 COSB_RI(Pl)fZ —(fi +E.>)ﬁ COSB]}’fl -0,
! ' (1D
F = [(yo + fycosB—R,0,) fo +(f; +E)f; cosB}n’l _0:
- within rack meshing with pinion and gear (concave side of pinion teeth, con-
vex side of gear teeth)

F = {— (o= frc05p+7 = lel)[— fz') A é)cosﬁ}nl =0,

(12)
Fy Z{(J/O - COSB"'g_Rz(Pz)‘(_fz )+ﬁ (fl +E.>)COSB:|’71 =0.
As it follows from (9), (10), (11), (12)
VP =(Q cosB)i +(f,+&)j+0-k, a3
VP2 =(—Q cosP)i —(f; +&)j+0-k,
where Q, =M.
g

Equations (11) and (12) are additional terms for parameter A, W, @, connection.

Equations of teeth surfaces for gear and rack meshing in XYZ fixed coordinate sys-
tem as well as meshing of pinion and gear teeth using (11), (12) and (4), (5) can be
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written down:
- for meshing of convex side of pinion and concave side of gear teeth

x=fi+&, y=-QcosP, z=2z,—f,sinf; (14)
- for meshing of concave side of pinion teeth and convex — gear teeth
x=f+&, y=QcosP, z=z,+ f,sinp. (15)

The equations (14) and (15) within @, = const determine instantaneous contact

linesr on the surface of action. The first two equations (14) and (15) within z =const
determine line of action in transversal plane. Using (14) and (15) within p = const the

equations of the line of action in tooth normal cross-section can be obtained.

If teeth surfaces of racks for cutting pinion’s teeth and gear’s teeth are non-
congruous, then we have a case of pinion and gear point meshing. If reference profiles
are non-congruous, then contact points moves from one side of the tooth to another
within A = const . If rack surfaces are non-congruous in longitude direction, then con-
tact point moves along teeth height within p =const. We have an analogue of

Novikov’s meshing in the first case and localization of pinion and gear teeth contact in
the second one.

3. Surface geometry of pinion and gear teeth within reference profile shift.
We will obtain equations of teeth surfaces, while writing down coordinates of meshing

surfaces (14) and (15) in coordinate systems X,Y,Z, and X,Y,Z, (Fig. 4), connected

with pinion and gear. While making such a transition, we have:
- the equations of surfaces of convex side of pinion teeth and concave side of
gear teeth using eq. (14)

X =(fi +&+ R)cos @, +Q, cosPsino,,
y =(f; +&+ R))sing, —Q, cosPcos o, (16)
z, =z, — f,sinf;
X, =(fi+&—R,)cos ¢, —Q, cosPsin @, ,
Vv, =—(fi+&—R,)sinp, —Q, cosPsing,, 17
z, =2z, — f,sinf;
- the equations of surfaces of concave side of pinion teeth and convex side of
gear teeth using eq. (15)
X =(f; +&+R))cosp, — €, cosBsin @, ,
=i +&+R))sinp, + Q, cosPBcoso,, (18)
zy =z, + fosinf;
X, =(fi+&—R,)cos @, + €, cosPsineg,,
Vv, ==(f; +&—R,)sin @, +Q, cosPsin @, (19)
z, =z, + f,sinf.
In equations (16) — (19) variables A W, @;, ¢, are connected by relations (11),

(12). Profiles of pinion and gear teeth in normal cross-section are identified using
equations (16) — (19) within p = const, in transverse cross-section within z, = const

z, = const. These equations determine coordinates of instantaneous contact lines of

the pinion and gear teeth working surfaces within ¢, =const, ¢, =@, /u (u is gear
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ratio).

The equations (16) — (19) determine within A = const the trace of contact point on
teeth surface while it moves from one side to another. In common case equations (16)
— (19) within A =const are essentially the equations of helical lines of variable pitch.
Cylinder radiuses, on which these helical lines are placed can be determined from the
first two equations (16) — (19):

Ry, :\/(fl +§+R1)2 +(Ql COSB)Z ,
Ry, =J(f1+§—Rz)2 +(Ql COSB)Z-

These equations can be used for the determination of meshing field borders, ap-
propriate to the tops of pinion and gear teeth. It is necessary to take the values
R,=R,, R, =R, (R,,R, —radiuses of pinion teeth tops and gear) in (20), and

the values of z and z, from equations (16) — (19) within the determination of p.

(20)

Values of z and z, are necessary to be taken less than gears width.

Two types of arched gears are possible. The first one is symmetric gears with
arched teeth which are symmetric relatively to the plane XOZ (Fig. 4). The second
one is asymmetric gears with arched teeth which working surface is located from one
side of the XOZ plane (Fig. 4).

In the first case the values of z in equations (14) and (15) meet the condition
—B<z<B (B is the gear width). In the second one the condition is B, <z<B (B,

is the distance from XOZ plane to the nearest tooth face (Fig. 4).

Conclusions. Received results can be used for the determination of indices of load-
ing ability and other meshing characteristics of cylindrical arched gears with general-
ized teeth geometry within reference profile shift.
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II. HOCKO, O. BALITA, A JIMCEHKO, I1. TKAY, A. BALIITA

IF'EOMETPIA 3YBIIB APOYHUX ITEPEJAY ITPU 3MIIITEHI
BUXITHOI'O KOHTYPA

JHocmimkena reomerpis 3yOwiB MIIIHAPHIHUX 3y0UacTUX KOJIIC, HAPi3aHUX PEHKOBUM 1HCTDPY-
MEHTOM, 3yOIli SKuX Mpo(iThOBaHI JOBUIBHUMH KPUBUMH B HOPMAJIHHOMY ITOIEPEIHOMY IIe-
pepisi Ta B IpsIMOJIHIHHOMY HAIIPAMKY 3 ypaxyBaHHIM 3MIIIEHHS BUX1IHOTO KOHTYpY. 3adern-
JICHHS IHCTPYMEHTAIBHOI PEHKH 3 apKOBUMH 3YOILIMHU i3 3y04acTHMH KOJIECAMH 3 ypaxyBaH-
HSIM 3MIIIIEHHS BUX1THOTO KOHTYPY € aHaJOroM IPOIeCy Hapi3aHHs 3yOIliB 3a TOMOMOTOI0 Me-
Toxay 0OKouyBaHHSA. CyTh METOMy ITOJISITAE€ B TOMY, IIIO TTIOBEPXHI 3yOILiB PEHKOBOTO iHCTpyMe-
HTY 0OKOYYIOTh IIOBEPXHi 3yOILiB 3y0UacTux Koiic. SKIo moBepxHi 3yOIliB IHCTPyMEHTAIBHOL
pe¥iKu Ui Hapi3aHHA 3yOYacTWX KOJIC Ta IIECTepPeH HEBiAOBiNHI, TO y HasBHUN BHIIAJOK
TOYKOBOT'O 3aUeIUICHHS IIECTePHI Ta Koieca. SIKIIo MMOYaTKOBI MpoQili HeCcymepewinsi, TO
KOHTAaKTHA TOYKA TEPEMIIYyEThCA 3 OAHI€T CTOPOHM 3y0a Ha iHmry. bynmu orpuMaHi piBHSIHHS
MTOBEPXOHb 3YyOIiB B cucreMax xoopawHaT XY Z; i X;Y,Z,, 10 TOB'sA3aHi i3 MIECTipHEIO Ta
KoJiecoM BianoBinHO. OTpUMAaHO PiBHSHHSA HOBEPXOHb OITyKJIOI CTOPOHH 3YyOLiB IIECTEpHI Ta
YBITHYTOI CTOpOHH 3yOIiB Kojleca. Y 3aralbHOMY BHNAJAKY Il PIBHAHHS € PIBHAHHSIMH IT'BHHTO-
BHX MOBEPXOHb 3MIHHOI BUCOTH. 3 BHKOPUCTaHHAM IMX PiBHAHb MOJKHA BU3HAUYaTH KOOPAHMHA-
TH TOBEPXOHb OITYKJIOI CTOPOHHU 3YOIliB IIECTEpHI Ta YBIrHYTOi CTOpOoHM 3yOriB koieca. Lli
PIBHSHHS MOXXYTh TaKOXK OyTH BHKOPHCTaHI NP BU3HAYCHHI TPAaHUIIb ITOJSA 3a4EIUICHHS, IO
BiJIMOBiTAIOTh BEPIIMHAM 3YOIiB IIECTEPHI Ta Kojeca. PiIBHAHHA MOXYTh OyTH 3aCTOCOBaHI
JUIA CHMETPUYHHX Ta aCUMETPUYHMX BimHOCHO miomuHNM XOZ apkoBux 3yomis. OtpuMmani
pe3yABTaTH MOXKYTH OyTH BUKOPHUCTAHI IPW BU3HAYCHHI TTOKA3HUKIB HABAaHTAXKYBAJIHHOI 3/1aT-
HOCTI Ta IHIINX XapaKTePUCTUK NITIHAPUIHUX apOYHUX Mepeaad i3 y3araabHEHOI TeOMEeTpi-
€10 3YOIIiB 31 3MIIIEHHAM BHXiIHOTO KOHTYPY.

KurouoBi ciioBa: BUXigHMIT KOHTYD; TBipHA IIOBEPXHS; apOYHI IIepeadi; 3MIIIeHHS. BUX1THOTO

KOHTYpY; 3y0uacra perka.
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