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AN IMPROVED TECHNIQUE FOR THE INTEGRATION OF
CONSTITUTIVE RELATIONS FOR SINGLE-CRYSTAL PLASTICITY

Turbine blades in aero engines experience complex thermo-mechanical loadings, in-
cluding creep, relaxation and cyclic straining. With respect to single-crystal super-
alloys, the dependence on the orientation becomes also crucial. Hence, the integra-
tion of the constitutive models to simulate the mechanical response of blades needs
the robust numerical algorithms.

The constitutive relations for the single-crystal plasticity include a set of in-
equalities attributed to the Kuhn-Tucker conditions. Since the active constraints are
a priori unknown, the conventional solution strategy follows a slip update procedure.
The active slip systems which satisfy the constraints are thus iteratively determined.
This is rather computationally expensive. Moreover, the convergence of the slip up-
date procedure is an open issue. The paper addresses the topic of a stress-update al-
gorithm which avoids the mentioned iterative search for the active constraints. To
this purpose, the mathematical theory for replacement of inequalities by equations is
applied. The constitutive relations are reformulated to the problems which omit ine-
qualities with respect to new unknowns. These are uniquely related with the un-
knowns of the original problem.

The computational efficiency of the approach is demonstrated by the implicit
integration of a crystallographic constitutive model for face-centered cubic (fcc) sin-
gle-crystals. The shear strain rates on twelve octahedral and six cubic slip systems
contribute to the resulting inelastic strain. For a more general consideration, the
rate-dependent slip is assumed in addition to rate-independent plasticity. As a conse-
quence, the deformation at both moderate and high service temperatures can be re-
produced.

Keywords: constitutive relations, single-crystal plasticity, integration evolution equa-
tions, slip update procedure.

Introduction. Computation of mechanical response of a single-crystal, as a spe-
cial case of multi-surface plasticity, is accompanied with two numerical difficulties.
The first one is the problem of redundant constraints [1], which results in a non-unique
solution of the constitutive relations. The second problem is that the constitutive rela-
tions for plasticity include inequalities, also known as Kuhn-Tucker conditions [2]:

f, =012 >0, (1)
and

£, <0,17 =0, )
where X;’ is referred to as a plastic shear strain rate and f, as a flow criterion func-
tion for the crystallographic slip system g . Indeed, whether relation (1) or (2) has to
be solved for a certain slip system g is unknown in advance because the flow criteri-
on functions and plastic shear strain rates are unknown. The set of active constraints,
i.e. the set of active slip systems A = { ge G‘ Je= O} , is usually prescribed following

some assumption. The corresponding equation (1) is solved for each active slip sys-
tem. The solution is accepted if it fulfills the inequalities in the Kuhn-Tucker condi-
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tions. Otherwise, the set A is updated until the appropriate solution is found. Thus, an
iterative procedure is necessary for determination of A. Evidently, this procedure
contributes to the numerical expense of the integration strategy. Moreover, one should
provide the iterative procedure for searching A with a robust update rule for the set of
active slip systems [1, 2]. The paper addresses the issue of a stress-update algorithm
which avoids the mentioned iterative procedure.

Problem setting. In order to replace the inequalities, we introduce state variables

v, instead of A} for each slip system [3]:
v, =Ah{ +&f,, £>0, g€G, (3)

with an arbitrary positive parameter . These state variables uniquely determine the
unknown set of active slip systems:

Az{geG‘ngO}, 4)

and the plastic shear strain rates:
A=, (5)
where <x>+ are the McCauley brackets, and <x>_ :=x—<x>+. The conditions (1) and

(2) are therefore equivalent to the following equations:

(v,) —A2=0, (6)
(v,) —&f, =0, vE>0. (7)
Thus, if the plastic strain rate tensor is given by an associative flow rule:
&' =Y A"-of,(c)/ o, 8)
geG
then with regards to the new state variables holds:
& =3 (v,) -9, (c)/ do. 9)
geCG

The stress tensor is further computed due to the linear relation

0'=C2(8—8p), (10)
where C represents the fourth-order elasticity tensor.

The new formulation (6) and (7) of the Kuhn-Tucker conditions is free of inequal-
ities. It includes only equations with respect to the state variables v, . The latter can be

found using conventional solvers for systems of non-linear equations.

Results. The performance of the presented stress-update algorithm is demonstrat-
ed due to integration of a crystallographic constitutive model for fcc single-crystals. It
regards twelve octahedral and six cubic slip systems. Moreover, the model accounts
for coupling of plasticity and viscoplasticity [4]. It contains two boundaries: an elastic
one and a viscoplastic one. Between the boundaries, the only contribution to yielding
is the rate dependent viscoplastic mechanism; the viscoplastic strain tensor is given
by:

évpzzy‘;ﬁ.“g’ (11)

geG
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where p, denotes the orientation tensor corresponding to the slip system g . Once the

viscoplastic boundary is reached, an additional rate independent flow mechanism be-
comes active. Thus, construction of a robust iterative procedure for searching active
slip systems becomes an intricate task since the respective update rule should distin-
guish between the viscoplastically- (lying between the boundaries) and plastically-
active (lying on the viscoplastic boundary) slip systems [4]. On the contrary, the
stress-update algorithm dealing with the alternative formulation overcomes searching
for active slip systems. Moreover, the numerical examples demonstrate essential com-
putational efficiency of the presented algorithm as compared to those searching itera-
tively for the active slip systems [3]. The incremental form of the model was imple-
mented through the UMAT subroutine in the ABAQUS finite element program. Ex-
amples of simulations of the uniaxial tension in [001] direction are demonstrated in
fig. 1. Depending on the size of the viscoplastic region (i.e. between the elastic and the
viscoplastic boundaries of the model), three possible responses beyond the elastic do-
main can be initiated: pure viscoplasticity, pure plasticity as well as a coupled visco-
plastic/plastic response.

0,01/
c ™ B
® 0,00 5
> -
>
-0,01+ (a)
0 10 20 30 40 50
time
600 )
-------- plastic
400 —— viscoplastic
200 —— plastic +
@ 0 viscoplastic
o
? 200
-400
-600 . . .
-0,01 0,00 0,01
strain

Fig. 1: Simulation of tension in [001] crystal orientation for three virtual materials, which differ
in the range of the viscoplastic region. Eight octahedral slip systems are identically loaded.
(a) Prescribed strain. (b) State functions for the active slip systems. The positive values reflect
exactly the plastic shear strain rate (5). (c) Stress response.

Conclusions. A novel mathematical approach has been proposed for efficient in-
tegration of the crystallographic constitutive models whose formulations include the
Kuhn-Tucker conditions. It has been shown that the mathematical problem can be re-
formulated such that the new formulations include only equations with respect to new
unknown variables. Hence, the modified formulations are suitable for numerical anal-
ysis using established powerful mathematical methods developed for solving systems
of non-linear equations. The computational efficiency was demonstrated by simulation
of a tensile test in the [001] orientation.
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B. M. KIH/[PAYYVK

YJIOCKOHAJIEHU MATEMATHYHHAM XTI IO IHTEI'PYBAHHSI
KOHCTUTYTUBHUX CIIIBBI/IHOIIEHD 3AJAYI INVIACTUYHOI TEYII
MOHOKPUCTAIYHUX CYHEPCIIJIABIB

JlonmaTku ra30BUX TYpOiH MPAIIOIOTH 32 YMOB KOMIUIEKCHUX TEPMOMEXAHIYHNX HAaBaHTA-
KEHb, KOTPI CYIPOBOMKYIOTHCS MOB3YUICTIO, PENAKCAINEI0 1 Mepepo3MOIiIoM HAPYKEeHb Ta
TaKOXX IUKITIYHAMHA HABaHTAKEHHAMU. J[7Is MOHOKPHCTANIYHHUX CYIIEPCIDIABIB BHpIIIaIbHE
3HAYEHHS Ma€ TaKOXX 3aJISKHICTh BiJl IPOCTOPOBOI OpieHTAIii Kpuctary. OTXe, IHTerpyBaHHS
KOHTHHYATbHHUX MOJENEH, KOTpi pealliCTHIHO BiT0oOpaxkaroTh AeopMaIlito JIOMaToOK B yMOBaX
eKCIUTyaTallii, moTpeOyloTh HaJiHHUX YHCENFHIX aJTOPUTMIB.

KoHCTUTYTHBHI CITIBBiTHOIIEHHS 3a7adi INIACTHYHOI T€Yii MOHOKPHCTAITY MiCTSATh CYKY-
ITHICTh PiBHSIHB Ta HEPIBHOCTEH, IO TaKOX Bigomi sk ymoBH KyHa-Takepa. OcKibKH aKTHUBHI
CHCTEMH KOB3aHHS (aKTHBHI oOMexkeHHs B ymMmoBax Kyna-Takepa) 3a3maserinp HeBigoMi, HaOip
PIBHSHB, IO IMiIIATAIOTH PO3B'S3aHHIO, € TAKOK HEBM3HAUCHMM. Kiacmuna crpaTeris moisrae B
ITepaTHBHOMY IIOIIYKY aKTUBHMX CHCTEM KOB3aHHA IUIIXOM iX mepe0opy 3TiTHO 3 TIEBHAM IIPaBH-
sioM. Takum 9rHOM, Ha KOXXHOMY KPOIIi TIOIIYKY MPHITYCKAETHCS IEBHIH CKJIaa AKTUBHUX CHCTEM
koB3aHHA. Cama Tporenypa TpUBae JOKHM He Oyae OTpHMaHWi pO3B'A30K, IO 33I0BOJIBHSIE YCIM
ymoBaM Kyna-Takepa. KimacuaHa crpaTeris NpH3BOIUTE A0 3HAYHUX OOYHCIIOBATBHHUX BUTPAT
3YMOBJICHHX TPOIIEAYPOIO Tepedopy chcTeM KoB3aHb. OKpiM TOro, MUTaHHS 301KHOCTI i€l mporie-
ITypH 3aJIAIIAETHCS BITKPATHM. Y CTaTTi POSTIITHYTO allbTePHATHBHUIM MaTEMaTHIHUN Ti/IXi]T, KOT-
pHii TO3BOJIsIE YHUKHYTH 1TEPaTUBHOTO ITEPeOOPy CHCTEM KOB3aHb. 3 II€F0 METOI0 3aCTOCOBYETHCS
MaTeMaTH9IHA TeOpis anreOpH JIOTIKH TSl 3aMiHA HEpPiBHOCTEH piBHAHHAMH. KOHCTUTYTHBHI CITiB-
BiZTHOIICHHSI MOKHA TOI C(OPMYITIOBATH BUKITIOYHO Y BUIIIII PIBHSHB MO0 HOBHX HEBIIOMUX.
Bonn 01H03HAYHO ITOB's13aHI 3 HEBIIOMUMH BUXIIHOI 3a/1a4i.

OOuncmoBanbHa €(hEeKTUBHICTH 3aMPOMIOHOBAHOrO MiIXOAY MPOAEMOHCTPOBaHA HA PHKIA/IL
IHTETpYBaHHS PIBHSHD TEYil I MOHOKpPHCTANa 3 TPAHEIICHTPOBAHOK KYOIYHOIO IPATKOIO (TTIK).
[NpurryckaeTbes, Mo 3CyB BiAOYBa€ThCS MO JBAHAIATH OKTACIPAIFHAM Ta IIECTH KyOIIHUM CHIC-
TemMaM KoB3aHHS. JIJisi ORI 3arajibHOrO PO3TIISMY BPAaXOBYETHCS B'S3KOIUIACTHYHA TEUis, KOTpa
peaNicTHIHO BIATBOPIOE AeOpMAIIiio CyIepCIliaBiB 3a BUCOKUX pOOOYNX TEMIIEPATYP.

Ki11040Bi c/10Ba: KOHCTUTYTHBHI CITiBBiIHOIIEHHS, IDIACTUYHA TEYisl, IHTErpyBaHHS €BO-
JFOLIHUX PIBHSHB, ITONIYK aKTUBHUX CUCTEM KOB3aHHSI.
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