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Abstract—The publication, based on the fundamental property of all real processes, namely the
smoothness of nonlinear causal relationships between the variables of the state of the object of
identification and the variables themselves, presents a few of new identification methods that are simpler
and more accurate than traditional. These methods are illustrated by examples of estimating the
aerodynamic coefficients and balancing characteristics of aircraft, building a single mathematical model

of the magnetization curve.

Index Terms—Identification; smoothness; Hammerstein model; natural experiment.

I.  INTRODUCTION

Building mathematical models of the behavior of
real-world objects is certainly an urgent task.
However, its effective solution requires a correct
approach. Based on the fundamental laws of the
universe, such as the inseparability of matter and
motion, the general relationship, we must take into
account such fundamental properties of real objects
as multidimensionality (not autonomy),
nonstationarity, nonlinearity of state variables,
infinity, etc. Therefore, the correct construction of a
mathematical model (MM) is possible only by
reducing the dimensionality of state variables from
infinite to finite in space essential for solving a
specific problem variables, narrowing the range of
variables and time even with such a statement, the
task of identifying the behavior of a real object, its
MM will be nonlinear

X()=1(x(0). n

where X and X is the vector-functions of state
variables and the rate of change, respectively,
limited in size and range; ¢ is the limited time.

An identification is the definition of the mapping

f of variables X (¢) to their derivatives. This task
can be significantly simplified if one very important

property of processes (1) in a real object is taken
into account. Real objects have a finite mass m, if

X () could change instantly, then its derivative

X (t), like the rate of X(¢) change, would be
infinitely large. Then the power, as a product
mX (t), would be infinite. However, all real-world

objects have finite power, therefore, both X (7) and
f (X (t)) should be and smooth functions. That is,

the norm should be limited

df
dx’

dX

dt

< <00,

b

The smoothness of f (X (t)) for a given

approximation error guarantees the finiteness of its
decomposition into  multiple Taylor series
(Weierstrass’s theorem [1]); the smoothness of the

o X -
derivative d7 of ¢ guarantees the limited order of
t

the differential equations of MM.

II. THE EXAMPLES OF THE USE OF SMOOTHNESS
PROPERTIES TO SOLVE A SERIES OF PRACTICAL
IDENTIFICATION PROBLEMS

A. Determination of aerodynamic coefficients of the
aircraft according to natural tests

As a rule, the aerodynamic coefficients (ADC) is
the first component of the MM (1) decomposition in
the Taylor series:
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AX(t)=AX(1)- A+AX(t)-B-AX" (1) (2)
AX ()= AX (1) A+ B-AX" (1) |=AX (1)-C, (3)

where C=A4+B-AX " (1). (4)

Therefore, the estimates of the coefficients C;
determined by the least squares method will depend
on the norm HAX TH When conducting a natural

experiment with different HAX ! H we obtain an offset

value for each HAX TH relative to the valid ADC.

Next, by regression analysis methods we
approximate the each ADC C; by smooth
dependence of on the function

C;=C;(0)+K,| ®)

where C;, (0) is the unbiased appraisal ADC C, .

In the Figure 1 shows the oscillograms of the
longitudinal short-period motion of the aircraft M-17
in the form of different amplitude of the "transfers"
of a handlebar height and the reactions to it angular
velocity ,, and overload 7 .
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Fig. 1.
From linear models

Ao, (t) =a,, Ao + aleny +a;;A3,, (6)

coefficients g, were estimated by the least squares

method for each "transfers" Aa,, (7). The margin of
safety o, further calculated. The unbiased estimate
G, was obtained by linear approximation (5) (Fig. 2)
and extrapolation of MM (5) to the zero point of
||Aoch||. It is due to the smoothness of dependences

(1) and (4) the difficult problem of determining of
ADC by approximating the shifted (due to the
simplification of the model (6)) estimates of ADC by
the regression model (5) was correctly solved.
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Fig. 2. The dependence of ratings G, from "(x”

Oscillograms of regimes of change of handlebar height, angle of attack and angular velocity

B. Structural-parametric identification of complex
multidimensional nonlinear dependences according
to the natural experiment

In the process of building the model of the
aircraft TU-144 were determined by the values of
the aerodynamic correction "y" depending on the
three variables x,x,,x;. The experiment was
performed in such a way that one of the variables
changed for the fixed two others. Therefore, taking
into account the property of the smoothness of the
dependence, in order to automatically determine the
structure and parameters, according to tabular data,
local models were built using least squares method

J’(xi) =0 X, 0%, =123 k=123, (7)

The coefficients o, were determined from the
model

' r 2 .
oy =0y, +ayxy, j=12. ®)

In turn, the coefficients o’;,a’, were from the

model

2 2
0‘;‘1( (x3 ) = B;xs + B;xs ) a'j"k (x3) ijs + Y'j'xs ©
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After substitution (9) in (8), and then (8) in (7)
and neglect of insignificant components, the

y(x)=-0,61-10"xx5x5 +0.9-107 x7x7 + 0.23x7x,x7 +0.04x,x,x; —

expression (Fig. 3) of MM having simplified
structure was received

(10)

—1.72x,x; —0.0232x7x; —0.0126x7x,x, +0.133x,x,x; +1.02x,x;.

Fig. 3. The dependence y(x,,x,,x;) (dotted line) and its

model y(x,,x,,x;) (continuous line)

The error was not more than 5%.

As we can see, due to the smoothness of the
dependence, the decomposition into local models (7)
and the composition of the local into the global (10),
the structure and parameters of the complex (Fig. 3)
y(x,x,,x;) automatically

dependence are

determined.

C. Identification of the smooth static component of
the dynamic Hammerstein MM
The dynamics of a nonlinear object can be
represented by a composition of linear dynamic and
nonlinear static images
d"x d"'x
an—n+an71T+...+x(t)=f(U(t)),
dt dt
where x is the smooth consequential; U is the
causal variable; f is the unambiguous smooth static

(11)

nonlinear dependence x = f(U).

Filtering the variables a,(f) and m,(¢) (see
Fig. 1) by low-pass filter, we ensure the smoothness
%(r) and its derivatives '(7),%"(s) and the
proximity to zero of higher-order derivatives in (11).
As a result, we obtain a simplified structure (12) of
model (11):

d’z dx . B
?+a15+...+x(t)—f((](t)),

with unknown a,,q, and f.

(12)

a,

Traditionally, the dependence x=/(U) was
decomposed into a series and estimated from

equation (11) or even simplified (12) a fairly large
number of unknown coefficients under the condition
of the minimum mean square of the error between
the left and right (in the form of a series) parts. This
approach did not take into account the smoothness
and for short series of decomposition did not give the
desired approximation accuracy, and for long led to
the pulsation of the model, for example (Fig. 4) [5].
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e

Fig. 4. Estimate pulsation f(U) approximated by a
polynomial of 9th degree

The availability of a priori information about
smoothness has greatly simplified the task. For this
purpose, the coefficients in (12) were estimated by
the Pukhov—Hatiashvili smoothness criterion [6],
i.e., under the condition of the minimum of the rth
derivative of the adjusted variable

a d2£+a dfc+ +x,,(¢)=
2 dfz 1 t cor \"k
. . dx
=x(t,)—a,—
(4)=a dt

on the U(t, )

2
N rs
a,,a, = argmin Z [%":(OJ
=
1=t

Then the nonparametric estimate of static
nonlinearity is determined by the graph %, (U),

where the variable U (¢) is ordered in ascending and

ordered accordingly x

cor”®

Thus, one of the balancing
(static) dependences obtained by this method from
the graphs of Fig. 1 for LA M-17 shown in the
Fig. 5. Test examples of accurate recovery from
dynamic noisy data are given in [2], [3].
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a,

Nm,
Fig. 5. The dependence «, (ny) for LA M-17

D. A simple analytical description of piecewise
analytical dependences

Often, based on the physics of processes in the
object, the nonlinearity can be piecewise analytical.
For example, nonlinearity in Fig. 4 may represent a
magnetization curve of a ferromagnetic medium It is
characterized by two areas. The portion of the
ferromagnet can be represented by MM

HU)=BU* +B,U°, (15)

where U €[0,U,); the section of the diamagnet,

according to the physics of processes, is represented
by a linear model

fz(U)=[33+[34U,

where U e[U},»).

Combining both sections with one polynomial (as
shown in Fig. 4) does not give the desired result in
terms of accuracy and simplicity of the mathematical
model

The use of the traditional piecewise analytical
description (15), (16) with selective signal functions

n(U):
LO<U<U,, LU>U,
") R P

(16)

0,U 22U,

i.e. the model
FU)=n,(U) £(U)+n,(U) £,(U), (8)
leads to a violation of the natural condition of
smoothness at the point U,. To ensure smoothness
and accuracy in the whole range, it was proposed [4]

to use pseudosignum functions 7 instead of relay

signal functions (17). For example, for Fig. 4
pseudosignum functions will look like

A (U)=——. (V)=

1+ (UJ
0.7
Then MM (18) takes the form

2 3
f(U)= BIU +B2[i + BS +B4Un ,
or) )
14+ — 14| —
0.7 U
where the root mean square error &> of the
approximation is extreme from the indicator "n"
(Fig. 6): the error €* is large for small n due to poor

selectivity, for very large n is also large due to the
transition of functions (19) to relay (17).

(20)
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Fig. 6 The dependence of mean square error €- on
indicator n

III. CONCLUSION

Thus, taking into account the smoothness of the
dependences and allowed to build simple and fairly
accurate methods of identification of nonlinear
dynamic object (1) on the basis of natural
experiment with finite samples in time and in the
ratio of "signal-to-noise". The considered methods
can be successfully applied to the decision of
problems of identification of behavior of real objects
in various industries.
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A. M. CiabBectpos, JI. FO. Cninys, A. A. Cepaiok. 3acTocyBaHHSI YMOBHU IVIAAKOCTI NPUMYUHHO-HACTIAKOBHX
3B’SI3KiB Y 3a7a4i MO0y 0BH MaTeMaTHYHUX Moaesei

VY myOsikariii, Cuparoyuch Ha (yHIaMEHTaJIbHY BJIACTHBICTh BCIX pEaIbHHUX IPOIIECIB, a caMe MIAAKICTh HENiHIHHUX
MIPUYUHHO-HACIIIKOBUX 3B’SI3KiB MK 3MIHHHMHU CTaHy 00’€KTa ineHTH(iKalii i caMuX 3MiHHHX, HaBEJICHO HU3KY
HOBHX METONIB imeHTH(iKaIii, sKi € OUIBII MPOCTMMHM 1 TOYHMMH Ha BIAMIHY Bin Tpamuiiiiaux. Ili Meromu
MIPOLJIIOCTPOBAHO Ha MPUKIAJax OLIHIOBAHHS aepoAWHAMIYHMX Koe(illieHTIB 1 OaJaHCUPOBOYHHMX XapaKTEPUCTHK
JTaJbHUX arapaTiB, MOOYJOBU €JMHOI MAaTEMAaTUYHOI MOJIEIi KpUBOI HAMarHiuyBaHHSI.
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A. H. CunbBectpos, JI. 1O. Cnunyi, A. A. Cepatok. IlpumeHeHnue ycaoBus riaJiKoCTH NPUYMHHO-CJI€ICTBEHHBIX
CBsI3eil B 3a71a4Ue MOCTPOEHUSI MATEMATHYECKUX MoIeJIei

B nyOmukarwu, omupasch Ha (yHIaMEHTAJIbHOE CBOMCTBO BCEX pEATBbHBIX MPOIECCOB, a HMEHHO TJIaJKOCTh
HEJIMHEHHBIX MPUYMHHO CIICACTBEHHBIX CBS3CH MEXIY MEPEMEHHBIMH COCTOSHUS O0BCKTa MICHTU(UKAIUK U CaMHX
MIEPEMEHHBIMHY, MTPUBEICH PSII HOBBIX METOIOB MIACHTU(UKAIIUK, KOTOPBIC SIBIIIOTCSA 00JIee MPOCTHIMH M TOYHBIMHU B
OTJIMYUE OT TPAAWIHUOHHBIX. OTH METOABl MPOWLIIOCTPUPOBAHBI HA MPHUMEPaX OLCHKU a’3pOJMHAMHYCCKUX
K03 PHIMEHTOB U OaTAHCHPOBOYHBIX XaPAKTEPUCTHUK JICTATEIILHBIX alllapaToB, IOCTPOCHUS €ANHOW MaTeMaTHICCKOMN
MOJIENTA KPUBOH HAMarHHYMBaHUS.
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