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Abstract—The paper deals with developing he mathematical model of nonorthogonal inertial measuring
instrument based on triaxial MEMS gyroscopes. Both the model of the sensitive element and realization
of the algorithm of transforming measurement information are represented. The model of the sensitive
element takes into consideration measuring errors of typical MEMS gyroscope. The model is based on
characteristics represented of technical description given by manufactures (Analog Device). The
algorithm of information processing, which includes the restoration matrix, is developed. The table of
direction guides is obtained. The effectiveness of the developed mathematical model is proved by using
Simulink model, which takes into consideration elements inherent to real inertial measuring instruments.
The results of researching accuracy and the possibility of increasing the dynamic range are represented.

Index Terms—Cosine guides; inertial sensor; mathematical model; MEMS gyroscope; nonorthogonal

measuring instrument; simulation.
I INTRODUCTION AND PROBLEM STATEMENT

Nonorthogonal configurations of inertial sensors
are now widespread [1], [2]. This is due to the
ability to make navigational measurements more
accurate and reliable with functional redundancy [3],
[4]. In this case, it is necessary to convert the
information measured by individual gyroscopes in
the projection of the angular velocity of a moving
object in the inertial coordinate system [1]

L=Ho, (1)
where [l1 IA ln]T is the angular velocity
vector measured in an excessive orthogonal

T
coordinate system; [m , (oz] are projections

X

of the angle velocity of a moving object in the
inertial coordinate system; # is the number of inertial
sensors in the orthogonal configuration. In other
words, the matrix H describes the relationship
between measuring and inertial coordinate systems.
Given expression (1), the ratio for calculating the
angular velocity can be represented as [1], [2]

o=H"L. )

Expression (2) for determining the pseudo-
inverted matrix using the Moore-Penrose algorithm
takes the form [1], [2]

H' =(H'H)"'H' =[H]] le H'l. (3

Expression (3) is used when modeling excessive
nonorthogonal configurations of MEMS sensors in
the design of navigation systems. The dynamics of

the configuration is taken into account using the
relationship (3). Strictly speaking, when creating a
model it is necessary to take into account the digital
output of modern MEMS sensors. Therefore, the
quantization procedure must be performed during
modelling [5], [6]. For simulation modeling of the
measuring process in the excessive nonorthogonal
configuration of several MEMS gyroscopes, it is
desirable to develop a mathematical model of the
sensor and an algorithm of measuring information
processing. In a real measuring instrument, this
algorithm is realised by a microprocessor or
microcontroller. To create a mathematical model, it
is important to choose the kind of inertial measuring
instrument and the kind of nonorthogonal
configuration [7], [8]. An important issue in creating
a mathematical description is the choice of the
number of axes of sensitivity of excessive
nonorthogonal inertial meter. Inertial meters are
divided into uniaxial, biaxial and triaxial according
to the number of sensitive axes. It should be noted
that the development of inertial sensors has been
evolved from the point of view of increasing the
number of axes of sensitivity or measuring axes [9],
[10]. Nowadays, triaxial inertial meters are the most
common. They are called initial measuring units.
These devices ensure determination of the full
spatial position of moving objects. To create a
mathematical model, it is important to choose a
device based on the requirements of a particular

application. The already mentioned inertial
measuring unit ADIS16488 was chosen to present
the model. The mathematical model of one
ADIS16488 is presented in Fig. 1 [I11].
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Fig. 1.

The model presented in Fig. 1, contains a linear
part in the form of a transfer function and nonlinear
components typical of operated measuring units.
These non-linearities contain limits on the
measurement range (50 deg/s) corresponding to
10V and the dead =zone (0.015deg/s or
0.00026 rad/s). The description also takes into
account the output measurement noise of the sensor
1.5-107 rad/s) [12].

The presented description also includes random
errors such as output noise (o= 0.16 deg/s), the
initial displacement (o = £ 0.2 deg/s), stability of the
primary displacement (¢ = 6.25 deg/h), temperature
coefficient of displacement(c = + 0.0025 deg/s/°C),
which are represented as the white noise [13].

In addition, this model is somewhat simplified
compared to that shown in Fig. 1 to avoid
unnecessary complications when creating a multi-
axis model [14].

II. MATHEMATICAL MODEL OF TRIAXIAL
INERTIAL MEASURING UNIT

The inertial measurement unit model is based on
a combination of measurement channels. The model
of orthogonal excessive inertial meter based on
MEMS gyroscopes is presented in Fig. 2.
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Fig. 2. Simulink model of orthogonal excessive inertial
measuring unit
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The presented description is grounded on the
characteristics of the gyroscope ADIS16488
(manufactured by Analog Device), designed by

Simulink model of one measuring channel MEMS gyroscope

MEMS technology. It must be recognized that the
presented model is all-round and suitable for MEMS
gyroscopes of any kind. The preference of the given
model is the use of the characteristics of the real
sensor provided by the manufacturer. Hence, the
creation of this model does not need additional
testing and re-examination with special equipment.
It is important to note that the gyroscope
ADIS16488 has built-in Kalman filters.

The selection of nonorthogonal configuration
depends on the requirements for accuracy and
weight and dimensions. For light and ultralight
unmanned aerial vehicles, it is convenient to use a
polyhedron-based configuration. The orientation of
the sensitivity axes of the nonorthogonal
configuration of the MEMS sensors selected for the
study is presented in Fig. 3 [10].

Fig. 3. Orientation of the sensitivity axes of the redundant
device using a tetragonal pyramid as a structural uni

Colored lines in Fig. 3 show the direction of the
axes of sensitivity of individual triaxial inertial
measuring units arranged on the sides of the
quadrangular pyramid.

Mathematical model of nonorthogonal excessive
inertial meter based on MEMS gyroscopes and
structural element in the form of a quadrangular
pyramid. The simulink model of such a device is
presented in Fig. 4. This model contains both the
measurement algorithm and the implementation of
the information processing algorithm [15], [16].
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Basic peculiarities of nonorthogonal
configurations are needs to convert the information
about the measurements in the excessive measuring

coordinate system into a navigation coordinate
system. The measuring coordinate system is created
by the axes of sensitivity of individual inertial units.
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Fig. 4. Simulink model of nonorthogonal excessive inertial meter

A navigation coordinate system has been used to
determine the angular velocity of a moving object.
Differently, the measurements of individual units
with nonorthogonally located axes are converted
into angular velocities of a moving object regarding
the navigation coordinate system.

The information processing algorithm contains

transformations in measuring and navigation
coordinate  systems. Given this fact, the
mathematical model includes the following
components.

1) Setting the input signals when the sinusoidal
signals are multiplied by the conversion matrix,
which ensures the input of signals appropriate to the
signals of individual inertial sensors.

2) Projections o,, ®,, ., kept in the first stage,
are included in the description of the gyroscope
ADIS16488, and the outputs Q,, €, €. create
excessive data of information measured by sensors.

3) Calculating projections of the angle velocity of
a moving object is grounded on multiplexing the
excess data of the measured signals, multiplied by
the transformation matrix between the measuring and
navigation coordinate systems.

4) The projections of angle velocities on the x, y,
z axes are fed to the demultiplexer and then to the
block of presentation of results. For appropriate
processing the measuring results, the primary sine
waves of angle velocities and 1st gyroscope outputs

are also sent to the block of presentation of results. It
is important to note that the matrix of guiding cosines
of the measuring and navigation coordinate systems
for 1st gyroscope is a diagonal identity matrix. This
case ensures that the outputs of 1st gyroscope
coincide with the angle velocities defined in the
navigation coordinate system. Represent the
conversion matrices in detail. Angle velocities
measured by a nonorthogonal redundant measuring
instrument can be represented in the form

1 2 3 n—2 n—1 n T
0= |:cox ®, o .. o o coz:| . 4)
5) Angular  velocities determined by a

nonorthogonal redundant instrument can be
represented in the form of projections W onto axes of
the navigation coordinate system, you can use the
ratio

w=[w, w, w.]=Ho, (5)

where H is the matrix of guiding cosines, which
determines the relative position of the nonorthogonal
measuring coordinate system and the orthogonal
navigation coordinate system. Matrix H is
characterized by dimension n x m, matrix H' — m x n
respectively.

The process of establishing the initial signals of
an excessive nonorthogonal inertial meter is
described by the expression
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o, =HS, (6)
where S is the vector of primary data, for example,
sine waves.

Based on expressions (4)—(6), the recovery
matrix can be represented as

D =[H'H]'H’, (7)

The elements of the matrix of guide cosines (7)
are presented in Table I.

It should be noted that the first three rows of
Table I show the accordance of the measuring axes
of 1st MEMS gyroscope to the navigation coordinate

system. Output signals Q are defined as
Q=Do,

SIMULATION RESULTS

(8)
1L

The results of modeling the measuring signals (8)
using the proposed mathematical model of excessive
nonorthogonal meter based on inertial sensors (high-
speed MEMS gyroscopes) are presented in Figs 5-7.
Here are the measurement results for the three
measurement channels.

Each figure is represented by three diagrams that
correspond to the inputs; measurement by a three-
axis sensor and measurement by an excessive
nonorthogonal meter. The results of the
corresponding simulation based on the given
sinusoidal signals are presented in Fig. 5.

Simulation based on given signals as a sequence
of rectangular pulses is shown in Fig. 6.

The results presented in Figs 5 and 6 show an
increase in the accuracy of measurements of
excessive nonorthogonal meter compared to the
measurements of a single inertial sensor.

The developed model also allows to study the
possibility of improving the dynamic measuring
range. The corresponding results are presented in
Fig. 7. They correspond to a sufficient and moderate
excess of the measuring range of a single inertial
MEMS sensor. The study of increasing the dynamic
range is of great importance for stochastic motion
caused by external perturbations and deviations from
the set values.

TABLE 1. GUIDING COSINES
W, oy o,
d =o 1 0
0

d, = 0 1 0
d,= o) 0 0 1
d, = —-0.289 -0.817 -0.5
ds =’ —0.408 0.577 0.707
d, =’ 0.866 0 0.5
d, =o' 0.866 0 0.5
dg = —0.408 0.577 —-0.707
d,= o 0.289 0.817 0.5

=0 0.866 0 0.5
d, = w;f —0.408 0.577 —-0.707
d,=o 0.2887 0.817 0.5
d,=o —0.866 0 0.5
d,=o —0.408 0.577 —-0.707
d,=o —0.2887 -0.817 -0.5
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Fig. 5. Simulation of sinusoidal signal measurement process
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Fig. 6. Simulation of the process of measuring rectangular signal pulses

Fig. 7. Simulation of the possibility of increasing the dynamic range

IV. CONCLUSIONS

The mathematical model of nonorthogonal
inertial measurement instruments using triaxial
MEMS units has been developed and the appropriate

conversion matrix using guide cosines has been
developed.

Research of accuracy and improving dynamic
range of nonorthogonal measurement devices based
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on three-axis MEMS sensors using the developed
mathematical model has been carried out.
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B. O. I'oainun. MateMaTH4Ha Mo/ie/Ib HEOPTOrOHAJIBHOT0 BUMipIoBaya Ha ocHOBi TpuocHuX MEMC-ripockomnis
VY crarTi po3mIIsIHYTO pO3pOOKY MaTeMaTHYHOI MOJIeIi HEOPTOTOHAILHOTO iHEPIiaTbHOTO BUMIPIOBAJILHOTO TIPHIIALy Ha
ocHOBi TpuBicaux MEMS-ripockomnis. [IpencraBieHo sik MoeNb YYTJIMBOrO €JIeMEHTa, Tak i peaji3alis alropuTMy
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MIEPETBOPCHHS BUMIPIOBAJIBHOI iH(pOpMaIii. MoJens 4yTIHBOrO eIeMEHTa BPaXOBYeE MOXHOKH BUMIPIOBAHHS THIIOBOTO
MEMS-ripockomna. Moens 6a3yeTbcs Ha XapaKTePUCTHKAX, IPEICTABICHUX Y TEXHIYHAX ONMUCcax BUPOOHUKIB (Analog
Device). Po3pobneHo anroputm o0poOku iH(oOpMaIii, 10 BKIIOYAE MATPHUIO BigHOBICHHA. OTpuMaHa TaOJHUIT
HaAIPSMHUX KOCUHYCIB. E(QeKTHBHICTh pO3p00JIeHOI MaTEMAaTHYHOI MOJIENI JOBEICHA BUKOPUCTAaHHIM Moxaen Simulink,
sIKa BPaXOBYE €JICMEHTH, BJIACTHUBI PEaJbHUM iHEPIiaJbHUM BHMIPIOBAJILHUM TpPHIaJiaM. MPEICTABICHO PE3YIbTaTH
JTOCTIPKSHHS TOYHOCTI Ta MOYKJIUBOCTI 30UTBIICHHS TUHAMIYHOTO Jlialla30HY.

KirouoBi cjoBa: cnopsMOBYyIOYi KOCHHYCH; IHEPIaJbHHMA JATYMK; MareMaTHdHa Monaenb, MEMS-ripockor,
HEOPTOTOHAJILHUI BUMIPIOBAaY; MOICTIOBAHHS.
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B. O. IN'onumma. MatemMaTH4eckass MoAe/Jdb HEOPTOrOHAJBLHOIO M3MepHTeasi Ha OCHOBe TpexocHbIx MOMC-
THPOCKOIIOB

B cratee paccmorpeHa pa3paboTka MaTeMaTHYECKOW MOJIETH HEOPTOrOHAJIBHOTO M3MEPUTENBHOI'0 WHEPIHUATEHOTO
npubopa Ha ocHoBe TpexocHbIXx MEMS-rupockonos. IIpencraBieHbl Kak MO/ENb YyBCTBUTEIBHOTO 3JIEMEHTa, TaK U
peanuzanusi anropuT™Ma mNpeoOpa3oBaHMs HM3MEpHUTENbHOW WH(opManuu. Monens UYyBCTBHTENBHOTO JJIEMEHTa
VUUTBIBACT OIMMOKK wm3MepeHus TurmudHoro MEMS-rupockonma. Momens OCHOBaHa Ha — XapaKTEPHCTHKAX,
MIPE/ICTaBJICHHBIX B TEXHMYECKUX ONMUCAaHWsIX npousBomureined (Analog Device). Pazpaboran anropurm o0paboTKu
nHpopManuy, BKIIOYAONMNA MaTpuily oOHoBNeHHUs. [lonyuena Tabmumna HanpaBIISIOIIUX KOCUHYCOB. D(P(EKTHBHOCTH
pa3paboTaHHON MaTeMaTHUYECKONH MOJENN JO0Ka3aHa HCIOJIb30BaHUeM Mozaenu Simulink, yduUTHIBAIOIICH SJIEMEHTHI,
MPUCYIIUE peabHBIM HWHEPUUAIbHBIM H3MEPHUTENbHBIM TpuOopaM. IIpeacraBieHbl pe3ynbTaThbl HMCCIEAOBAHUS
TOYHOCTH Y BO3MOXKHOCTH YBEJIMUYECHHUS TUHAMHYECKOTO AUana3oHa.

KaroueBsbie ciioBa: Hanpasisfolne KOCHHYCHI; MHEPLUUATIbHBINA IATYMK; MaTeMarnieckas Mozenb; MEMS-rupockor;
HEOPTOTOHAJILHBI H3MEPHTEIIh; MOJIETUPOBAHHE.
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