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Introduction 
The measurement of geometric dimen-

sions of details and complex spatial surfaces 

with specified accuracy is extremely im-

portant in contemporary reality of develop-

ment of industrial production in Ukraine. The 

quality and reliability of the functioning of 

components and details of complex mecha-

nisms and machines depend on the accuracy 

of their manufacturing. The three-coordinate 

information and measurement systems for 

measuring of mechanical values, details, 

components, and spatial surfaces of various 

configurations are used increasingly due to 

the intensive development of instruments pro-

duction.  

However, the existing coordinate meas-

uring machines are not so productive; they are 

characterized by low accuracy, reliability, and 

resistance to disturbance; they cannot be used 

as content elements of flexible production 

systems. These measuring tools cannot be 

used for control of objects with complex spa-

tial surface and do not satisfy contemporary 

requirements for accuracy and velocity of 

measurements. The largest numbers of known 

coordinate measuring machines are used now 

in laboratory conditions only; they are not 

adapted for the work in conditions of manu-

facturing workshops. 

One of the important stages of the anal-

ysis of coordinate measuring systems is ex-

amination of their functioning in conditions of 

manufacturing workshops, with deviations 

from the normal conditions of the devices ex-

ploitations. 

In the branch of measurements of me-

chanical values and parameters of movements 

the methods and technical devices of coordi-

nate measuring systems are the only possible 

means for non-contact control of movement, 

velocity and acceleration. 

In process of many practical problems 

solution, that arise in instrument engineering, 

as well as during scientific research, the infor-

mation deficiency exists due to the mode of 

measurements of the function of the state and 

other factors. This deficit is replenished by the 

solution of the problems of control of distrib-

uted systems, such as mathematical modeling, 

estimation of the state and parameters of sto-

chastic processes, minimization of the num-

ber of the points for measurement and optimi-

zation of their location in spatial domain. 

Among numerical requirements for 

measurements of mechanical characteristics, 

the need to ensure high static and dynamic 

characteristics regarding control under the in-

fluence of destabilizing factors with minimal 

deviations in transient modes of operations is 

important. One of the methods of disturbing 

factors compensation is the use of gas-lubri-

cated linear motors in-built into the dampers 

of the coordinate measuring system. 

Purpose 
The purpose of present study is to inves-

tigate the effect of non-Gaussian disturbance 

on the control system of linear motors with gas 

lubrication of the coordinate-measuring 
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system during the measurements of mechani-

cal characteristics of objects with complex spa-

tial surface. 

Main part 
The case of measurement (estimation) 

of a vector information parameter under the 

influence of additive interference with a non-

Gaussian probability distribution density 

(PDD) is studied. 

The sampling of random process  

𝑋ℎ = 𝑋(𝑡ℎ), h=1,…,H, is a mixture of useful 

signals S(,th), which contains information 

about the measured information parameters 

={1,…,m}, and, in addition, in general 

case, non-Gaussian disturbance  nh 1, 3, 4, 5 

 X(ih)=S(, th)+nh. 

Let’s suppose that the results of mechan-

ical characteristics measurements are the func-

tions of sufficient statistics, and they have the 

asymptotic properties of sufficiency, shiftless 

and normality, as well as fulfilled regularity 

conditions. 

We also suppose that additive disturb-

ance and measurement parameters are inde-

pendent. 

The task of determining the optimal fil-

tering of random process of mechanical char-

acteristics measurements is in transforming of 

the signal 𝜉 in order to most accurately repro-

duce S. The density of the distribution 𝑝(𝑥 𝜆⁄ ) 

depends on the vector parameter ={1,…,s}, 

𝑝 ≥ 2. To obtain the expansion into a power 

polynomial relative to 𝑥:

 𝑙𝑛 𝑝𝑠 (𝑥 𝜆⁄ ) = ∫ ∑ 𝑘𝑖(𝑡)[𝑥𝑖 − 𝑚𝑖(𝑡)]𝑑𝑡 + 𝑐𝑠(𝑥)𝑠
𝑖=1

𝜆

𝑎
, (1)

where, 𝑐𝑠(𝑥) – is a function that does not de-

pend on 𝜆, and for the sequence to converge 

𝑥 for the sequence {𝑙𝑛 𝑝𝑠 (𝑥 𝜆⁄ )} to the loga-

rithm of the distribution density 𝑙𝑛 𝑝 (𝑥 𝜆⁄ ) 

for 𝑠 → ∞ it is necessary to determine 𝑘𝑖(𝜆) 

from the solution of the system of linear alge-

braic equations [1]:

 ∑ 𝑘𝑗(𝜆)𝐹𝑖𝑗(𝜆)𝑠
𝑗=1 =

𝑑

𝑑𝜆
𝑚𝑖(𝜆), 𝑖 = 1, 𝑠,

where, 𝐹𝑖𝑗(𝜆) = 𝑚𝑖+𝑗(𝜆) − 𝑚𝑖(𝜆)𝑚𝑗(𝜆) 

𝑖, 𝑗 = 1, 𝑠, 𝑚𝑖(𝜆), 𝑚𝑗(𝜆) – are the moments. 

According to (1), for finding the estimation of 

the vector parameter, the approximation of 

compatible density of the distribution of inde-

pendent sample values will be: 

 𝑝𝑠𝑛(𝑥 𝜆⁄ ) = 𝑒𝑥𝑝{∑ ℎ𝑚𝑖(𝜆) ⋅ 𝑡𝑖𝑛 + ℎ0(𝜆) + 𝑐𝑠(𝑥, 𝜆 𝜆𝑚⁄ )𝑠
𝑖=1 }, (2)

where the following designations were used: 

 ℎ𝑚𝑖(𝜆) = ∫ 𝑘𝑖𝑚𝑑𝑡
𝜆

𝑎
, 

 ℎ0(𝜆) = 𝑛 ∫ ∑ 𝑘𝑖(𝑡)𝑏𝑖(𝑡)𝑑𝑡𝑠
𝑖=𝜆

𝜆

𝑎
, 

 𝑡𝑖𝑛 = ∑ 𝑐𝑠(𝑥𝑟)𝑛
𝑟=1 , 

where, 𝑐𝑠(𝑥, 𝜆 𝜆𝑚⁄ ) – is a function independ-

ent on the component vector parameter.  

According to the Kramer-Rao theorem, 

the dispersion of any shiftless estimation is 

determined by the inequality [1]: 

 𝐺𝜆
2 ≥ [−𝑚{𝑑2 𝑙𝑛 𝑊𝑛 (𝜆)/𝑑𝜆2}]−1, (3) 

where Wn() – is a likelihood function. 

Let’s assume that the logarithm of the 

likelihood function (LLF) exists and it is: 

 Bn=lnWn{Xh-S(,th)}, (4) 

where Wn{*} – is the PDD of additive disturb-

ance. 

The estimation of the accuracy of the 

vector information parameter measurement 

let’s examine on the base of example of ran-

dom vibration processes that take place dur-

ing the vibration of the basement in flexible 

manufacturing systems, and the measurement 

of the frequency – , the derivative of the fre-

quency –   and the phase –   of the useful 

signal of the sensors: 

 𝑆(𝜆, 𝑡ℎ) = 𝑈𝑚ℎ 𝑐𝑜𝑠[(𝜔 + 0,2𝜔′𝑡ℎ)𝑡ℎ + 𝜙]. (5) 

Let’s represent the useful signal (2) S(, 

th) as: 

𝑆(𝜆, 𝑡ℎ) = 𝑈𝑚ℎ 𝑐𝑜𝑠( 𝜆1 + 𝜆2𝑡ℎ + 𝜆3𝑡ℎ
2), (6) 

where 1=;  2= ;  3= . 
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For the measured signal we define the 

derivatives:

 𝑆𝜆𝑖
′ (𝜆, 𝑡ℎ) = 𝑈𝑚ℎ𝑡ℎ

𝑖−1 𝑠𝑖𝑛( �̂�1 + �̂�2𝑡ℎ + �̂�3𝑡ℎ
2); i=1, 2, 3. (7)

Estimating the information parameters 

through the maximum of the posterior density 

of the probability distribution (PDPD), three 

equations have to be performed:
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The lower limit of the Kramer-Rao ine-

quality for the dispersion of shiftless common 

parameters of the useful signal  

 = {, , }, let’s write as 4: 

 𝐺𝜆𝑖𝑗
2 ≥ |𝐼𝑖𝑗| |𝐼|⁄  ; i, j=1,2,3, (9) 

where |𝐼𝑖𝑗| – is the algebraic complement of 

element Iij  of Fisher's information matrix;  
‖𝐼‖; |𝐼| – is the determinant of the matrix. 

The elements of the information matrix 

at ij take into account the mutual dependence 

of the evaluated parameters. If the measured 

parameters do not depend on each other, the 

information matrix is simplified, and we 

have: 

 [𝐼] = [

𝐼11 0 0
0 𝐼22 0
0 0 𝐼33

]. (10) 

Dispersion of the parameters for this 

case will be 

 𝐺𝑎𝑖
2 = 𝐺𝑎𝑖𝑖

2 = |𝐼𝑖𝑖|/|𝐼|; i=1, 2, 3. 

The elements of the matrix (10) can be 

expressed by the ratio:

 𝐼𝑖𝑗 = ∑ ℎ𝜆𝑖
′ (�̂�1, �̂�2, �̂�3, 𝑡𝑙 , 𝑡ℎ)𝑆𝜆𝑖

′𝐻
ℎ=1 (�̂�1, �̂�2, �̂�3, 𝑡ℎ)𝛥 + 𝐼𝜆ф𝑖𝑗. (11) 

where H = T – is the whole part of the ratio;; 

 = h- ( h-1) – interval of time counts; ti – be-

ginning of the time of measurement; S′j – de-

rivative of the processed useful signal accord-

ing to the estimated parameter j (j= 1,2,3), 

due to  ˆ= ; Iфij – component of Fisher's in-

formation matrix; h′i – derivative for param-

eter i(i = 1,2,3), conditioned for 𝜆 = �̂� from 

the weight function h(, tl, th), which is a so-

lution of the equation:

 ∑ 𝑅𝑛(𝑡ℎ − 𝑡ℎ−1)ℎ(𝜆, 𝑡𝑙 , 𝑡ℎ)Δ = 𝑆(𝜆, 𝑡ℎ)𝐻
ℎ=1 ,  (12)

where Rn(th-th-1) – is a correlation function for 

disturbance, ℎ(𝜆, 𝑡𝑙 , 𝑡ℎ) = 𝜇𝑛
2𝑁𝑛

−2𝑆(𝜆, 𝑡ℎ), 
where 𝜇𝑛

2 ≥ 1 – is the coefficient that takes 

into account the difference between PDD of 

additive disturbance and Gaussian one [3]; 

𝑁𝑛
2 – spectral density of disturbance. 

Then the relation (11) will be: 

 𝐽𝑖𝑗 = 𝜇𝑛
2𝐺𝑛Δ

−2 ∑ 𝑆𝜆𝑖
′ (�̂�, 𝑡ℎ)𝑆𝜆𝑗

′ (�̂�𝑙, 𝑡ℎ) + 𝐼𝜆ф𝑖𝑗 ,𝐻
ℎ=1   (13)

where 𝐺𝑛𝛥
2 = 𝑁𝑛

2 𝛥⁄  – is dispersion of dis-

turbance. 

Let’s put into (13) the value of deriva-

tive𝑆𝜆𝑖(�̂�, 𝑡ℎ) , for  0 < 𝑡 ≤ 𝑇 , and we will 

have:

 𝐼𝑖𝑗 = 0,2𝜇𝑛
2𝐺𝑛Δ

−2 ∑ 𝑈𝑚ℎ
2 𝑡ℎ

𝑖+𝑗−2
[1 + 𝑠𝑖𝑛 2 (�̂�1 + �̂�2𝑡ℎ + �̂�3𝑡ℎ

2)] + 𝐼𝜆ф𝑖𝑗
𝐻
ℎ=1 . (14) 

For a large number of measurements will be: 

 𝐼𝑖𝑗 = 𝜇𝑛
2 𝑈𝑚ℎ

2

2𝐺𝑛
2 (−1)𝑖+𝑗−2𝑇𝑖+𝑗−2(𝑖 + 𝑗 − 1)−1 + 𝐼𝜆ф𝑖𝑗, (15)

where, 𝑈𝑚 = 𝐻−1 ∑ 𝑈𝑚ℎ;𝐻
ℎ=1  𝐺𝑛

2 =
𝑁𝑛

2(𝛥𝐻)−1 = 𝑁𝑛𝑛
2 /Т – is the dispersion of ad-

ditive disturbance. 

We signify А = 𝑈𝑚
2 /2𝐺𝑛

2, that play the 

role of generalized signal/disturbance ratio, 

and the matrix  I  will be written as:
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 [𝐼] = 𝜇𝑛
2𝜌 [

   1         − 0,2𝑇        1/5𝑇2

−0,2𝑇       1/3𝑇2      − 0,25𝑇3

  1/5𝑇2    − 0,25𝑇3     0,5𝑇4

] + [

𝐼λф11   𝐼λф12     𝐼λф13

𝐼λф21    𝐼λф22     𝐼λф23

𝐼λф31    𝐼λф32     𝐼λф33

]. (16) 

If the PDD of measured parameters [4]: 

 𝑊𝜆(𝜆) = (2𝜋𝐺2)−1,5𝐷−0,5 𝑒𝑥𝑝{−(2𝐺2𝐷)−0,5 ∑ ∑ 𝐷𝑖𝑘(𝜆𝑖−𝑎)(𝜆𝑘−𝑎)3
𝑘=1

3
𝑖=1 }, (17)

where G2 and а – are the dispersion and aver-

age value; D – determinant of the matrix R, 

the elements of which are the value of the nor-

malized correlation function: Dik  – the 

algebraic complement of the element Rik in 

the matrix, then the information matrix [𝐼𝜆ф𝑖𝑗] 

will be:

 [𝐼𝜆ф𝑖𝑗] = (2𝐺2𝐷)−1 [

  2D11          D12 + 𝐷21     D13 + 𝐷31 
 D21 + 𝐷12         D22          D23 + 𝐷32

 D31 + 𝐷13      D32 + 𝐷23         D33

]. 

Let’s determine the correlation matrix 

of errors (10) by the method of maximum 

likelihood [1]: so, we have: 

 [𝐼] = 𝜇𝑛
2𝜌 [

   1         − 0,2𝑇        1/5𝑇2

−0,2𝑇       1/3𝑇2      − 0,25𝑇3

  1/5𝑇2    − 0,25𝑇3     0,5𝑇4

]. 

The determinant of this matrix will be: 

 [𝐼] = (𝜇𝑛
2𝜌)3𝑇𝜎/720 (18) 

Substituting values (15), (18) into (9), 

under the influence of non-Gaussian additive 

disturbances we have for: frequency, fre-

quency derivative, and phase, respectively, 

 𝐺𝜔
2 ≥ {𝜇𝑛

2𝜌𝑇2 61⁄ }−1, 

 𝐺
𝜔′
2 ≥ {𝜇𝑛

2𝜌𝑇4 240⁄ }−1, (19) 

 𝐺𝜙
2 ≥ {𝜇𝑛

2𝜌 3⁄ }−1 

If the object of measurement is installed 

on the rotary table, and it moves with a con-

stant speed, i.e. = 0, we have: 

 𝐺𝜔
2 ≥ {𝜇𝑛

2𝜌𝑇2 12⁄ }−1; 𝐺𝜙
2 ≥ {𝜇𝑛

2𝜌 3⁄ }−1. 

Inequality (19) demonstrates that the 

lower limits of the dispersion of estimates   and 

  are significantly lover if they are measured in 

the middle of the observation interval. The in-

crease in the accuracy of such measurements is 

due to the fact that the off-diagonal elements I12, 

I21, I23, I32 are equal to zero and only the elements 

I13, I31 differ from zero. If non-diagonal elements 

in matrix [𝐼] (16) differ from zero, it is necessary 

to take into account the presence of correlation 

links between the estimation errors of individual 

measurement parameters. 

Thus, with an increase of , Т, і 𝜇𝑛
2, the re-

duced error of measurement decreases, and the 

measurement accuracy increases. 

Conclusions 
As we can see from (19) and taking into 

account the non-Gaussian nature of the addi-

tive disturbance; this allows us to increase 

significantly the accuracy of measured pa-

rameter. Moreover, the more the PDD of the 

additive disturbance differs from the Gauss-

ian one, the more accurately we get the meas-

urement result. 
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