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Abstract—The article deals with the development of mathematical description of systems for stabilization
of measurement and observation equipment assigned for operation at moving vehicles of the wide class
such as land, marine, and air moving vehicles. Mathematical descriptions of one-axis, two-axis, and
three-axis stabilization systems are represented including kinematical relations and dynamics models.
The general mathematical descriptions and the appropriate models in the space of states are given. The
basic approaches to linearization of the generalized models are represented. The sets of turns in the
inertial space for two-axial and three-axial stabilizations systems are represented. The obtained
mathematical model for one-axis stabilization system has been used for the robust structural synthesis of
the system assigned for stabilization of the observation equipment mounted at the land moving vehicles.
The obtained results can be spread on moving vehicles of the different type.

Index Terms—Stabilization systems; multi-axes space stabilization; mathematical description; state-

space model; differential equations; matrices.
I. INTRODUCTION AND PROBLEM STATEMENT

Recently, the urgency of creating new promising
systems for the spatial stabilization of equipment for
moving objects is growing. The creation of such
systems requires the use of methods of analysis and
synthesis [1] — [3]. This approach ensures the
successful development of new systems of the
studied class, one of the features of which is
operation in conditions of disturbances. In view of
this, it is expedient to synthesize these systems on
the basis of the theory of robustness. One of the
modern approaches to solving the given problem is
robust structural synthesis, which requires the
creation of a mathematical description of spatial
stabilization systems [4].

One of the important features that is decisive for
the creation of a mathematical description of systems
of the studied type is the number of axes along which
spatial stabilization is performed. Single-axis
stabilization is appropriate for equipment with
significant mass-dimensional characteristics, which
are usually installed on land-based mobile objects.
The vast majority of equipment for moving objects,
for example, laser sights, antennas, requires two-axis
stabilization in space. Three-axis stabilization is
necessary in situations that require high accuracy.
For example, video cameras of unmanned aerial
vehicles require three-axis stabilization.

The number of axes of spatial stabilization
determines the peculiarities of the kinematics of the
stabilization ~ system, which determines the
appearance of the mathematical model.

The main goal of the article is to create a
mathematical description of stabilization systems
depending on the number of axes stabilized in space.

II. GENERAL FEATURES OF MATHEMATICAL
DESCRIPTION OF STABILIZATION SYSTEM

The studied stabilization and tracking system
provides control by the space orientation of the
measurement and observation equipment mounted in
the two-axis gimbals. The gimbals consist of the
platform representing the internal gimbal and the
external gimbal suspended in the ball-bearings. The
information-measuring equipment and gyro sensors
are mounted on the platform. These sensors measure
the absolute angular rate of the information-
measuring device lines if sight.

In the general case, the system dynamic may be
described by the Euler equations [1]
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where ® ,®,,®, are projections of the platform

y’

angular rates onto its own axes; J ,J y,JZ are the

inertia moments of the platform with useful payload
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mounted on it relative to the gimbals axes;
J.»J ., J,, are the centrifugal inertia moments

yz? ¥ xz?
relative to the gimbals axes; o,® , 0, are

projections of the platform angular accelerations
onto its own axes; M ,M ,M_are the moments

acting by the gimbals axes.

The moments acting on the platform include the
following components: moments of dry friction in
the ball-bearing supports of the gimbal, moments
developed by stabilization engines, and disturbance
moments. When creating a mathematical description
of the system in the precise stabilization mode, it is
necessary to take into account that each of its control
loops includes a stabilization motor, a pulse-width
modulator (PWM) and a gyroscopic angular velocity
meter [5], [6]. The components of the moments
acting along the axes of the gimbals are determined
as follows [6]

M, =M ;signo, M, =c,U,/R,

3 . 2
My =M, 1=X5,Y05215

where M P is the nominal friction moment in

bearings mounted in axes of gimbals; ¢, is the
coefficient of loading on the shaft of the motor; U,
are voltages of control windings of the motor
armature; R, is the resistance of circuit in the motor

armature; M, . are disturbance moments.

ist i
The formation of voltage in the control winding of
the motor armature is described by the expression [7]

TU, +U, =kpypUpyp —n.c,0,, 1 =%y, ¥y, Zy, 3)

where 7, is the transfer constant of the motor
armature; ¢, is the coefficient of proportionality
between the angular rate of stabilizing motor and
electromotive force; k,,,, is the transfer coefficient
of the linearized PWM; U,,,, is the voltage at the

input of PWM. Controlling voltages at the outputs of
sensors of the angular rate can be described in the

following way U ; [7]
- . )
LU, +281LU, +U, =k,0;, i=x,y,z, (4)

where T, ¢ 18 the transfer constant of the gyroscopic
sensor of the angular rate; & is damping coefficient;
kg is the transfer coefficient of the gyroscopic
sensor of the angular rate.

III. MATHEMATICAL DESCRIPTION OF ONE-AXIS
STABILIZATION SYSTEM

The united model of the motor and stabilization
plant can be represented in the following form

J 0., =—M ;signg,, — M, coso,,
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where J, is the moment of inertia of the
measurement or observation equipment; ¢, is an

angle of the turn of the equipment; M, is the
nominal friction moment in bearings of the
equipment; M, , is the imbalance moment; c, is the

reducer rigidity; n. is the transfer ratio of the

”

reducer; J, is the moment of inertia of the motor;
¢,, is an angle of the turn of the motor; M ,, is the

nominal moment of resistance; c, is the transfer
constant of loading at the rotor shaft; R, is the
resistance of the motor armature; U is the voltage of
the motor armature; U, is the voltage of pulse-
width-modulator; c, is the electromotive constant.

Nonlinear moments of the dry friction can be
approximated by linear relationships.

Approximation coefficients are determined as
ratio of the first harmonic amplitude to the angular
rate amplitude [8]. In this case, expressions for
determination of friction moments

Meq = M/rSign(‘peq H Mm = Mfr/nSign(‘.pm

become M, = f,. ¢, M, =f..0,.
Coefficients f,, » [, Will be determined by

expressions

Speg =AM /(7)) [ =AM 4, (7Q,,) .

frm

It should be noted that the expression for
unbalanced moment determination M, , cos®, can

be linearized for platform angles changing in the
range 5—10 degrees.

The developed mathematical description (5) can
be reduced to the linearized form
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where f

eq?
the measurement or observation equipment and
motor respectively. In model (6), the most
significant thing is the replacement of nonlinear
moments of friction with linear dependencies.

The presented model can be transformed to a
model in the state space in the generalized form

/., are coefficients of friction moments of

X = Ax +Bu,

7
y=Cx+Du, ™

where x is the state space vector; u is the vector of
controls; A, B, C, D are matrices that characterize
features of the system and control; y is the vector of
observations.

For model (3), vectors of the state and controls
and appropriate matrices look like
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IV. MATHEMATICAL DESCRIPTION OF TWO-AXIS
STABILIZATION SYSTEM

It should be noted that use of the two-axis gimbals
is the most acceptable for many applications, as two
mutually-orthogonal axes represent the minimum
quantity necessary for determination of the direction
in the three-dimensional space [8].

The mutual position of the coordinate axes
necessary for representation of kinematic of the
stabilization and tracking system is represented in
Fig. 1.
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Fig. 1. Mutual position of the coordinate system
connected with the vehicle and the platform

The represented coordinate systems may be
characterized in the following way. The coordinate

system Ox,),z, is connected with the moving
vehicle. The coordinate system Ox;,y,z, is connected

with the gimbal. The coordinate system Ox,y,z, is
connected with the platform.

In accordance with Fig. 1, the angular rate
projections of the platform with mounted on it useful
payload onto its own axes may be represented in the
following form

®_=dacosf,
o, =, ©)
o, =asinf.

Based on the relationships (9), the Euler

kinematic equations, which correspond to the
sequence of angles represented in Fig. 1, become

o=, cosf+o, sinf,
B=w,.

The mathematical model of the control object of
the system for stabilization and tracking of the
information-measuring devices operated on vehicles
depends essentially on the type of the vehicle. In the

represented paper the mathematical model assigned
for operation on the ground vehicles is considered.

(10)



56 ISSN 1990-5548 Electronics and Control Systems 2023. N 3(77): 53-59

Based on the expressions (2) — (4) and (9), (10),
the mathematical model of the two-axis system for
the space stabilization of measurement and
observation equipment operated on moving vehicle
can be obtained. It should be noted that for creation
of the system control object model it is expedient to
accept some simplifications for the set of equations
(1), namely, to neglect by the centrifugal inertia
moments. Taking into account this simplification the
mathematical model of the system providing
stabilization and control by the lines of sight of the
information-measuring equipment operated on the
land vehicles in the horizontal and vertical planes
becomes
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where o, [ are the turn angles of the platform with

the useful payload installed on it; ® , ®, are the

platform angular rates in the horizontal and vertical
planes correspondingly; ®_, , @, are the rates of the

e ? “ef
engines mounted by the axes x, y correspondingly;
a,, B, are the turn angles of the engines mounted

by the axes x, y; U,,, U, are the output signals

of the angular rate signals measuring the absolute
angular rates of the platform with mounted on it
useful payload by the axes x, y; U, U, are the

odo ?

derivatives of the sensor output signals; J_, J Vs J,
are the inertia moments of the platform with
mounted on it useful payload relative its own axes
x,y,z; M, , M, are the nominal dry friction

moments acting by the gimbals axes x, V; M, ,
M unby

Y kspr
compensator;
resetting; ¢, is the reducer rigidity;

are the unbalanced moments by the axes x,
is the rigidity coefficient of the spring

A 1is the initial angle of spring
a,, B, are the

turn angles of the platform taking into account
presence of the drive gap; M M,, are the

nominal dry friction moments of engines installed at
the gimbals axes x, y; c, is the constant of the

is the

resistance of the engine armature winding; U, , U,

frex

m

load moment at the engine shaft; R

w

are the armature voltages of engines mounted by the
gimbals axes; #n, is the reducer gear ratio; 7, is the

time constant of the engine armature circuit; kpy,,
is the transfer constant of the linearized pulse width
modulator; U,,, is the voltage at the pulse width

modulator coefficient of

proportionality between the engine angular rate and
the electromotive force; v is the relative damping
coefficient; 7; is the time constant of the angular rate

input; ¢, is the

sensor, k, is the transfer constant of the angular
rate sensor. In the represented non-linear equations

(4) the angles a,, B, may be defined in accordance

with the expressions

a,=a,/n,, if |o,/n,—o]20.5A,

a, =a, if |o,/n,—a|<0.5A,
B,=B./n,, if |B,/n,—B[=0.5A,
B, =B, it [B,/n,-B[<0.5A,
(12)
where A is the value of the experimentally

determined system drive gap.

For further researches it is necessary to
implement linearization of the equations (11), (12)
relative to the nominal values of the phase
coordinates. Such linearization must include the
following stages:

1) linearization of the expressions for the friction
and unbalanced moments of the engine and
stabilization object;

2) neglect by the drive gap and the friction
moments at the bearings of the gimbals and at the
engine shaft;
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M, 0 cosPBsinpM,
3) neglect by the error of the angular rate sensor; u ‘ OAA | " ! |
4) assumption of smallness of the platform turn Lo v, |=| cosBeos@M,y, . (15)
angles for linearization of the trigonometric M, 0 —sinpM,

functions. After these actions the set of equations (11)
can may be transformed to the linearized form and
represented in the space of states.

V. MATHEMATICAL DESCRIPTION OF THREE-AXIS
STABILIZATION SYSTEM

The position of the coordinate system OXYZ
associated with the platform in inertial space relative
to the original coordinate system O is determined by
a sequence of three rotations through angles y, 3,

Y as it is shown in Fig. 2.

A\ Ya.H

Z,.Z

Fig. 2. Sequence of turns that determines the position of
the platform with the equipment

When creating a mathematical description of the
stabilization system, it is necessary to take into
account that the control moments generated in the
controller control the movement of the gimbal
frames, and the system dynamics model (1) is
determined in projections onto its own axes [9],
[10]. Expressions for determining the components of
control moments can be determined based on the
following transformations

MX] 0
MY] =4, 0 |, (13)
MZl MZ2

MX2 MX] coscpMX1

M, =A3TA;F 0 |= —sin(pMX] , (14)

2

M 0 0

Z

Based on expressions (13) — (15), the projections
of the platform control moments onto its axes take
the form

M, =cosoM , +cosPsinpM, ,

M, =-sineM , +cosBcosoM, , (16)

M, =M, —sinM, .

Relations (2) — (4) and (13) — (16) represent a
mathematical description of the three-axis
stabilization system for surveillance equipment
operated on a UAV. In modern control theory, the
design of robust systems is usually carried out in two
stages. At the first stage, robust synthesis is carried
out, based on the use of a linearized model
represented in state space. At the second stage, the
synthesized system is tested using simulation.

Depending on the results obtained, the first stage
can be repeated after making changes to the initial
data and optimization criteria.

The implementation of robust synthesis requires
the use of a linearized state-space model. Such a
model can be obtained based on the above-
mentioned  relations using the  following
assumptions:

1) neglect of the centrifugal moments of the
platform and the difference in axial moments, which
makes it possible to significantly simplify
expressions (1);

2) taking into account only small angles of
rotation of the platform, which makes it possible to
simplify expressions (3), (9), (10);

3) replacement of nonlinear friction moments
with linearized moments;

4) use of a linearized PWM model;

5) neglect of some moments of disturbance
acting on the platform.

VI. SIMULATION RESULTS

The results of the robust synthesis by the method
of the mixed sensitivity of the stabilization system
using the developed mathematical description are
represented in Fig. 3. The represented results of the
synthesis of the one-axis stabilization system have
been obtained for the equipment assigned for
operation at the land moving vehicle (horizontal and
vertical channels).
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Fig. 3. Simulation results: transition processes of the nominal (solid) and parametrically disturbed (dotted line) systems
in the stabilization mode (a) and the tracking mode (b) for the horizontal channel; transition process of the nominal
(solid) and parametrically disturbed (dotted line) systems in the stabilization mode (a) and the tracking mode (b) for the
vertical channel

VII. CONCLUSIONS

The generalized approaches to development of
mathematical description of stabilization systems
assigned for stabilization of measurement and
observation equipment mounted at moving vehicles
of the different classes.

Mathematical descriptions for one-axis, two-axis,
and three-axis systems are represented. The
appropriate kinematical relations are represented.

Simulations results of synthesis for the land
moving vehicle based on the mathematical
description of one-axis stabilization system are
represented.
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0. 0. Camwok. MareMaTHYHH OMHC CHCTEM MPOCTOPOBOiI cTadidizamii o0JagHAHHA TPHU3HAYEHOTO JIs
eKcILIyaTanii Ha pyxoMoMYy TPaHCIIOPTHOMY 3ac00i

CraTTio IPUCBSYEHO PO3pOOLI MaTeMaTHYHOIO OIKMCY CHCTEM CTabiii3auii BUMIpIOBAIBHOI Ta CHOCTEPEXKYBaJIbHOT
anapaTypH, IPU3HAYCHOI Il pOOOTH HAa PyXOMHX 00’ €KTaX IMUPOKOTO KIacy — Ha3eMHHUX, MOPCHKHX Ta TOBITPSHUX.
[IpencraBneni MaTeMaTHYHI OMUCH OJHOOCHOBUX, JBOBICHHX 1 TPHUBICHUX CHCTEM CTaOuUTi3alii, BKIIIOYAIOYU
KIHEMaTHU4HI CIIBBIIHOLIEHHS Ta Mojell guHaMiku. HaBeneHo 3arainbHi MaTeMaTH4YHI OIKCHU Ta BIAMOBIAHI MOENi B
npocropi craniB. [IpencraBineHo OCHOBHI MigXoau 1O JliHeapu3alii y3arajgbHeHHMX Mojeneil. HaBeneno cykymHocrti
MTOBOPOTIB B IHEPIITHOMY TIPOCTOPI IS TBOBICHOI Ta TPUBICHOT CUCTeM cTadimizalii. OTpuMaHy MaTeMaTHYHy MOJIENb
OJHOBICHOI cHcTeMHU CTabimi3amii BUKOPUCTAHO JJIsI POOACTHOTO CTPYKTYPHOTO CHHTE3Y CHUCTEMH, MPU3HAYEHOT ISt
crabimizamii oOJMaHAHHS CIIOCTEPEKEHHs, BCTAHOBJICHOTO HAa HA3eMHHUX PYyXoMUX 00’ekTax. OTpuMaHi pe3yabTaTH
MO>KHA MOIIUPUTH HA pyXoMi 00’ €KTH Pi3HOTO THITY.

KuarouoBi cioBa: cucremu cralimizaliii; 06araToBicHa TpPOCTOpOBa CTaOUTi3aIis; MaTeMAaTHYHUN OIKC; MOJENb Yy
IPOCTOPI CTaHiB; 1udepeHiaabHi PiBHIHHS; MaTPHLII.
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