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BeedeHue

Monenu MaccoBoro o0CITy>KUBaHUS C
Pa3sHOTUIHBIMH BBI30BAMHU IIUPOKO MpUMe-
HSIOTCS JJI1 U3yYEHHUS] COBPEMEHHBIX MYIb-
TU-CEPBUCHBIX CETE€U. DTO OOBSICHSIETCS TEM,
YTO TaKH€ MOJENIU TO3BOJSIOT JTOCTATOYHO
a/ICKBaTHO OIHCHIBATH IOBEJCHHE YyKa3aH-
HBIX CeTell W YYUTHIBaTh Pa3lM4YHBbIE TPeOO-
BaHUS, KOTOPBIE PpA3HOTUIIHBIC BBI3OBBI
NPEIbABISAIOT K IMOKa3aTelsiM KauecTBa UX
obciyxuBanus (Quality of Service, QoS).
[Ipy u3yyeHUM TakUX MOJAENEH BaKHBIMU
SBIISIIOTCSL TIPOOJIEMBI  pacIpeiesieHus] po-
MyCKHOW CMOCOOHOCTH KaHajOB CHCTEMBbI
MEX/y Pa3HOTHITHBIMU BBI30BAaMH. DTH MPO-
OJeMBbl JI0CTaTOYHO MNOAPOOHO M3YYEHBI B
JOCTYIHO# nuteparype [1-7].

[TonHOZOCTYNHAsT cXeMma MCIOJIb30Ba-
HUS TIPOIYCKHOW CITOCOOHOCTH KaHAaJOB
BCEMM BBI30BAMHU SBIIIETCS Hambosee Mpo-
CTOH, B TO K€ BpEMsI OHa YacTO MCIIOJIb3yeT-
csi B peanbHbIX ceTsix. [loaTromy B naHHOU
pabote u3ydaercs MOJEIb CHUCTEMBbI 0OCTy-
KUBaHUA C TIOJIHOJOCTYITHOM cXeMoi uc-
MOJIb30BaHUsl KaHaNoB. [Ipu 3TOM 1 KOH-
KPETHOCTH M3JI0KEHUS M3Y4aeTcsi MOJETb, B
KOTOPOH 00CITY’)KHBAIOTCSI ITMPOKOITOJIOCHBIE
BBI30BBI JJAHHBIX U Y3KOIOJOCHBIE BBI3OBBI
peun.

OnucaHue cucmemsl U nocma-
HoekKa 3adayu

N3yuaemas cucrema coxepxut N > 1
KaHAJIOB, U B HEW OOCITYy)KHUBAIOTCS Iyacco-
HOBCKHE IOTOKa BBI30BOB PEYM U JIAHHBIX.
VHTEeHCUBHOCTh  TIOCTYIUICHHUS X-BBI30BOB
o6o3Hauaercs A,, X € {x,d}. Be130BBI peun
TpeOyroT At 00pabOTKM JIMIIb OJUH KaHA,
a Juisi 00pabOTKHU BBI30BOB JAaHHBIX TpeOy-
I0TCS1 0lHOBpeMeHHO b, b > 1 kananos. [Ipu
3ToM g 3(G(HEKTUBHOTO HUCHOIB30BaAHUS
KaHaJOB MPUHUMAETCs, 4To b sBIseTcs ne-

mutenem N, 1.e. Nmodb =0 . Ilycts
K = N/b o6o3HauaeT MaKCUMaJIbHO BO3-
MO>KHOE YHCJIO BBI30BOB JJAHHBIX B KaHAJIaX.

B 1nosHOZOCTYNHON cXeMe HCIOJb30-
BaHUs KaHAJIOB HET Pa3lIMYMil MEXIY BBI3O-
BaMH, T.€. €CJIM B MOMEHT ITOCTYIIJICHHUS BbI-
30Ba peud (JaHHBIX) JOOOTO THIA MUMEETCS
orH cBOOOHBIM KaHal (D CBOOOMHBIX Ka-
HAJIOB), TO OH 3aHUMAaeT 000N CBOOOIHBIN
KaHaJl CUCTEMbI; UHAY€ ATOT BBI3OB TEpACT-
csl.

OyHKIMKM  pacrpelielieHUs] BpeMEHHU
3aHATHUS KaHAJIOB PAa3HOTHITHBIMU BBI30BAMHU
SBIIIOTCS SKCIOHEHIIMAIBHBIMU; TIPU 3TOM
CpeaHee BpeMs 3aHATHs KaHaya il OJTHOTO
pedeBoro BbI30Ba paBHO 1/, a COOTBETCT-
BYIOIIMI TOKa3aTeNlb ISl BBI3OBOB JIAHHBIX
paBeH 1/uy.

OcHoBHbIMU mOKa3aTensiMu QoS pas-
HOTUTIHBIX BBI30OBOB SIBJISIFOTCSI BEPOSITHOCTH
UX MOTEPH, Py, X € {v,d}., u KodPPuIHEHT
UCIOJIb30BaHUs KaHaJoB cuctemsl, C,,. I1po-
O7eMa COCTOMT B HAaXOXAEHUU 3THX Iapa-
METPOB.

Memod pacyema

MaremMaTHUyecKO MOJENBI0 JTaHHOM
CHCTEMBI SBJIIETCS IByMEpHas 1enb Mapko-
Ba (UM). Cocrosnusa stoit LIM B mpowus-
BOJIbHBIA MOMEHT BPEMEHHU OMpeenseTcs

IByMepHBIM BekTopoM N = (Ny,N,), rme N,
¥ N, yKa3blBalOT COOTBETCTBEHHO 4MCIO d-

BBI3OBOB M V-BBI3OBOB B KaHajlaX, COOTBCT-
cTBeHHO. ITOCKONBLKY CyMMapHOE YHCIIO
Pa3HOTUIIHBIX BBI3OBOB B CUCTEMC HC JOJIK-
HO mpeBbimark N, TO ToMydaeM, 4TO MPO-
crpanctBo coctostuuii (TIC) cucremsl onpe-
JCIIACTCA TaK:

S={n:n, =04, K,n, =04..,N; n,b+n, <N}

1)
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B sroii [IM BO3MOXHBI ClEAyIOLIME
MEePEXOJIbI MEXKY COCTOSTHUSMM:

* iepexox N —>n+e;, rae e, =(1,0),
OCYIIECTBIISIETCS MPU TOCTYIJICHUU BBI30BA
IaHHBIX, €CJIM B COCTOSHHU N YHCIO CBO-
0OZHBIX KAaHAJIOB HE MEHbIIE, 4eM D, mpu
ATOM MHTEHCHUBHOCTH 3TOTO IMEPEX0/ia paBHA
Ags

* mepexog N —>n+e,, rae e, =(0,1)
, OCYIIECTBJISICTCS MPU MOCTYIUICHUU BbI30Ba
peyYH, €CJIM B COCTOSIHMHM N UMEETCs XOTs Obl
OJIMH CBOOOJIHBIN KaHal, PU 3TOM HHTEH-
CHBHOCTB 3TOTO Ie€pexo/ia paBHa A, ;

* mepexoJl N — N — e, OCYIIEeCTBIIET-
csl MPHU 3aBEpIICHUU Tpoliecca 00CTyKUBa-
HUS BBI30Ba JAHHBIX, €CJIM B COCTOSIHMM N B
KaHaJlaX MMEETCST XOTsA Obl OJMH TaKOH BBI-
30B, MPU 3TOM HMHTEHCUBHOCTH ATOTO TEpe-
Xo0Jla paBHa Nyt ;

* mepexoa N — N —e, OCYLIeCTBISAET-
csl MU 3aBEpIICHUU Tpoliecca 00CTyKUBa-
HUS BBI30BA PEYM, €CJIM B COCTOSHUU N B
KaHaJlaX MMEETCST XOTsA Obl OJMH TaKOH BBI-
30B, MPU 3TOM HHTEHCUBHOCTH ATOTO TEpe-
xoJia paBHa N, L, ;

Bce coctosiHus 3TOM KOHEYHOM LENU
CcOo0O0MIAI0TCs, T.€. U3 JIIOOOI0 COCTOSIHHUSA 3a
KOHEYHOE YHUCIJIO I1aroB MOYKHO IEpPEUTH B
m000e Jpyroe CcocTosiHue. DTO O3HAyaeT,
4yT0 B 3ToM [IM cyIiecTByeT cranOHapHbIN
pexuM. CranroHapHas BEpPOSTHOCTh CO-
cTossHUS 00o03Hauaercs uepe3 p(n).

Cormacao teopeme Kommoropora [4]
JlaHHas JIByMepHas 1enb MapkoBa siBIsieTCs
00paTUMOM, WHBIMU CIIOBaMH, UMEETCS HY-
JeBas HMUPKYJALHUS MEXIY COCEIHUMH CO-

n+e,, n+e, ,
n+e, +e, . JIeNCTBUTENBHO, LUPKYIALUL

CTOSTHUAMHM THIa n

MCXKAYy OTHUMH COCTOAHUSAMHU 110 JacoOBOM
CTPCJIKC U IIPOTHUB 4acoBOM CTPCJIKC COCTaB-

€T ﬂ“d ﬂ“v (nd +1):ud (nv +1)/uv

CTAallMOHAPHOE PACHpElEICHUE BEPOATHO-

cred cocrossHuM naHHou LIM mmeer Mysb-
TUIIIMKATUBHBINA BUJL:

Ny ny

Vd Vv

p(ng,n, )= p(0,0)¢5 -, (2)
d* "

[TosTomy,

I'ne p(0,0) HAXOOUTCS W3 YCJIOBUA
HOPMHPOBKH, T.€.

n, -1

_[yve vt _ A
p(0,0)= ;nd! ~ ,vx—ﬂX,Xe{d,v}.

Terneps MOXHO BBIYUCIUTH MTApaMETPHI
QoS. CornacHO NpuUHATOW cXeMe JocTyna
peyeBbIe BBI3OBHI TEPSAIOTCS, €CIM B MOMEH-
ThbI NOCTYIUUICHUA 3TUX BBISOBOB BCC KaHAJIbI
cucteMbl 3aHATHL. Clie0BaTeNIbHO, BEPOSIT-
HOCTb IOTCPU PCUCBBLIX BBI3OBOB OIPCACIIA-
eTcsl TakK:

I:)v = z p(n)g(ndb + r]v’ N )’ (3)

nes
rne O, j) —
5(i, j)= 1 ecnn? = J:,

0, ecmul# |.

BEBI30BBI JaHHBIX TEPSIOTCS, €CIIA B
MOMEHTBI MX MOCTYIUICHHS YHUCIO CBOOOJ-
HBIX KaHaJOB CHUCTEMBI MeHbIe, ueM b. Or-
CI0JIa 3aKJIF0YaeM, YTO BEPOSTHOCTH MOTEPH
BBI30BOB JIAHHBIX OIPEICIISACTCS TaK:

P, => p(nI(N <(ng +1po+n,), (4)
neS

rae I(A) — WHJIUKATOpHAas (QYHKIHUS
coObITHS A.

Koadduiment wucnonb3oBanus KaHa-
COTHBI OTIpeNieNseTcs TaK:

cuMmBosibl  KpoHekepa,

JIOB

Cu = Z p(n)(ndb+nv) N. (5)

nes

Pa3paOotannbie Bbilie (Gopmyinsl (2)-
(5) mO3BONAIOT TPOBOJIUTH YUCICHHBIX DKC-
NEPUMEHTHI C LENbI0 M3YyYeHHs MOBEJICHHE
mokazarenert QoS CHCTEMBI OTHOCHUTEIIBHO
M3MEHEeHMs ero mapamerpoB. M3-3a orpanu-
YEeHHOCTU 00beMa padoThl 3/1€Ch PE3YIbTAThI
ATHUX SKCIIEPUMEHTOB HE pacCMaTpPUBAIOTCSI.

Bbieodnbi

B pabote nuzyuaercs MoJieb MHOTOKa-
HAJIGHOW CHUCTEMBI OOCITY’)KUBaHUS C ABYMS
TUIIAMH BBI30BOB: PEUYEBBIC BBI3OBBHI U BBI30-
BHI JaHHBIX. [Ipenmonaraercsi, 94To peueBbIe
BBI30OBBI TPEOYIOT Uil 0OCTYXHBAHUS JUILb
OJIHOTO CBOOOJIHOIO KaHajia, B TO K€ BpeMs
Juis OOCIy)KMBaHUS TOTpeOyeTCsl OJHOBpE-
MEHHO HECKOJIBKO CBOOOIHBIX KaHasoB. [1o-
Ka3aHa, YTO MaTeMaTU4YeCKON MOJIEIbIO CUC-
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TEMBI SABJIICTCSA HEKOTOpas ABYMECpHas LCIb
Mapkosa. JlokazaHoO, 4TO 3Ta LENb SBIAETCA
HeoOpaTUMOW W ToJlydeHa siBHas ¢Gopmysa
JJIs1 BBIYUCIICHUSA BepOHTHOCTeﬁ COCTOSIHUH.
C wucnoibp30BaHUEM BepO}ITHOCTeﬁ COCTOA-
HUI NpeIoKeHbl SBHbIE (POPMYIBI /ISl BbI-
YHCIIEHUS MOKa3aTelIed KadecTBa 06CJ'Iy}KI/I-
BaHUA — BCpOSITHOCTGfI IIOTCPU BBI3OBOB Ka-
JKIOI'0 THUIIA U KOB(i)(bHLII/ICHT HUCITOJIB30BaHUA
KaHaJIOB.
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AHAJIN3 CUCTEMBI OBCJJIYKUBAHUS C PA3HO-IIOJIOCHBIMU BBI3OBA-

MH

B oaunoti pabome uccnedyemcs mamemamuieckas Mooeib MHO2OKAHAILHOU CUCTNEMbL,

8 KOMOpOUl 00CIYHCUBAIOMCIL NYACCOHOBCKUE NOMOKU 6b130606 peyu U OanHblX. [Ipeononaza-
emcsi, 4mo y3KONOJIOCHblE peuesble 8bl308bl mpedyom OJisi OOCIYHCUBAHUSL UL OOHO20 C8O-
000H020 KaHana, 8 mo dce 8pems 0N OOCAVHCUBAHUSL UWUPOKONOTIOCHLIX 8bl30608 OAHHLIX
nompeoOyemcsi 00HOBPEMEHHO — CB0DOOHLIX KAHAN08. B cucmeme npunsama wupoxo ucnoib-
3yemas Ha npaKkmuxe NOJHOOOCMYNHAsL cmpame2usi 00CMYNd 8 00WUll Ny KAHAL08, CO2NLACHO
KOMOPOU Hem pasiudutl Mexicoy pasHomMunHbLMU 8bl308amu peuu u oanuvix. Eciu 6 momenm
NOCMYNJIeHUsl 8bl3084 pedu (OAHHBIX) 100020 Muna umeemcs 0OUH c80000HbIU KAHAL (C80-
OOOHBIX KAHAN0B), MO OH 3aHUMaem a060U C80000HBIU KAHAL CUCTEMbl, UHAYE NOCMYNUB-
wuil 8v1308 mepsiemcs. ynKyuu pacnpeoenenus 8pemeni 3aHAMuUs KAHAI08 PA3HOMUNHbIMU
8b1306AMU SIGNIOMCSL IKCNOHEHYUATbHLIMU C PA3TUYHBIMU CPeOHUMU 3Havenusmu. Tlokazana,
YUMo Mamemamu4eckou MoOeibl0 CUCeMbl AGISeNCsl HeKomopas 0symepHas yens Mapkosa
C KOHEUHbIM MHOJCeCcmeom cocmosinuil. Ilpednodicen ancopumm nocmpoenust npou3soosiuiel
Mampuybl 3mou yenu u O0KA3aHO, YMo U3 1100020 COCMOAHUSL IMOU Yenu 3a KOHeUHOe YUCIO
waz08 MoxcHo nepetimu 8 oboe opyeoe cocmosinue. C ucnonvzosanuem meopemvl Koamoeo-
po8a 00KA3aHo, YmMo NOCMpoeHHas 0symepHas yenv Mapkoea sensiemcs obpamumou, u no-
momy CmMayuoHapHoe pacnpeoeieHue 6eposimHocmell cocmosnull oannou yenu Maprkoea
umeem MynomunIuKamuenvlll euo. Ilonyuen s6uvill 6UO MYTbMUNIUKAMUBHO20 Npedcmasie-
Husl. Paspabomanvl sienvle hopmyavl 0J1s1 GbIYUCICHUS BEPOSMHOCMEL COCMOSHUL U3YYAeMOll
yenu Mapkosa, u ¢ UCNOIL308AHUEM IMUX BEPOIMHOCHEN COCMOAHUU NPEON0INHCEHbL AEHbIE
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Gopmynvl 015 BbIYUCTICHUS NOKA3AMENEU KAYecmed 00CIYHCUBAHUSL — 8ePOSIMHOCIEl nomepu
8bI30808 KAHNCO020 MUNA U KOIPduyuenm ucnorb3oeanus Kananos. Paspabomannvie gpopmy-
JIbl NO360JII0M NPOBOOUNb YUCTEHHBIX IKCHEPUMEHMbL C YEblo U3YYeHUsi N0BedeHUe NOKA-
3amerneti Kayecmea 0OCIYHCUBAHUSA CUCTNEMbl OMHOCUMNENbHO USMEHEHUs. €20 NApaAMempos, d
MAaKice pewums 3a0ayu Ux ONMUMU3AYUU OMHOCUMETbHO BbLOPAHHOU Kpumepuu Kaiecmea
DYHKYUOHUPOBAHUS CUCTEMDI.

Knrwuesvte cnosa: cucmema o0Cuydicusanus, peuesvie 8bl306bl, Gbl308bl OAHHbIX, KaAUe-
cmea o0CayHcuanus, Memoo paciema

Velidjanova G.M.
ANALYSIS OF QUEUING SYSTEM WITH CALLS OF VARIOUS WIDTH

In this paper, we study the mathematical model of a multi-channel queuing system in
which Poisson flows of voice and data calls are served. It is assumed that narrow-band voice
calls require only one free channel to service, while at the same time, number of free channels
that required to service broadband data calls is b, b>1. The system adopts a widely used in
practice, fully accessible access strategy to the common channel pool, according to which
there are no differences between different types of speech and data calls. If upon arrival of a
voice call (data call) there is one free channel (b>1 free channels), then it occupies free
channel(s) of the system; otherwise the call is lost. The distribution functions of channel oc-
cupation time by heterogeneous calls are exponential with different average values. It is
shown that the mathematical model of the system is a certain two-dimensional Markov chain
with a finite set of states. An algorithm is proposed for constructing the generating matrix of
this chain and it is proved that from any state of this chain in a finite number of steps it is
possible to go to any other state. Using the Kolmogorov theorem, it is proved that the con-
structed two-dimensional Markov chain is reversible, and therefore the stationary probability
distribution of the states of this Markov chain has a multiplicative form. An explicit form of
the multiplicative representation is obtained. Explicit formulas have been developed for cal-
culating the probabilities of the states of the Markov chain under study, and using these prob-
abilities of states, explicit formulas have been proposed for calculating the indicators of ser-
vice quality — call probabilities of each type calls and channel utilization. The developed
formulas allow us to conduct numerical experiments in order to study the behavior of indica-
tors of the quality of service of the system relative to changes in its parameters, as well as
solve the problems of their optimization with respect to the selected quality criterion for the
functioning of the system.

Keywords: queuing system, voice calls, data calls, quality of service, calculation me-
thod.



