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Abstract—The article deals with approaches to designing aircraft control systems based on the robust
synthesis. The mathematical model of the aircraft control system both for deterministic and stochastic
cases is considered. The Dryden filter models are represented. The state-space conception is applied. The
concept of robust designing based on H-infinity synthesis, function of the mixed sensitivity, and loop
shaping is represented. The features of Robust Control Toolbox necessary for automated designing of
aircraft control systems are studied. The weighting transfer functions are proposed. Results of simulation
of the synthesized robust control system are shown in the form of transient processes in lateral and
longitudinal motions. The proposed approach is directed on providing the possibility of the aircraft to
function in conditions of influence of disturbances. The possible applications of obtained results is
control of aircraft motion in civil aviation.

Index Terms—Aircraft control system; robust synthesis; weighting coefficients; function of mixed

sensitivity; aerodynamic disturbances; lateral and longitudinal motions.

I. INTRODUCTION AND PROBLEM STATEMENT

The design of modern aircraft control systems is
characterized by the progress of technology and the
growth of competition that leads to higher
requirements for the level of safety and economy of
flight. The development of civil aviation industry
makes it necessary to take into account global design
trends. Under such conditions, the design of robust
aircraft motion control systems becomes relevant
[1]1-13].

The main feature of robust control systems is the
possibility to keep performances during influence of
the perturbations. This is very important for aircraft
control systems as they are used in real operating
conditions accompanied by sufficient aerodynamic
perturbations. Hence, the advantages of robust
aircraft motion control systems are caused by the
fact that they provide acceptable accuracy of control
processes in difficult conditions due to the effect of
coordinate and parametric disturbances real
operation [4] — [6].

There is a technique for developing robust
systems, using singular values determined for the
system’s transfer function and minimization of H-
infinity norms of sensitivity functions [7] — [9].

The H-infinity synthesis purpose is designing
such a controller that delivers minimum H-infinity
norm for the closed circuit transfer function.

Searching optimal controller is realized on the
quantity of controllers that make closed circuit
internally stable, that is, on the set of admissible
controllers [10] — [12].

It is noteworthy that there are multitudinous and
contradictory requirements for aircraft control
systems. The most significant contradiction is the
need to provide performance and robustness at one
time that requires searching a compromise solution.

The new direction in the automatic control theory
is connected with creation of the control systems,
which are characterized by low sensibility to
variations of the model’s parameters and presence of
deviation of the plant’s model from the real
mathematical descriptions. The control systems
designed in accordance with this approach are called
robust. Designing robust systems is founded on
minimizing H-infinity-norm of the transfer function
for the closed circuit.

In the article, we propose to use robust
approaches to designing aircraft control systems.
The basic essence of the used approach lies in
creating the mathematical model of the aircraft
control system and designing the robust control
system. The model is augmented by the weight
transfer functions for the possibility to use loop-
shaping. This allows us to ensure the desired
frequency characteristics of the system. The applied
robust approach is based on H-infinity synthesis
including the method of the mixed sensitivity.
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II. MATHEMATICAL DESCRIPTION OF AIRCRAFT
CONTROL SYSTEM

We will consider that the studied aircraft control
system includes a plant, which can be described by
the linearized model in space of states [13], [14]

X = Ax + Bu,
y =Cx, (1)
z=Cx,

where X is the state vector; A,B are matrices of
appropriate aerodynamic derivatives; u is the vector
of controls ; y is the vector of observations for the
real system; C,C, are observation matrices; Z is

the observation vector for calculating quality index.
For example, the state vector for aircraft lateral

motion looks like x =[B, p,7,@,y]", where B is the
slide angle, p,r are angular rates of roll and yaw,
¢,y are angles of roll and yaw. The control vector
is determined as u=[da,0¢]' , where da,de are

angles of deviations of ailerons and direction angle.
Matrices of aerodynamic derivatives A and B
can be represented in the following way [2], [15], [16]

Y, v, v v, v,] [% %

L, L, L L, L, L, L
A=|N, N, N, N, N,[.B=|N, N, |Q)
o 1 0 o0 O 0 0
L0 0 1 0 0] 0 0

The expression (2) uses the following notations:
Y means observation signal of the lateral system, L
and M are moments of the roll and yaw,
respectively.

Observation matrix C is used for developing the
model of the aircraft control system. It is determined
by features of the real navigation system.
Observation matrix C, is determined by state

variables. The slide angle B is rare enough measured
in real systems. At the same time, restriction of the
angle [ is of great importance for flight safety. The
same conclusion could be made relative to the angle
o for the longitudinal motion. Therefore, the
variable y in the state-space mathematical model y is
used for creating the controller. The variable z is
used for calculating quality index [17] —[19].

In civil aviation, the rigid requirements are given
for bounds of short-periodic and long-periodic
accelerations [20] — [22]. Therefore, it is necessary

to choose a method, which allows us to take into
consideration given requirements for quality indices
in important practical situations. Such an approach
can be illustrated on the example of the lateral
motion. The lateral acceleration

The lateral acceleration except of gravity is
measured by the accelerometer. This acceleration
can be described by the expression [2]

ayZYﬁ'B"'Ya,'8r=a11xl+b21u2- (3)
As follows from the expression (3), the squared
acceleration  will  include the component

2ay,-byy - x,uy =2, Y B3,
The plant equation (3) must be supplemented by

the controller equations taking into consideration the
negative feedback [23]

X, =Ax, +B, (f —Cx),

~ - 4
u=Cx, +D (r-Cx),
where 1 is the reference signal, A ,B,,C,,D, is
the quadruple of matrices, which represents the
mathematical description of the controller.
The diagram of the closed-loop
represented in Fig. 1.
The state-space model of the closed-loop system

system is

for the vector of states, x,=[x,x,]", reference

signal T, and observation vectors y, =[y,u]’ and

z=C"x, can be obtained from equations (1) and (4)
in the following form

Xy, = AgX, + BT,

5
Yo =CoX, + DI, z=Cj X,, ©)

where the quadruple of matrices in the state-space
mathematical description can be determined in the
following way
A-BD,C BC, BD,
A() = 5 B() = 5
-B,C A B

u u

cC 0 0
= pc c | Do=lp |

here ¥ is the input (reference) signal, z is the
observation vector, which forms the quality index.

The main stochastic disturbance that influences on
an aircraft is the turbulent wind [2]. Therefore,
firstly, it is necessary to have the mathematical
model of the disturbance in the form suitable for
aircraft models in the state space.

(6)
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Fig. 1. The model of the closed-loop system

The simplest description of the turbulent wind can
be done by means of the Dryden model [2], which
represents the short periodic u,, long periodic wy,
and lateral v, components of the vector of the
wind’s instantaneous speed as stationary random
processes with the following spectral densities

2
L
Su((l)) — 2GHLH . 1 s Tu — 4LL’
UOTI: (1+Ti(&)2) UO
2 2 2
()= Gl oL
ot (1+rioo2) Uy
G2L 1+3‘TT‘(02 Lw
SW((D): (;}T:}. . 20 Tw — ’
0 (1+rfvoo2) Yo

where L,, Ly, L, are appropriate scale coefficients of
turbulence; U, is the constant speed of the aircraft;
6., O,, O, are root mean squares of speed
components.

These random processes can be represented as
outputs of forming filters. Inputs of these filters
represent non-correlated white noise my, 1,, n.. The
long-periodic speed w, can be easy calculated in the

turbulent angle of attack o,=w,/U,. The
longitudinal motion can be characterized by input

T T
n=[Mn,n.] a,.q,]
where g, can be represented as g, =—a, [2]. In this

case, the equation of the turbulent wind motion can
be written as

and output g =[u, vectors,

Xg:Ag'Xg +Bg'ﬂ’

gZCg'Xg +Dg'T]a

®)

where
<, 0 0 K, 0
4= 0 0o 1 | B,=| 0 0],
| 0 —A7 2%, 0 1
_ )
1 0 0 0 0
C,=|0 KB, K, ,D,=[0 0
10 KA K, (2h, —B,) 0 -K,
GLI Tc
EP LW (10)
}"w_ }"u:_ w:_
Lw L. V3

In the similar way, it is possible to represent the
forming filter for the lateral motion. In this case, the
input signal represents the white noise m, , and

, and
. The Dryden model is

output signals are the turbulent lateral speed v,

turbulent angular rates p,, 1,

standardized [2]. It should be noted that coefficients
in expressions (7) for various modes (cruising flight,
landing and so on) are determined in experimental
way. These models can be used for checking
accuracy of stabilization during flights in the
turbulent atmosphere.

The stochastic model of longitudinal motion
presented in Fig. 2 represents a sequential
connection of the forming filter in the form (9), (10)
and the previously considered closed-loop control
system.
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Fig. 2. The stochastic model of the closed-loop system

The diagram of the closed-loop system presented
in Fig. 2, slightly differs from the one shown in
Fig. 1 by the input point of the external signal. For
the input signal u, the expressions for the quadruple
of block matrices describing the closed-loop system
in the state space can be represented in the following

form
A-BD,C -B,.C
| BC A, |

cC o0
C,= ,
D,C C,

here D, is the zero matrix of the appropriate
dimension. The serial connection of the closed-loop
control system and Dryden forming filter (9) allows
to take into consideration the turbulent atmosphere.
The matrix of controls represents the augmented
block matrix

(11

B, =|B). B,], (12)

here the matrix BZ defines the influence of the

external disturbance g on the plant. It consists of
columns of the matrix A with opposite signs. These
components correspond to turbulent disturbed
variables of the state. For short-periodical motion,
these components represent an increment of the
short-periodic speed, angle of the attack, and angle
rate of the pitch. If the mathematical description of
the forming filter in the space of states is defined by

the quadruple of matrices [Ag,Bg,Cg,Dg] , the

serial connection of the closed-loop system and

forming filter taking into consideration expressions
(11), (12) can be represented in the following form

X, =Ax; +Bm,
y=Cyx,. (13)

z=C_Xx

S07S»

where x is the vector with components consisting

of state variables of the forming filter and closed-
loop system; n is the vector of the white noise at the

input of the forming filter; y is the measured output

of the control system; z is the vector of state
variables, which form the quality index in the
stochastic case, matrices Ag,B;,C,D; look like

A0 B 0
A = & B.=| 2
BC A T |BY DT (g

g

C,=[D,C,. C,]. Dy=D,D,.

As matrix D, =0, the following equation is true
D, =0. Matrix C,, is formed based on those state

variables, which define the quality indices of the
control system.

During synthesis of aircraft robust control
systems, it is necessary to determine a range of
changing plant parameters, which have the greatest
influence on the performance and stability of the
control system. For manned aircraft, modern
requirements for robustness that is for keeping
stability and performance of control reduces for the
following situation. The aircraft control system must
keep quality indices in permissible flight modes for
following factors:
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1) changing the position of the centre of a mass
(in the range from 15% to 23% of the average
aerodynamic chord in the horizontal plane and from
0% to 21% of the average aerodynamic chord in the
vertical plane);

2) variation of an aircraft mass (in 1.5 times);

3) variation of delay of digital controller reaction
(from 50 to 100 ms).

We will consider that the studied aircraft control
system includes a plant, which can be described by
the linearized model in space of states [13], [14]
control, and complementary sensitivity function.

III. DESIGNING OF ROBUST CONTROL SYSTEM

The control systems, which provide keeping
basic characteristics during changes of plant
parameters in sufficiently wide range are robust
ones. There are some methods of designing such
systems. It should be noted that the quality of
designing works depends essentially on the
possibility of their automation. One of the best
instruments of automated designing robust systems
is Robust Control Toolbox (MatLab). Methods
realizing in Robust Control Toolbox are based on
operations with frequency characteristics of control
systems. The basic approach of designing robust
control systems by Robust Control Toolbox is based
on satisfying sufficient condition of robust stability

(15)

where L is the upper bound of variation of the
transfer function; Gy is the transfer function of the
plant; K is the transfer function of the controller.

In other words, the sufficient condition of robust
stability (1) is formulated as restriction of H.,-norm,
which is weighted as function of the system’s
nominal transfer function. Deviations of the plant
transfer function from nominal one are caused by
both change of parameters and non-modelled
dynamics. Influence of disturbances are also taken
into consideration. The non-modelled dynamics
includes small inertia moments, non-linearities, and
other factors.

One of modern approach for designing robust
systems is the so called loop-shaping. This approach
is based on requirements for frequency
characteristics of control systems. It can be
explained by the diagram represented in Fig. 3. Here
G is the plant, K is the controller, 7 is the reference
signal, w is the disturbance, v is the noise; e is the
error of regulation, u is the control, Wy, W,, W; are
transfer ~ weighting functions depending on
frequency.

IZ]. HK(I +G,K)"! Hw <1,

i A g

Fig. 3. Diagram for synthesis robust controller

The matrix transfer function

S=(I+GK)" (16)

is the transfer function on the error or the function of
the sensitivity. It defines connections between r, w,
v, and the error e.

The transfer function

T=GK(I+GK)" (17)

is the transfer function of the closed-loop control
system or supplemented function of the sensitivity.
The transfer function

R=K(+GK)" (18)

is the function of sensitivity by control.

The requirements for the system on decreasing
disturbances and providing margin of stability can
be reduced minimization of the H,-norm of the
function of the mixed sensitivity based on functions

(16)—(18)
WS
T=|W,R|.
w,T

(19)

Minimization of H.-norm of the function of the
mixed sensitivity (19) in Robust Control Toolbox
can be realized by operators hihfopt (for continuous
system) and dhinfopt (for discrete system). To
realize synthesis of the robust controller, it is
necessary to create the augmented plant. Application
of the operator hinfopt allows us to determine the
optimal solution in the form of the transfer function
of the closed-loop augmented system cucremu ssc/
and the robust controller sscp. The system ss ft
characterized the transfer function of the closed-loop
system, which consists of the serial connection of
the controller sscp and the plant ssg closed by the
unit feedback by every channel; ss fs is the transfer
function of the sensitivity.

The great emphasis in this procedure is given to
the choice of the weighting transfer functions, which
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provide creation of the augmented plant and forming The weighting coefficients were chosen in the
the necessary frequency characteristics of the following form
synthesized system. The weighting functions
represent the diagonal matrices in the form W1= 1/(s+0.01) 0
0 1/(s+0.01) |
as+b
0 w2=0,
woo| +d X
i : /1000 0
o Asth w3=|® : '
¢s+d, 0 (ts+1)s” /1000
The choice of the weighting characteristics is, The coefficients of weighting transfer functions

are functions of aecrodynamic parameters and can be
essentially changed.
IV. " SIMULATION RESULTS Transient processes by step signals for lateral
The described algorithm of was realized for the motion are represented in Fig. 4. They demonstrate
light airplane of the civil aviation. The mathematical  transient processes on the roll, yaw, velocity and
model was represented in the space of states. path angle correspondingly.

12 : ‘ ‘ ; 12

mainly, the heuristic procedure.
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Fig. 4. Transient processes: on roll angle (a), on yaw angle (b), on air velocity (¢), on path angle (d)

taking into consideration introducing weighting
transfer functions is described. The expressions for

The mathematical models of the aircraft control — weight transfer functions have been obtained. The
system are developed and represented. The appropriate software has been developed. The results
procedure of designing the robust control system of designing robust systems in the form of the

V. CONCLUSIONS
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Control, Kyiv, Ukraine, 2016, pp. 84-87.
https://doi.org/10.1109/MSNMC.2016.7783112

[14]Y. Feng, Robust Control of Linear Descriptor

transient processes are represented. The obtained
results prove the high robustness of the control
system.
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O. A. Cymienko, B. M. Be3koposaiinuii. Iligxix 10 podacTHOro kepyBaHHS pyXoM JiTaKa

VY crarti po3IISIHYTO MiJXOOH J0 NPOEKTYBAaHHS CHUCTEM KEpyBaHHS JITAJIbHUMHM araparamMd Ha OCHOBI poOacTHOTO
cHHTE3y. PO3rIIsTHYyTO MaTeMaTHYHY MOJIENIb CUCTEMU KEPYBAHHS JITAJIbHUM anapaToM SK JJIsl AeTEePMiHOBAHOTO, TaK i
Ul croxacTHaHOro BunanxiB. [Ipencrasneni Mozpeni ¢inbtpiB Jpaiinena. 3acTocOBaHO KOHIIEMIIIO MPOCTOPY CTaHiB.
[IpencraBneHo KOHIENIi0 POOACTHOrO MPOEKTYBaHHS Ha OCHOBI H.,., QyHKUIT 3Mimanoi 4yTiauBocTi Ta GpopMyBaHHS
KOHTYpPIB KepyBaHHs. J[OCIiPKEHO 0COOIMBOCTI MakeTy mpukianuux mporpam Robust Control Toolbox, HeoOXiqHi ast
aBTOMAaTHU30BAHOTO IPOEKTYBAHHS CHUCTEM KepyBaHHs JiTakaMH. 3ampolOHOBAaHO BaroBi IepenaBalibHi (QYHKIII.
[TokazaHO pe3ynbTaTH MOIENTIOBAHHS CHHTE30BaHOI POOACTHOI CHCTEMH KEpYBaHHS Y BUIJISII MEPEXiHUX IPOIECIB
IIPU TIONIEPEYHOMY Ta MO3J0BXKHHOMY pyXax. 3ampOoNOHOBAaHHMN MiJXiJ CHPSMOBAHUI Ha 3a0e3NeueHHs MOXKIMBOCTI
(YHKIIIOHYBaHHS JliTaka B yMOBaxX BIUIMBY 3aBajJ. MOXXJIMBE 3aCTOCYBaHHsS OTPHMAaHHMX PE3yIbTaTiB — YIpaBIiHHSI
PYXOM MOBITPSHUX CYyJIeH y IIMBLIBHIHN aBiarfii.
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