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Abstract—This article represents the features of creating the mathematical model and carrying out
modelling of the gimballed inertial navigation system assigned for operation on marine moving vehicles.
To increase the accuracy of the system, some modes of operation are introduced. Features of correction
for every mode are described. The characteristic of the integral correction is given. The control moments
for levelling and gyrocompassing modes are represented. The expressions for projections of the gyro-
stabilized platform angular rates are created. The simulation results of stabilization and navigation
processes are represented. The advantages of the integral correction are shown. The obtained results can
be useful for the high-precision navigation systems and gyroscopic stabilization systems with payload.
The proposed approaches can be applied for moving objects of the wide class.

Keywords—Gimballed inertial navigation system; gyroscopic stabilization; gyroscopic devices; integral
correction; mathematical modelling; multi-mode system.

I. INTRODUCTION AND PROBLEM STATEMENT

There are two independently developing
directions in modern ways to create inertial
navigation systems. The first direction deals with
strapdown inertial navigation systems. The second
direction deals with gimballed ones. Nowadays,
strapdown inertial navigation systems are widespread
in most applications despite some disadvantages. The
basic disadvantage is the presence of errors caused
by inaccuracy in the initial alignment of a system.
Nevertheless, the high-precision autonomous
navigation of different moving vehicles can be
realized using only gimballed inertial navigation
systems. To ensure the high precision of gimballed
inertial navigation systems, it is possible using
correction or special operating modes, which allow
us to take into consideration maximally the drifts of
the gyrostabilized platform.

The current stage of transportation development
is characterized by increasing traffic intensity and
requires improved approaches to creating navigation
systems for various classes of mobile objects.
Heading determination is of great importance for the
navigation of mobile objects. Recently, with the
advent of high-precision miniature navigation
sensors and high-speed computing equipment, there
has been a trend toward the development of Attitude
and Heading Reference Systems (AHRS). These
systems are similar in their capabilities to inertial
navigation systems, but are simpler and less
expensive. Typically, such systems include a vertical

gyro and a heading gyroscope, as well as
accelerometers that provide correction for the
gyroscopic instruments and obtain information about
the linear velocity and distance travelled by a
moving object.

It is widely recognized that in marine navigation,
significant attention is given to gimballed inertial
navigation systems, where angular position and
linear acceleration sensors are installed on a gyro-
stabilized platform. These systems offer the
advantage of simplified navigation data processing,
as the gyro-stabilized platform provides more
favourable operating conditions.

This article aims to analyse the process of
mathematically modelling and describing a
platform-type course determination system. The
purpose of the research is to examine the
characteristics  involved in  developing a
mathematical model and description for a platform-
type course determination system.

II. REVIEW OF PUBLICATIONS

The process of developing and modelling
gimballed stabilization systems has been extensively
discussed in the scientific literature [1] — [4]. Basics
of mathematical description of a gimballed
navigation system are given in the publications [5],
[6]. Nevertheless, this study overlooks an important
feature of modern heading determination systems —
the existence of numerous operating modes that
differ in sensor configurations and, consequently, in
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the mathematical formulations and modelling compassing, and operation in either gyroscopic

approaches required. General approaches to the
development of complex engineering systems are
represented in textbooks [7] — [9]. Information about
gyroscopic devices, as important constituents of the
gimballed inertial navigation systems, is presented in
[10] — [12]. The full mathematical description of the
precision dynamically tuned gyroscopes s
represented in [11]. The detailed description of
approaches to the correction of gyroscopic devices
used for the measurement of angles, which define a
position of the moving object in the inertial space, is
given in [12]. This textbook also includes the
description of the integral correction that makes the
gyroscopic device mounted on the gyro-stabilized
platform into a non-disturbed gyro vertical. Features
of studying stochastic gimballed stabilization
systems are represented in the paper [13]. The very
useful information about the possibility of carrying
out modelling of complex engineering systems in
MATLAB is described in [14], [15].

III. FEATURES OF MATHEMATICAL MODELLING

Features of creating a mathematical model are
considered on the example of a gimballed inertial
navigation system assigned for operation on a
marine moving object. We will study the above-
mentioned AHRS systems. The studied system uses
such precision inertial navigation instruments as
dynamically tuned gyroscopes and pendulum
accelerometers. To ensure high navigation accuracy,
the multi-mode approach was applied. This allows
us to form corrections, which eliminate the influence
of the parametric and coordinate disturbances and
also the measuring noise [1].

The modelling characteristics of a gyroscopic
system designed to determine the heading of a
moving object are analyzed using a platform-based
system as an example. This system includes
dynamically adjustable gyroscopes functioning as a
vertical gyro and a heading gyro, along with
accelerometers that provide data on the object’s
linear velocity and distance travelled. The chosen
combination of sensors enables the determination of
key navigation parameters, including: the heading
relative to the geographic meridian in gyrocompass
mode or the angular deviation from a specified
direction in gyro-azimuth mode; platform tilt angles
relative to the horizontal plane; as well as linear
accelerations, velocities, and travelled distance.

The heading determination system operates in
several modes that differ in their functions, sensor
configurations, and corresponding types of
correction moments. The primary modes include
preliminary levelling, precise levelling, gyro-

compass or gyro-azimuth mode.

Key factors influencing the choice of model type
are the presence of integral correction and a
computing device. The first main modelling
direction involves selecting the parameters of the
integral correction, which requires simulating the
system’s operation over extended periods. This type
of model primarily focuses on the development of
control laws.

The second modelling direction examines how
the discreteness of information processing affects
the system’s accuracy in steady-state conditions and
the quality of transient responses. In this case, a
detailed mathematical representation of the heading
determination system is used, incorporating models
of electronic components, which substantially
increases simulation time.

The heading determination system operates in
several modes that differ in their functions, sensor
configurations, and corresponding types of
correction moments. The primary modes include
preliminary levelling, precise leveling, gyro
compassing, and operation in either gyroscopic
compass or gyro azimuth mode [4].

Key factors influencing the choice of model type
are the presence of integral correction and a
computing device. The first main modelling
direction involves selecting the parameters of the
integral correction, which requires simulating the
system’s operation over extended periods. This type
of model primarily focuses on the development of
control laws.

The second modelling direction examines how
the discreteness of information processing affects
the system’s accuracy in steady-state conditions and
the quality of transient responses. In this case, a
detailed mathematical representation of the heading
determination system is used, incorporating models
of electronic components, which substantially
increases simulation time.

The heading determination system in question is
distinguished by its separation of control functions.
Platform  stabilization is achieved through
stabilization motors installed along the axes of the
platform’s gimbal mount, with control commands
computed from the signals of the vertical gyro angle
sensors. Meanwhile, corrective inputs applied to the
vertical gyro torque sensors are derived from
accelerometer and log data. Division of controls
enables high stabilization precision [1].

Correction torques are produced using a complex
algorithm. To maintain system stability, integral
correction based on accelerometer signals is
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employed. Additionally, damping — implemented
using information about the object’s relative velocity
obtained from the log — enhances control
performance.

A key feature of this system is the use of
dynamically tuned gyroscopes, which considerably
increase the complexity of the system model. The
equations of motion for a dynamically tuned
gyroscope, functioning as a vertical gyro, are [11].

.. . . H
Jy, —HB, +cyg+dyg—7[3g =Ho, +M;

corx?

cory?

M

here H is the kinetic moment of the gyroscope’s
rotor; ¢ is the gimbals’ residuary stiffness; d is the
damping factor; 7 is the gyroscopic precession time

factor; H,=H(l-s); s=10"; o, are

projections of the platform’s horizontal rate; B,,7v,

.. ' . H
JBg+Hyg+cBg+ng+7yg =-Ho,+M;

are angles defining the space position of the
platform with payload relative to the Resal axes;

Mg Mg

o M, are moments for the correction.
The following equations describe the motion of a
dynamically tuned gyroscope functioning as a

course gyroscope [11]

corx?

2

. . . H
Jo,+HB, +co, +da, +?BA = —chaxp +M*

corz?

.. ) . H
JB,—Ha, +cB, +dB, —7(1/1 = lezp +M’

here a4 is an angle, which defines an arrangement of
the course gyroscope relative to the meridian; 3 is
an angle, which defines an arrangement of the course
gyroscope relative to the horizon plane; M” | M

corx? corz

are moments, which implement correction.

However, it is essential to note that developing a
detailed mathematical model of a dynamically tuned
gyroscope is crucial for designing a precision
gyroscope. The developers of the heading
determination system require such a model to
evaluate the overall system errors and to optimize
the control parameters.

To simplify the system’s mathematical models
(1), (2), it can be assumed that, apart from the
stabilization system errors and drift, the equations of
motion of dynamically tuned gyroscopes coincide
with those of the platform. In other words, the
stabilization system is considered ideal [1].

Under this assumption, the mathematical model
for determining the heading and angular position in
precise leveling mode can be formulated based on

equation (1), which describes the angular motion of
the vertical gyroscope, and the second equation of
system (2), which represents the motion of the
system in azimuth

Hloaxp =-M% +HAo_,
Ho,=M; -HAo, 3)
Ho,=-M, +HAo,.

A mathematical model of the system used to
determine heading and angular position in
gyroscopic compass mode can be developed based
on equations (2), which describe the angular motion
of the heading gyroscope, and the second equation
of system (1), which defines the angular deviation of
the system from the horizontal plane

a4
Ho,=M,, -HAo,

— 4
Ho, =M.,

Ho,=-M

corz

-Hho,, 4)
+HAow,.

The position of the gimballed system for
determining the course and position of a moving
object is determined in the coordinate system

O&mC,, arranged according to the geographical
reference frame OENE on the angle 4, .

At the initial instant of time, the angle between
the diametrical plane and the platform’s longitudinal

axis is equal to (k, — 4,) , here k, is a heading of the
marine moving object; A4, is the platform’s azimuth.
The location of the reference frame Ox,y,z,
connected with a platform relative to the reference
frame OE{mn,C, can be determined by rotations of
small angles o, B, y. In this case, it is assumed that,

in the initial position, the platform’s axes are aligned
with the sensitivity axes of the accelerometers
mounted on it. The platform levelling accuracy is
determined by the angular deviations B and y. The

deviation of the platform from the meridian plane or
initial platform azimuth ( 4,) is defined by an angle

o taking into consideration the smallness of angles
B and 7y . Projections of the platform’s angular rates

onto proper axes for small angles a,[3, Y become
o, =B-ay+wo,cosa+w,sino—o, 7,
o, =y+af-o,sina+o,cosoa—op, (5
o,=0+7B+o,y-o f+o,,

of the

platform’s angular rates on the axes of the reference

here ®,,®,,®, represent projections

ml>
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frame rates

ogmG,.

®,,, ™, can be determined by angular rates in

Projections of angular

(Dé1 ,

the geographical reference frame OEng as follows

o, = coSA, —m_sinA,,
€l € AO n AO (6)

(@)

= O, €084+, sind,, ;=0

¢l ¢

By substituting expressions (6) into relations (5)
and assuming the angles o,B,y are small, the

projections of the platform’s angular velocities onto
its coordinate axes can be expressed as follows

o0, =p-ay+w,cosd+o, sind-o.y,

®, =7+0ap—w,sin4+w, cosd-wp, e
®,, =&+ B +7y(0, cos 4, — o, sin 4;)
—B(o, cos 4, + ®, sin 4)) + o,

Expressions (3), (4), and (7) represent the
mathematical description of the gimballed inertial
navigation system.

To meet the accuracy requirements for the
inertial navigation system operating in precision
leveling mode, integral control grounded on
accelerometer data and damping grounded on log
data can be applied. The integral correction

1+£ -
R2

here V. is the eastern acceleration constituent; AW,

1S a correction value on translational acceleration,
Coriolis acceleration, and the Earth’s non-sphericity;

AW = Qrve’ 1sm(pcos 0} _QV sing
e

Wy is a correction value on the vertical
AW = Qe squ)cos [0} _QV sing 1+& _
l-e R,
V..
+__
Rl

The corrective damping moments based on the
information from the lag are determined by the
expressions

t

[

0

~V,)dt,

(12)
here Vj, =V, cos(k,—4,) ; V, =Vsin(k,—4)) ; V,

the translation speed measured by a log

H t
dx kz_l.[(Vly —Vy)dt, M
R,

>e|m

is

67

moments applied to the gimballed platform axes are
defined by the relationships

M,

¢
%!(Vn +AW, +WB—gB+Aa,)dt, (8)
here ¥, is the northern constituent of the system’s
acceleration; AW, is a correction value taking into
consideration translation and Coriolis accelerations;
WP is a correction value taking into consideration a
vertical constituent on the vertical acceleration; Aay

is the accelerometer’s error.

Mix

= -Wy-gy+Aa)dt, (9)

t
Ljw, +am,
R,
here ¥, is the eastern constituent of the acceleration;
A,
acceleration, Coriolis acceleration and the earth non-
sphericity; W,y is a correction value on the vertical

1S a correction value on translation

acceleration; Aa_ is the accelerometer’s error.

The corrections applied for translational and
Coriolis accelerations, Earth's non-sphericity, and
the vertical constituent of acceleration are as follows

Vv vy
—“=tgp+V, Qcosp+ =
Rl g(‘P h (p ]e1
(10)
. VZ 2
_(Vh_R—e———RQZCOS(p 2Q7, coscp]y,
1 2

acceleration; Aa_ id the accelerometer’s error.

Corrections are applied for translational and
Coriolis accelerations, Earth’s non-sphericity, and

vertical acceleration components as follows
%tg(p +V,Qcos@
1 (11)
. V2 2
V,————— — RO cosp—2QV, coso |y.
Rl 2
t
V,= [0, + AW, +WB—gB+Aa,)dt+k,(V,, ~V,),
0
t
V= [(V,+ AW, =Wy —gy+Aa)dt+k,(V, ~V,).
0
(13)
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Expressions (8) — (13) represent control moments.
Namely, such an approach to creating the gimballed
inertial navigation systems ensures its high precision.

The model of the heading and attitude
determination system operating in gyroscopic
compass mode is characterized by the following
main features:

1) In contrast to other modes, the system’s
kinematics are governed by the primary device for
this mode — the heading gyroscope.

2) The control torques are implemented
according to the conventional design of a corrected
gyrocompass [12].

In this mode, the platform of the heading and
attitude determination system is controlled using
accelerometer signals, which are employed to
generate the following torques:

1) A compensating torque that offsets the
apparent deviation of the platform from the meridian
plane caused by arbitrary azimuthal displacement.

2) A damping torque that suppresses platform
oscillations, derived from a filtered (attenuated)
accelerometer signal.

3) A correction torque proportional to the
velocity of the geographic coordinate system, acting
on the outer ring of the dynamically tuned
gyroscope.

4) A correction torque proportional to the
velocity of the geographic coordinate system, acting
on the inner ring of the dynamically tuned
gyroscope.

5) An integral correction torque that maintains
the system’s invariance to external accelerations.

To establish the kinematic relationships for the
model of the heading and angular position
determination system operating in gyroscopic
compass mode, the coordinate system O&mn,(,

arranged relative the geographical reference frame
O&nC on the angle 4, is taken as the initial

reference frame.

For the chosen coordinate axes, the expressions
used to determine the platform’s angular velocities
can be written as follows

o, = Bcosy— AcosPsiny + (cos Acosy —sin AsinBsin Y)o,, +(sin Acosy +cos Asinfsiny)o, —cosPsinyw,,

o, =7+ Asinf —sin AcosPo, +cosAcospfo, +sinfo,,

o, = AcosBcosy + Bsiny +(cos 4siny +sin 4sinfcosy)o, +(sinAsiny —cos Asinfcosy)w, +cosPcosyo, .

After substitution expressions (6) defining values
of angular rates o, ,®, ,®_ in the expression (14),

taking into consideration the smallness of angles

(14)

B,y and elimination of small terms, we will obtain

the following expressions for determining
projections of the platform’s angular rates

o, =B — Ay + ®, cos 4,cos 4+ o, sin 4, sin A — o, sin 4, cos A+ o, cos 4,sin 4- o7,

v

z

o, =Y+A[3—c0§ 08 4, sin 4+ ®, sin 4, cos 4+ o, sin 4, sin A+ ®, cos 4, cos 4+ o,
»

o, = A+By+m& cos 4, cos Ay + . cos 4, sin AB — o, sin 4, cos Ay — o, sin 4, sin AB

+ 0, cos 4, sin 4,y — ®, cos 4, cos AP + o, sin 4, sin Ay — ®, sin 4, cos AP+ o,. (15)

With the selected coordinate axes, the
expressions for calculating the platform’s angular

velocities based on expressions
formulated as follows

(15) can be

o, = B— Ay + o, cos(4, — A) - o, sin(4, — 4) — o,

o, = v+ AR+ o, sin(4, — A) + o, cos(4, — 4) + o B,

z

(16)

o, = A+By+(oicosAocosAy+c0§cosA0sinAB—u)n sin 4, cos Ay — , sin 4, sin 4B

+®, cos 4, sin Ay — ®, cos 4, cos AB + o, sin 4, sin Ay — o, sin 4, cos 4B+ o,

The mathematical model, which incorporates the
expressions for the platform’s angular velocities (16)

during an arbitrary azimuthal turn and the corrective
and control moments, can be represented as follows
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lexp _Mcorzl +Mcor22 +Mc0r23 +HA(‘0x’ *
_ 4 4 E
le}p - Mcoryl + McoryZ + HAO‘)y’
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lezp = Mcorxl +Mcorx2 +Mcorx3 +HA(DZ’

W
M —k,, —, M ——Hlmé:&,
g R

corzl — corz2
2

— kAkaPWMkTMkI o

A
Mcorz3 - J. VVydt,
t
/4
Mc/j)ryl = _ky . H
g
k k k k k t+At
MY = —SAGPITI T J' W dt,
R t
A y A . VE
Mcm’xl :k13_’ Mcoer :Hl QSIH(p+_tg(p .
g R,

(17)
here &, is the accelerometer’s transfer factor; & is
the transfer factor of the pre-amplifier; k,,,, is the
transfer factor of the pulse-width-modulator; &, is
the transfer factor of the torque motor; &, is the
transfer factor of the integral correction.

IV. MODELLING RESULTS

The simulation of the studied system is based on
the model (7). The processes of platform stabilization
by the angles of the roll (y) and pitch () are
represented in Figs 1 and 2. Figures 3 and 4 show
the effect caused by the integral correction, which
involves forming correcting signals using data
entered from accelerometers. Such an approach
ensures the resistance of the studied AHRS to
disturbing accelerations that sufficiently improve the
accuracy of stabilizing the platform with inertial
navigation instruments and, correspondingly,
navigation.

min
35

30r

28

201

L L L L L L L
500 1000 1500 2000 2500 3000 3500 4000 sec

Fig. 1. The process of stabilization by the angle of roll (y)
in conditions of weak sea regular waves

] 500 1000 1800 2000 2500 3000 3500 4000 sec

Fig. 2. The process of stabilization by the angle of pitch
(B) in conditions of strong sea regular waves

Graphical dependencies represented in Figs 3 and
4 prove the efficiency of the integral correction. The
simulation results of the course and spatial position
determination system are shown in Figs 5 and 6.

miin
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Fig. 3. Control using accelerometers without the integral
correction (for demonstration of the efficiency of the
integral correction)

min

-30

1 I ! I I I I
0 500 1000 1500 2000 2500 3000 3500 4000 sec

Fig. 4. The control by accelerometers with the integral
correction
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Fig. 5. The transient process on the azimuth a with the
initial value o for 4, =10°

min

02 04 0B 08 1 12 14 16 18 2 ¢
4
x 10

Fig. 6. The transient process on pitch 3 for initial
azimuth 4, =10°

V. CONCLUSIONS

The full mathematical model of a gimbaled
system for determination of a heading and attitude is
proposed, emphasizing the analysis of the system’s
control loops and navigational accuracy. Distinct
models are created for the leveling and gyroscopic
compass modes.

The approach to the representation of the
mathematical model in two different modes is
proposed.

Expressions for the determination of the
platform’s angular rates and control moments are
specific to both modes of the system.

Simulation results demonstrate the efficiency of
the proposed approach, including high precision of
stabilization and navigation processes.

The novelty of the study lies in the development
of correction moments directed to the improvement
of the accuracy of the gimballed inertial navigation
system.

The obtained results can be useful for developing
high-precision gyroscopic stabilization systems.
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O. A. Cymenko, 0. B. Meabauk. Oco0IHBOCTI MATEMATHYHOT0 MOJCTIOBAHHSA NJIaT¢opMHOI iHepuiaJbHOI
HaBiraniifHoi cucTeMn JJisi MOPCBKOI0 PyXOMOro 00’€KTy

VY cTarTi MpencTaBiIeHO OCOOJUBOCTI CTBOPEHHS MAaTeMaTHYHOI MOJEINI Ta MPOBEICHHS MOJCTIOBAHHS iHEPIiaTbHOI
HaBiraiiHoOi cucTeMH 3 KapJAaHHUM IIiJBiCOM, MpPH3HAYEHOI i poOOTH Ha MOPCHKHX PyXxoMux o0’exrtax. Jlmst
MiJBUIICHAS] TOYHOCTI CHUCTEMH BBEIEHO JACsKi pexumMu poboTr. OmrcaHo 0OCOOTMBOCTI KOPEKINl ISl KOXHOTO
pekuMy. HaBeneHo XapaKTepUCTHKY iHTeTpasibHOT Kopekiiii. IIpemcraBieHO Kepyrodi MOMEHTH sl PEKHUMIB
TOPU30HTYBaHHS Ta TipokoMmmacyBaHHs. CTBOPEHO BUpPA3W IS MPOCKIH KyTOBHX MIBHAKOCTEH TipocTabimizoBaHOi
miatrgopmu. IlpencraBieHo pe3yibTaTH MOMAETIOBAHHSA MpolleciB cTabimizamii Ta Hapiramii. [lokazaHo mepeBaru
iHTerpasbHoi Kopekiii. OTpuMaHi pe3yabTaTH MOXYTb OyTH KOPHCHMMH Ul BUCOKOTOYHHMX HaBITallliHUX CHUCTEM Ta
TipOCKOIIYHUX CUCTEM CTaduIi3alii 3 KOpUCHUM HaBaHTa)XKCHHSM. 3alPOIOHOBAHI MiAXOAM MOXYTh OYTH 3aCTOCOBaHI
JUIsl PyXOMHX 00’ €KTIB IIMPOKOTO KIIacy.

KarouoBsi ciioBa: iHepuianbpHa HaBiraliiiHa cucteMa 3 KapJlaHHUM MiJIBICOM; ripocKomiyHa crabinizanis; ripocKomivHi
NIPUCTPOT; IHTErpaJIbHA KOPEKIIis; MaTeMaTHYHe MOAEIIOBaHHS; 0araTo-pe)KMMHA CHCTEMA.
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