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Abstract—The problem of creating a mathematical model of a free three-degree gyroscope with a
contactless suspended rotor and a three-component accelerometer for solving problems of high-precision
autonomous navigation is solved. The problem under consideration includes determination of kinematic
relations of the gyro device and solution of a direct problem for finding navigation parameters for a
stationary base. The suspension system of these gyroscopes is practically indifferent to the environment in
which the gyro operates, but in order to reduce braking moments, the gyro rotor is placed in a vacuum
chamber. The given structure of vector relationships between coordinate systems and model parameters
allows us to write down several groups of equations regarding the angular positions of the gyro rotor and

its angular velocities.
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I. INTRODUCTION

Ukraine has successfully tested and created
samples of gyroscopes based on a three-stage
gyroscope with a magnetic rotor suspension. The
suspension system of these gyroscopes is practically
indifferent to the environment in which the gyroscope
operates, but in order to reduce braking moments, the
gyroscope rotor is placed in a vacuum chamber.

The basic gyro device used a magnetoresonant
suspension [1].

The dependence of the electric current in the
working windings of the magnetoresonance
suspension on the displacement of the rotor relative
to the gyroscope casing, which, in turn, has a
displacement due to the linear acceleration of the
object on which the gyro device is installed, makes it
possible to use the magnetoresonance suspension as
a three-component accelerometer.

Another feature of these gyroscopes is the use of
a two-axis sensor located on the gyro device casing.
The sensor provides two-axis tracking of the casing
along the rotor rotation axis. In these conditions, the
two-axis angle sensor and the casing position
control motors are required to perform their
functions in a small angular range.

II. PROBLEM STATEMENT

Creation of a mathematical model of a non-
contact gyroscope with a combined three-

component accelerometer as which the rotor
suspension system is used is of paramount
importance for solving the inverse problem. The
solution of the inverse problem is supposed to be
carried out step by step. At the first stage, the
problem of determining the azimuthal orientation of
an object on a fixed base using a single gyro device
is solved. At the second stage, with the use of two
gyros, the problem of full geographic reference of
the stationary object is solved. At the third stage, the
coordinates of the mobile object are determined.

III. PROBLEM SOLUTION

The initial data for the construction of a
mathematical model of a free gyroscope with a
contactlessly suspended rotor are

o clectrokinematic scheme of the gyro device
based on a free three-stage gyroscope with a two-
axis sensor for tracking the position of the rotor
relative to the casing (inner frame) of the
Zyroscope;

e use of the gyroscope rotor suspension system
as a three-component accelerometer;

e systematic drifts along the two axes of the
gyroscope rotor cutter are certified;

e a mathematical model is developed for a
fixed base for its further use to determine the
azimuthal orientation of the gyro device and for full
geographic reference when using two gyro devices.
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The basic gyroscope used a magnetoresonant
suspension [1]. The dependence of the electric
current in the working windings of the
magnetoresonant suspension on the displacement of
the rotor relative to the gyroscope casing, which, in
turn, has a displacement due to the linear
acceleration of the object on which the gyro device
is installed, makes it possible to use the
magnetoresonant suspension as a three-component
accelerometer.

The electrokinematic structure of the gyro
device based on a free gyroscope with a two-axis
rotor position sensor and a three-component
accelerometer can be represented as (Fig. 1).
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Fig. 1. The electrokinematic structure of the gyro device:
1 is the spherical rotor of the gyro unit; 2 is the body of
the gyro unit; 3 is the outer frame of the gyro device
connected to the object; 4 is a magnetic resonance
suspension (MRS) placed in the body of the gyro unit;
5 is the two-axis angular position sensor (APS) of the
gyro unit; 6, 7 are Py, Py signal amplifiers from the APS
via channels p and v; 8, 9 are M, My motors for
controlling the position of the gyro assembly and the
outer frame; /0 is a analog-to-digital converter whose
input receives the rotor position control voltage from the
MPP u;, i = 1-6, and whose output measures the
digitalized acceleration values along the three Rezal axes
Az s M, Y — output signals from the ACS

A gyro device with an uncorrected gyro has a
number of undeniable advantages, including:

e no moments generating gyro drifts due to the
influence of gimbal frames;

e absence of moments that generate gyro drifts
due to the presence of cross-links in the gimbal
frames.

At the same time, the use of a magnetoresonant
rotor suspension in the basic gyro device [1] leads to
its inhibition even in vacuum due to rotational
hysteresis. Therefore, the electric drive in the
magnetic suspension  gyroscope operates
continuously, although the power required for it is
insignificant [3].

The mathematical model of the gyro device
provides for its output to obtain the angular
deviations of the gyroscope casing w(¢) and y(?)
relative to the rotor from a two-axis sensor and
signals from a three-component accelerometer ap,,,
in the axes of the Rezal trihedron, which in this task
is a device for determining the position of the rotor
in inertial space.

Let us consider the following coordinate systems
(CS):

o 01&n(, inertial with the origin at the center of
the Earth, 01§ axis directed along the polar axis of
the Earth to the North Pole, n, { axes lying in a
plane parallel to the equatorial plane and not
participating in the daily rotation of the Earth.

The position of the gyro device kinetic moment
vector in this SC is determined by the inertial
coordinates a, A, € and the corresponding matrices
of guide and inverse guide cosines B(a), B(A), B(e),
B (o), B'(A), B'(e). Angle transition graphs and
transition matrices for each case of rotation in the
coordinate system 01&n¢ (Fig. 2):

B(a) B~ («)

01E] oIn | oIC 01E, | Ol | 0IG,
01g | 1 0 0 01g| 1 0 0

Olni | 0 | cosa |sina||0In| 0 |cosa|—sina
01 | 0 |—sina|cosa||01] O |sina| cosa

B(8) B7(2)
01&, | 0Im, | 01G 01& | 0Iny | 01,
01& |cosA| O | —sinA|| 01& | cosA | 0 |sinA
_ olm,| o | 1 0 ol | 0 1] 0
0y 015, | sinA | 0 cos A 01g, | —sinA| 0 |cosA
N2
B(e) B71(¢)
01& | 0ln, | 01G F L | M
F| cosa | sina| 0 01& | cosa | —=sina | 0
L|-sina|cosa| O Oln, | sina | cosa | O
M 0 0 1 016 0 0 1

Fig. 2. Angle transition graphs and transition matrices for
each case of rotation in the coordinate system 01&ng

01XYZg, a geocentric spherical SC in which the
coordinates of the gyro device on the Earth's surface
are given by the parameter ¢ = Aost + Sgr,
determined by the east longitude of point 0 and the
hour angle of the point Aries y in Greenwich and the
north latitude ¢ of point 0, where point 0 is the point
of suspension of the gyro device rotor fixed relative
to the Earth. The transformation of the vector
components from SC 01&nC to 01XYZg is provided
by the matrices of guide and reverse guide cosines
B(Sgr), B(host), B(9), B (Sgr), B (host), B (9);
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e (0ENH is the accompanying trihedron. The
origin of the trihedron is at the point where the gyro
device is located, the OH axis is directed along the
local wvertical, the ON axis coincides with the
direction to the north. The position of the 0FLM
trihedron in this SC is determined by the azimuth
angle A, height 4, angle p and the corresponding
matrices of directional and reverse directional cosine
guides B(4), B(h), B(), B'(4), B'(h), B'(B);

e aircraft — centered SC 0XYZ la. The position
of the axes 0XYZI relative to the accompanying tech-
grid OENH is determined by the true heading, pitch,
roll angles and the corresponding matrices of guide
and reverse guide cosines B(y), B(9), B(yB™((y),
B'(9), B (v);

e (0XYZvr, the SC is associated with the internal
frame of the gyroscope. The two axes of the
coordinate system coincide with the axes of the two-
axis rotor position sensor of the gyro device. The
angular position of the Resal axes relative to the SC
is determined by the angles p and y and the
corresponding matrices of guide and backward guide
cosines B(n), B(y), B"(w), B'(7).

Thus, taking into account the above mentioned
SCs, the conversion of an arbitrary vector from one
SC to another can be represented as follows (Fig. 3).
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Fig. 3. Structure of vector relations between coordinate
systems

The given structure of vector relations between
coordinate systems and model parameters allows us
to write down several groups of equations for the
angular positions of the gyro device rotor and its
angular velocities.

The position of the Resalem axes (FLM) relative
to the inertial geocentric equatorial SC for the vector
of readings of the three-component accelerometer
along its sensitivity axes is as follows [2].

0
a1, = B(e)B(A)B(@)B ()BT (9)| 0 |. (1)

-8
The vector of readings of the three-component
accelerometer through the parameters and matrices
of the guide cosines of the aircraft — centered SC

0XYZ1 and the SC associated with the inner frame
and through the horizontal coordinates of the vector

of the kinetic moment of the gyro device can be
represented as

0
d = BWBMVBYB (9B (¢)| 0 |, (2)
-8
0
az, =BWB()B(A) 0 |. 3)
-8

The vector equation for the angular velocity of
the Earth's rotation in the Resal axes of the gyro
device through the inertial coordinates a, A, € is

0
Q. =B(e)B(A)B(a)| 0 |. 4)

-8
The angular velocity of the gyroscope's kinetic
momentum vector in projections on the Rezal axes in
inertial space is determined by the gyroscope's drifts
in the F and L axes, which leads to the appearance of
output signals from the two-axis sensor p(¢) and y(?).
Based on the theorem of the addition of rotations

about intersecting axes, the angular velocity of the
Rezal axes can be represented as

ML
H .
i 0
G =| S [=] 0 | +BG) 0
oM 0 !
0
+B()B(y)B(9)B(1)B(9)B(9)| 2| |- (5)
0

The position of the kinetic momentum vector of
the gyroscope in the inertial coordinate system
01&nC is as follows:

0 Hsina
H,. =B ()B'(A)B"(e)| 0 |=
-g Hcosasina

(6)

Hcosa R

Hsina
H cosA

H cosasinA
0

=B (¢)B" (y)B"(HB" (B (B)[ 0 [,(7)
1
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H sin o Sub-mode No.2 is reduced to determining the
_ _ - lar orientation of the FLM trihedron with

HcosA |=B'(¢)B'(p)B” ansu auon : :
cos ] (@B (9)B"(v) respect to the inertial equatorial coordinate system,
HcososinA obtaining the measured w(?), y(¢), a,,, , FLM, and

0 drift angular velocity compensation.

«B (9B (v)B(y)B (W] 0|, The angular velocity of the Rezal triangle after
1| @® the gyro device disassembly is caused by the

The gyroscope operation, proceeding from
natural assumptions, we will divide it into two sub-
modes: before and after gyroscope deployment [4].

After turning on the gyroscope in the work begins
sub-mode number 1 in which the rotor of the
gyroscope spins, gyroscope warms up, the vector of
kinetic moment of the gyroscope H takes its initial
position, which corresponds to the values of angles
from the two-coordinate sensor yo= po= 0 for 7 is less
than equal to #,, where o — moment of disassembly.
Due to corrective moments applied to the rotor it is
kept in this position during the whole first sub-mode.

Horizontal coordinates of Rezal axes up to ¢ less
than equal to 7y have

Ao=Yo, ho=90, Po=1o.

The equatorial coordinates oy, A, & are

determined from Egs.

1
B (a,)B™'(A,)B(g,)| 0
0
1
=B"(q)B "' (¢)B"(A,)B " (hy)B' (B0, O
0
0
B (0,,)B"(A,)B(g,)| 0
1
0
=B(q)B "' (¢)B™(A,)B(hy)B"(By)| 0], (10)
1

obtained on the basis of the fourth group of
equations for the position of the gyroscope kinetic
momentum vector in the inertial coordinate system
(9) (10).

Sub-mode No. 1 ends with the determination of
00, AO, gq at t = 1.

rotation of the OM axis relative to OF and OL due
to the components of the gyro drift along these axes

®,, ®, and the motion of the FLM triangle

together with the Earth, i.e. the following equation
can be written down

Dy =B, (0,,0,)+6(Q). (11)
However
0 0 0
Dy =0+A+E=[0|+B(e)| A |+B(e)B(A)| 0 |.
& 0 G
(12)

We transform this vector equation (12) to a
system of three scalar equations and solve them

with respect to &, A, €

oo Qusine - o, cose

sin A ’ (13)
A=, cose +w,sing, (14)
€= QM = QcosA. (15)

Given the initial conditions a(zy) = ag, A(%) = A0,
€(ty) = &, found from equations (9) and (10), we
define the current o(7), A(?), &(¢) as

t t 1 _
o(1)= oy + fodt = gy +I(DL s1ns. ®, COSE
0 0 S1

dt. (16)
A(t)=Ao+ [(w, cose— o, sine)ds, (17)
0

S(Z)ZSO +QjcosAdt. (18)
0
To calculate the gyro output parameters w(?), y(¢),
a,,, FLM we will use equations (9) and (10).
The algorithm for determining the current gyro
readings taking into account (16), (17) and (18)
represents its mathematical model (Fig. 4).
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Mathematical model of a gyroscope with a contactless rotor
on a fixed base

information for constructing its mathematical model
and an algorithm for determining the azimuthal

Determination of the initial experimental coordinates

of the vector reference of a fixed base. In the case of using two
o Irvw,,;—vw,,,—x@ﬂ)t'iJ:u—uq,u—xw,u—uA",B—W,B—WEJ gyro devices, it is assumed that thqy will be fully
pRT— georeferenced, and hence the location where they
P are installed will be determined.
Operion efore A mathematical model of a gyro device based on
R o a free three-stage gyroscope with a contactlessly
Determinationof the curent exprimental coordinates | | suspended rotor with a random component of the
T e Opeei mode angular drift velocity of 0.01 —0.001 g/h and a three-
- u(l)zw{wzwg I component accelerometer for algorithmic support of
(1) =0+ (o, oxse—opsincyh navigation systems has been created. The proposed
i {0 =0+ s mathematical model of the gyro device allows, on the
ot ! Tal basis'of the inverse problem, to solve the creation of
inital data algorithms for a moving and a fixed base.
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The obtained kinematic dependencies of a gyro Received March 12, 2025
device with a contactlessly suspended rotor and the
equations of its parameters (Eqs 1-8) are

Fig. 4. Model of a gyroscope with a non-contact rotor
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O. 1. Cmipnos, 0. M. Kemensimi. MatemMaTH4Ha MoJe/b ripockona 3 0e3KOHTAKTHHM IiIBiCHUM pOTOPOM Ta
TPUKOMIIOHEHTHUM aKceJepoMeTpOoM A5 BUPillleHHs 3a1a4 ABTOHOMHOI HaBiraumii

Po3B’s13aH0 33724y CTBOPEHHS] MaTeMaTUYHOI MOJIEINI BUTBHOTO TPUTPaAyCHOI'O TipOCKOIIa 3 OE3KOHTAKTHUM ITi/IBICHUM
pOTOpPOM Ta TPHUKOMIIOHEHTHUM aKCEIepOMETPOM JJIsi BUPILIEHHS 3a/a4 BHCOKOTOYHOI aBTOHOMHOI HaBirarii.
PosrnsinyTta 3amava BKJIOYa€ BHU3HAUYEHHS KIHEMATHYHHUX CIIBBiJHONIEHb TIPOCKOMIYHOTO MPHCTPOIO Ta PO3B'S3aHHS
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MPSIMOIT 3a/1a4i 3HAXOPKCHHS HaBITalliiHUX MapaMeTpiB IS CTallioHapHOI oCHOBH. CHcTeMa MiJBICKH IUX TipOCKOIIB
MPAKTUYHO Oaiiyka IO CEpPeOBHIIA, B SKOMY IIPAIFOE TIPOCKOI, aje JUIs 3MCHIICHHS TajlbMiBHHX MOMEHTIB POTOP
ripockoma po3MIIIeHO Y BaKyyMHili kaMmepi. 3aJiaHa CTPYKTypa BEKTOPHUX CITIBBITHOIIIEHb MIXK CHICTEMaMH KOOPIHHAT
Ta MmapaMeTpamMH MOJICNI TO3BOJISIE 3alMCaTH KiIbKa TPYIT PiBHSIHB MO0 KYTOBUX IOJIOKEHb POTOpA TiPOCKOINa Ta HOro
KYTOBHUX IIBUIKOCTEH.

Karwou4oBi cioBa: 0e3KOHTaKTHHI TipOCKON; TPUKOMITOHEHTHHH aKCelIepoMeTp; KiHeMaTH4Hi 3B’S3KM; MaTeMaTHYHA
MOJIENIb; aBTOHOMHA HaBirars.
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