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Abstract—It is made an attempt to discover an explainable plausible reason for the existence of the
conditions of optimality for Cartesian vector direction cosines, having importance in energy mechanical
engineering, with the help of the multi-optional hybrid functions entropy conditional optimality doctrine.
Substantiation is made in terms of the calculus of variations theory with the help of the special hybrid-
optional effectiveness functions uncertainty measure, which includes the hybrid functions entropy of the
traditional Shannon’s style. In the studied cases, the simplest variational problems solutions, which are
the numbers known as the direction cosines of a Cartesian vector, are stipulated by the specified natural
logarithmic quadratic forms. It is proposed to evaluate the uncertainty/certainty degree of the magnitude
and direction of a Cartesian vector with the use of the objective functional. This is a new insight into the
scientific explanation of the well-known dependency derived in another way. The developed theoretical
contemplations and mathematical derivations are finalized with a simplest numerical example for the
variated value of the multi-optional hybrid function resulting in the objective functional.

Index Terms—Mechanical engineering; multi-optionallity doctrine; conditional optimality; hybrid-

optional effectiveness; Cartesian vector; direction cosine; maximal uncertainty; variational problem.

I. INTRODUCTION

The subject area studied in energy mechanical
engineering is fairly broad and rather diverse [1] —
[4]. Energy industry deals with the design
requirements development and operation of the wide
range of energy machines, starting from the fossil
fuel burning ones [1] — [6], hydroelectric, nuclear
and ending with the so popular nowadays renewable,
ecosystem, natural system power plants.

The described aspects of the diversity bring to
being the multi-alternativeness characterized in the
Subjective Analysis Theory [7], with regards to the
subjective effectiveness functions, then subjective

individuals’  preferences  functions  optimal
distributions based upon the preferences entropy
(uncertainty) measure conditional  extremum

principle. The concept of the multi-optional hybrid
functions doctrine [8] — [11] uses the objectively
existed categories rather than operates with the
someone’s  subjectively preferred estimations
likewise developed in [7].

There are direction cosines that are used for
vector values in Cartesian space [12] and [13]. Some
elements of the multi-optional hybrid functions
doctrine [8] — [11], [14], and [15] can help find those
well known parameters based upon the newest ideas
of the multi-optional hybrid functions uncertainty,
expressed through their entropy, conditional
optimality.

Aim. The presented paper is aimed at revealing the
conditions of optimality for Cartesian vector direction

cosines with the help of the multi-optional hybrid
functions entropy conditional optimality doctrine.

II. PROBLEM STATEMENT

The research in the framework of the optional
hybrid functions entropy conditional optimality
doctrine activates the closer look at the traditionally
known magnitudes, which however could be
explained based upon some principle of optimality.

The Problem Setting. For now the problem
statement is to find the value which extremum
provides the numbers known as the direction cosines
of a Cartesian vector. Such magnitudes are used for
energy and work calculations.

III. PROBLEM SOLUTION

A. General Approach

Consider a functional value similar to the
postulated in [7] and used in [8] — [11], [14], [15]:

®, = _ihiz In hi2 +kZ::hi2 Inx, +y[2hi2 _1J ,(D)

where @, is the functional given on the set of the

multi-optional hybrid functions 4,, i =1...n, where

n is the number of options; k is the magnitude
expressing the weight coefficient or uncertain
Lagrange multiplier (analog to many interpretations,
likewise fines function etc.); x; are the multi-
optional effectiveness parameters influencing and
determining the sought optimal distribution of the
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multi-optional hybrid functions #;; y is one more

weight coefficient.
The first member of the functional sum (1):

Hy==> h'lnh}, 2)
i=1

is the measure of the squares of the multi-optional
hybrid functions 7%, uncertainty, i.e. the entropy of

the i} .
The second member of the functional sum (1):

kY B nx, ©)
i=1

is the multi-optional effectiveness function taking
into account the logarithmic values of the optional
parameters of x;: Inx;, moreover assessed with the

squares of the multi-optional hybrid functions hl.2 as

well as the weight coefficient & .
The third member of the functional sum (1):

Y[Zn: h - 1J ; 4)

is the function of the normalizing condition for the
squares of the multi-optional hybrid functions hl.2
estimated with the uncertain Lagrange multiplier v .

The suspected conditional extremal distribution
of the squared multi-optional hybrid functions hl.2

for the functional of (1) with the elements of (2) —
(4) can be obtained from

oD

The necessary condition (5) yields
~In#’ —1+klnx, +y=0. (6)
From (6)
Inh’=y-1+klnx, (7
and (7) gives
hl.2 = gVt — vl ki ey_le ) (8)

The normalizing condition of (4) applied to (8)
will result in

n

Sh2=e Y ak =1, ©)
i=1

i=1

which means

(10)

Therefore, after the relations of (9) and (10)
application, the possible extremum of the multi-
optional hybrid functions 4, distribution will be in

the view of

(11)

B. Special Solutions

Considering a Cartesian vector, one can use the
squared values.
For the case when

k=2, (12)

from the general expression of (11), on conditions of
(12), it can be easily found that

n=3,

B =

1

. (13)
2

a7

For the three-dimensional orthogonal coordinate
system, the projections of the vector upon the
coordinate axes are

x,=F,,

X

X, :Fy,

(14)

where F, F,,and F, are the orthogonal projections

X, =F,,

of the Cartesian vector F upon the coordinate axes of
(0-x), (O—y),and (O - z) respectively.

In such circumstances, the direction cosines of
F : the cosines of the coordinate direction angles
between F and axes: (413 , Ox), (413 , Oy), and
(413 , Oz) have the expressions of the multi-optional
hybrid functions #; (13) obtained from (11) in the
special case described with (12):

hy = cos(AF,Ox)z S S— )

JF +F2+F?

h, = cos(éﬁ, Oy)z L s

JF+FI+F?

hy = cos(éﬁ , Oz)z 5

JE +F2+F2

(15)

(16)

(17)
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For the problems of planimetry, conditions (12)
are converted into

k=2, n=2. (18)
Then, for (13) and (15) — (17), it will be
h = ff . (19)
2
J
J=1
In trigonometric problem, when
X, =a, x,=b, (20)
where g and b are catheti,
a
h =——. 21
] Va®+b*
Or for the second option in the squared view
B>
2
hy = ERER (22)

C. Simulation Results

In general sense, the solution (11) delivers the
maximum to the functional (1). It can be visualized
in three-dimension space with the help of variation.

Therefore, using the results of (12) — (22), it will
be supposedly

F. =2, F, =10, F. =11, (23)
of the corresponding measurement units accepted in
calculations.

Then

\F‘ =15. (24)

The direction cosines (15) — (17)
h ~0.133, h,~0667, h,~0.733, (25)
and
hl ~0.018,

h; ~0.444, Rl ~0.538. (26)

Normalizing condition (4) yields

B +h;+hi =1, (27)

Now, in order to demonstrate the maximal value
of (1) for the distribution of the direction cosines
(15) — (17) with the data of (23) — (27), consider a
variation of

8 =-0.001,-0.0009...0.001. (28)
The variated function, for example, will be
h(8)=hl+3. (29)

Then, for instance
hy(8)=1-h,(5)—- A3 . (30)

Applying these values of (29) and (30) for the
objective functional of (1), its magnitude

®,(5)

will vary due to (28) — (30).
The results of simulation with (22) — (31) are
shown in Fig. 1.
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Fig. 1. Variated value of the objective functional

D. Discussion

The conditional optimum (maximal value) of (1)
or (31) with respect to the multi-optional hybrid

functions %’ of A, distribution can be verified with
the second order conditions (sufficient). It is
obtained from (6):
0’® 1
——=——<0.
om2f  w

In case of non-existed options, it is the relevant
number of the options #» that is taken into
consideration rather than the operation of the absent
multi-optional ~ effectiveness  parameters  x

(32)

equalization to zero value is performed. This allows
bypassing the impossibility of mathematical
logarithm operations of zero magnitudes.

Possible Cartesian vectors in engineering
mechanics (forces, accelerations, velocities etc.), as
for example, (1) — (22), are important values for the
energy mechanical engineering estimations of the
energy production efficiency and at the conversion
of energy from one form to another.

Concerning rectangular triangle calculations, in
style of Pythagorean theorem (15) — (22), especially
visible in (18) — (22), it is obvious that a* + b is the
square magnitude of the hypotenuse and 7% is the
cosine of the angle between the correspondent
cathetus and hypotenuse.
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Variation 6 in type of (28) can be made not only
for the squared values of hl.2 (11), (22), (26) or (29)
but also for the multi-optional hybrid functions #,
(13), (15) — (17), (19), (21) or (25). The character of
®,(5) will be like (31) (see Fig. 1). Condition (32)
will be satisfied. The extremum (maximum) will be at
the 6 =0 value. Thus, this proves the extremality
(optimality) of the multi-optional hybrid functions #,

(13) distribution. Also, it allows stating that the
optimized value is the objective functional (1) with
taking into consideration the entropy (2) of the squared
multi-optional hybrid functions distribution (11).

IV. CONCLUSIONS

It is discovered the explanations for the
conditions of optimality for Cartesian vector
direction cosines with the help of the multi-optional
hybrid functions entropy conditional optimality
doctrine. Classical relations of the direction cosines
happed to be the multi-optional hybrid functions
obtained based upon the specified combinations of
the proposed for considerations squared forms and
calculus of variations theory methods.

This provides a new vision and establishes
theoretical background of optimality for the
elements of engineering mechanics engaged at the
mechanical work calculations, which is necessary
for the estimations of the energy mechanical
engineering production efficiency and at the
conversion of energy from one form to another.
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A. B.T'onuapenxo. Hanpapiasiioui KOCMHYCHM KapTe3iaHCBKOIO BeKTOpa fK ONTUMAJBHHI po3moain
OaraToonuiifHuX riopuaHnx GpyHKuin

3nitficHeHo cpoOy BiIKPUTH MPaBAONOAIOHY IPUYHUHY, IO IOSCHIOE ICHYBaHHS YMOB ONTHMAJIBHOCTI HAITPaBIISIFOYMX
KOCHHYCIB KapTe31aHChKOT0 BEKTOPY, 110 € BAKJIMBUM B €HEPreTHYHOMY MalIMHOOY/yBaHHI, 3a IOTIOMOTOI0 IOKTPUHHU
YMOBHOI ONTUMAaJILHOCTI €HTpOIii OaraToonuiiHux riopuaHux QyHkuid. OOrpyHTYBaHHS 31HCHEHO B TepMiHaX Teopii
BapialifHOro OOYKMCJIEHHS 3a JIONOMOrOH CHemialnbHOi MipM HEBHU3HAueHOCTI (YHKLIH TiOpHIHO-OMIiHHOT
€(eKTUBHOCTI, 10 BKJIFOYAE EHTPOIiI0 THX riOpuaHux QyHkuiid Tpaauuiinoro llleHHOHIBCHKOTO CTHIIIO. Y BUNAAKAX,
SIKI BUBYAIOTHCS, PO3B’SI3KM HAWTIPOCTINIO] BapialiiiHoi 3a/a4i, 0 € BEeIMYMHAMH 3HAHUMHU SIK HAITPaBJISIFOYl KOCHHYCH
Kapresiancbkoro BekTopy, OOyMOBJEHI crenn(pikoBaHUMH HATypaJlbHUMH JiorapuMamMu KBaJpaTUYHHUX (HOPM.
[IporioHy€eThCsl OLIHIOBATH CTYIIHb HEBH3HAYEHOCTI / BH3HAYEHOCTI BEJIIMYMHU Ta CHPSMYBaHHS KapTe31aHCHKOTO
BEKTOPY 13 BUKOPHCTAHHSIM ILIJIbOBOrO (yHKIOHATY. lle € HOBHUM MOIMISAOM Ha HayKOBE ITOSCHEHHS 100pe BigoMol
3aJIeKHOCTI BUBEJIEHOI 1HIIMM HUIIXOM. TeopeTHdHi MipKyBaHHs, sSIKi pO3BHBAIOTHCS, @ TAKO)XK MaTeMaTHYHI BHKJIAIKU
3aBEPIIYIOTHCSl HAMIIPOCTIIINM YHCIIOBHM IIPHKJIAJOM BapifOBaHOI BEIMYMHH OaraToONUiWHOI riopuaHol (yHKIII,
PE3yNBTYIOUil B IIJILOBOMY (pYHKIIiOHAII.

Kawu4oBi cioBa: mammHOOyAyBaHHS; IOKTpHHA OaraTOONIIWHOCTI; YMOBHA ONTHUMAaJIbHICTH; TiOpPHIHO-OMIIiHA
e eKTUBHICTh; KapTe31aHCHKUI BEKTOD; HANPABIISIOUNI KOCHHYC; MaKCHMallbHa HEBU3HAUEHICTh; BapialliiiHa 3a/1aya.
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A. B. I'onuapenxo. HanpapJisiionme KOCHHYCHI KapTe3HAHCKOI0 BEKTOPAa KAK ONTHMAJIbHOE pacnpeieeHHe
MHOTOONIMOHHBIX THOPUIHBIX (YyHKIMI

OcyiecTBieHa TOMNBITKA OTKPHITH  HPaBAONONOOHYI0 MNPUYWHY, IIOSCHSIONIYI0 CYIECTBOBAHHE  YCJIOBUH
ONTUMAJIBHOCTH HAIPABJIAIONINX KOCHHYCOB KapTE3MaHCKOI'O BEKTOpa, YTO SBJSIETCS BaXKHBIM B IHEPreTUYECKOM
MAaIIMHOCTPOCHUH, C TOMOIIbIO JOKTPHUHBI YCIIOBHOW ONTHMAaJbHOCTH JHTPOIMU MHOT'OOIIMOHHBIX THOPUIHBIX
¢ynximi. OOOCHOBaHME OCYIIECTBIECHO B TEPMUHAX TEOPHU BapUAIMOHHOTO HMCYUCICHUS C MOMOIIBIO CIEHHaIbHOMN
Mepbl HEONpPENeNeHHOCTH (QYHKIHMHA THOPHIHO-ONMUIMOHHOH 3((EKTUBHOCTH, BKJIIOUYAIOIIEH SHTPOIHIO HSTHX
rHOpUIHBIX (QYHKUUA TpaauuuoHHOro IlleHHOHOBCKOro cTwiisl. B W3ydaembIX ciiydasx, pelleHHs HpOoCTenriein
BApHALIMOHHON 3aJjauu, SBJIAIONIMECS BEIMYMHAMHM H3BECTHBIMU KaK HAIPaBJIAIOUINE KOCHHYCHI KapTe3MaHCKOIO
BEKTOpa, OOYCIIOBJIEHBI CIeNU(UIMPOBAHHBIMU HATYpaJIbHBIMU JlorapudmMamMu KBaapaTuuHbiXx ¢opm. Ilpemmaraercs
OLIEHMBATh CTEIIEHb HEONPEeNICHHOCTH / ONpE/IeIEHHOCTH BEJIMYMHBI ¥ HalpaBlieHHOCTH KapTe3maHCKOro BeKTopa ¢
UCIIONIb30BAaHKUEM I1e1€BOr0 (DYHKIMOHAJA. DTO SIBJISIETCSI HOBBIM B3TJISIOM Ha HAy4YHOE MOSICHEHHE XOPOIIO U3BECTHOM
3aBHCHMOCTH BBIBEJICHHOW IPYrHMM ITyTeM. Pa3BUBaeMble TEOPETHUECKHE COOOpaKeHHWs, a TaKKe MaTeMaTHYecKue
BBIKJIQJIKU 3aBEPIIAIOTCS TIPOCTEHITUM YUCICHHBIM MPUMEPOM BapbUPyEeMOH BEIWYMHBI MHOTOOIIIMOHHON THOPHIHOMN
(GyHKIMHM, pe3yNbTHPYIOIIEH B LiesieBOM (pyHKIHOHAIIE.

KnaroueBble ci10Ba: MalIMHOCTPOEHHWE; JOKTPHHA MHOTOONIIMOHHOCTH; YCJIOBHAs ONTHUMAaJbHOCTH, THOPHIHO-
ormroHHas 3()(EeKTUBHOCTD; KapTE3UAHCKUI BEKTOp; HANpaBILIONIMN KOCHHYC; MaKCHMMaJIbHasi HEONpPEeICHHOCTD;
BapHalMOHHas 3aJay4a.
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