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Abstract—It is made an attempt to discover an explainable plausible reason for the existence of the 
conditions of optimality for Cartesian vector direction cosines, having importance in energy mechanical 
engineering, with the help of the multi-optional hybrid functions entropy conditional optimality doctrine. 
Substantiation is made in terms of the calculus of variations theory with the help of the special hybrid-
optional effectiveness functions uncertainty measure, which includes the hybrid functions entropy of the 
traditional Shannon’s style. In the studied cases, the simplest variational problems solutions, which are 
the numbers known as the direction cosines of a Cartesian vector, are stipulated by the specified natural 
logarithmic quadratic forms. It is proposed to evaluate the uncertainty/certainty degree of the magnitude 
and direction of a Cartesian vector with the use of the objective functional. This is a new insight into the 
scientific explanation of the well-known dependency derived in another way. The developed theoretical 
contemplations and mathematical derivations are finalized with a simplest numerical example for the 
variated value of the multi-optional hybrid function resulting in the objective functional. 

Index Terms—Mechanical engineering; multi-optionallity doctrine; conditional optimality; hybrid-
optional effectiveness; Cartesian vector; direction cosine; maximal uncertainty; variational problem. 

I. INTRODUCTION 

The subject area studied in energy mechanical 
engineering is fairly broad and rather diverse [1] – 
[4]. Energy industry deals with the design 
requirements development and operation of the wide 
range of energy machines, starting from the fossil 
fuel burning ones [1] – [6], hydroelectric, nuclear 
and ending with the so popular nowadays renewable, 
ecosystem, natural system power plants. 

The described aspects of the diversity bring to 
being the multi-alternativeness characterized in the 
Subjective Analysis Theory [7], with regards to the 
subjective effectiveness functions, then subjective 
individuals’ preferences functions optimal 
distributions based upon the preferences entropy 
(uncertainty) measure conditional extremum 
principle. The concept of the multi-optional hybrid 
functions doctrine [8] – [11] uses the objectively 
existed categories rather than operates with the 
someone’s subjectively preferred estimations 
likewise developed in [7]. 

There are direction cosines that are used for 
vector values in Cartesian space [12] and [13]. Some 
elements of the multi-optional hybrid functions 
doctrine [8] – [11], [14], and [15] can help find those 
well known parameters based upon the newest ideas 
of the multi-optional hybrid functions uncertainty, 
expressed through their entropy, conditional 
optimality. 

Aim. The presented paper is aimed at revealing the 
conditions of optimality for Cartesian vector direction 

cosines with the help of the multi-optional hybrid 
functions entropy conditional optimality doctrine. 

II. PROBLEM STATEMENT 

The research in the framework of the optional 
hybrid functions entropy conditional optimality 
doctrine activates the closer look at the traditionally 
known magnitudes, which however could be 
explained based upon some principle of optimality. 

The Problem Setting. For now the problem 
statement is to find the value which extremum 
provides the numbers known as the direction cosines 
of a Cartesian vector. Such magnitudes are used for 
energy and work calculations. 

III. PROBLEM SOLUTION 

A. General Approach 
Consider a functional value similar to the 

postulated in [7] and used in [8] – [11], [14], [15]: 
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where h  is the functional given on the set of the 
multi-optional hybrid functions ih , ni 1 , where 
n  is the number of options; k  is the magnitude 
expressing the weight coefficient or uncertain 
Lagrange multiplier (analog to many interpretations, 
likewise fines function etc.); ix  are the multi-
optional effectiveness parameters influencing and 
determining the sought optimal distribution of the 
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multi-optional hybrid functions ih ;   is one more 
weight coefficient. 

The first member of the functional sum (1): 
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is the measure of the squares of the multi-optional 
hybrid functions ih  uncertainty, i.e. the entropy of 

the 2
ih . 

The second member of the functional sum (1): 
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is the multi-optional effectiveness function taking 
into account the logarithmic values of the optional 
parameters of ix : ixln , moreover assessed with the 

squares of the multi-optional hybrid functions 2
ih  as 

well as the weight coefficient k . 
The third member of the functional sum (1): 
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is the function of the normalizing condition for the 
squares of the multi-optional hybrid functions 2

ih  
estimated with the uncertain Lagrange multiplier  . 

The suspected conditional extremal distribution 
of the squared multi-optional hybrid functions 2

ih  
for the functional of (1) with the elements of (2) – 
(4) can be obtained from 

 02 
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The necessary condition (5) yields 
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From (6) 
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and (7) gives 

 k
i

xkxk
i xeeeeh ii 1ln1ln12   . (8) 

The normalizing condition of (4) applied to (8) 
will result in 
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which means 
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Therefore, after the relations of (9) and (10) 
application, the possible extremum of the multi-
optional hybrid functions ih  distribution will be in 
the view of 
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B. Special Solutions 
Considering a Cartesian vector, one can use the 

squared values. 
For the case when 

 2k ,         3n , (12) 

from the general expression of (11), on conditions of 
(12), it can be easily found that 
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For the three-dimensional orthogonal coordinate 
system, the projections of the vector upon the 
coordinate axes are 

 xFx 1 ,        yFx 2 ,        zFx 3 , (14) 

where xF , yF , and zF  are the orthogonal projections 

of the Cartesian vector F


 upon the coordinate axes of 
 xO  ,  yO  , and  zO   respectively. 

In such circumstances, the direction cosines of 
F


: the cosines of the coordinate direction angles 
between F


 and axes:  OxF ,


 ,  OyF ,


 , and 

 OzF ,


  have the expressions of the multi-optional 
hybrid functions ih  (13) obtained from (11) in the 
special case described with (12): 
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For the problems of planimetry, conditions (12) 
are converted into 

 2k ,         2n . (18) 

Then, for (13) and (15) – (17), it will be 
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In trigonometric problem, when 

 ax 1 ,         bx 2 , (20) 

where a  and b  are catheti, 
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Or for the second option in the squared view 
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C. Simulation Results 
In general sense, the solution (11) delivers the 

maximum to the functional (1). It can be visualized 
in three-dimension space with the help of variation. 

Therefore, using the results of (12) – (22), it will 
be supposedly 

 2xF ,         10yF ,         11zF , (23) 

of the corresponding measurement units accepted in 
calculations. 

Then 
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The direction cosines (15) – (17) 

 133.01 h ,     667.02 h ,     733.02 h , (25) 

and 
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Now, in order to demonstrate the maximal value 
of (1) for the distribution of the direction cosines 
(15) – (17) with the data of (23) – (27), consider a 
variation of 
 001.00009.0,001.0  . (28) 

The variated function, for example, will be 

    2
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Then, for instance 
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Applying these values of (29) and (30) for the 
objective functional of (1), its magnitude 

   h  (31) 

will vary due to (28) – (30). 
The results of simulation with (22) – (31) are 

shown in Fig. 1. 
 

 
 

Fig. 1. Variated value of the objective functional 

D. Discussion 
The conditional optimum (maximal value) of (1) 

or (31) with respect to the multi-optional hybrid 
functions 2

ih  of ih  distribution can be verified with 
the second order conditions (sufficient). It is 
obtained from (6): 
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In case of non-existed options, it is the relevant 
number of the options n  that is taken into 
consideration rather than the operation of the absent 
multi-optional effectiveness parameters ix  
equalization to zero value is performed. This allows 
bypassing the impossibility of mathematical 
logarithm operations of zero magnitudes. 

Possible Cartesian vectors in engineering 
mechanics (forces, accelerations, velocities etc.), as 
for example, (1) – (22), are important values for the 
energy mechanical engineering estimations of the 
energy production efficiency and at the conversion 
of energy from one form to another. 

Concerning rectangular triangle calculations, in 
style of Pythagorean theorem (15) – (22), especially 
visible in (18) – (22), it is obvious that 22 ba   is the 
square magnitude of the hypotenuse and ih  is the 
cosine of the angle between the correspondent 
cathetus and hypotenuse. 
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Variation   in type of (28) can be made not only 
for the squared values of 2

ih  (11), (22), (26) or (29) 
but also for the multi-optional hybrid functions ih  
(13), (15) – (17), (19), (21) or (25). The character of 

  h  will be like (31) (see Fig. 1). Condition (32) 
will be satisfied. The extremum (maximum) will be at 
the 0  value. Thus, this proves the extremality 
(optimality) of the multi-optional hybrid functions ih  
(13) distribution. Also, it allows stating that the 
optimized value is the objective functional (1) with 
taking into consideration the entropy (2) of the squared 
multi-optional hybrid functions distribution (11). 

IV. CONCLUSIONS 

It is discovered the explanations for the 
conditions of optimality for Cartesian vector 
direction cosines with the help of the multi-optional 
hybrid functions entropy conditional optimality 
doctrine. Classical relations of the direction cosines 
happed to be the multi-optional hybrid functions 
obtained based upon the specified combinations of 
the proposed for considerations squared forms and 
calculus of variations theory methods. 

This provides a new vision and establishes 
theoretical background of optimality for the 
elements of engineering mechanics engaged at the 
mechanical work calculations, which is necessary 
for the estimations of the energy mechanical 
engineering production efficiency and at the 
conversion of energy from one form to another. 

REFERENCES 

[1] T. W. Wild and M. J. Kroes, Aircraft Powerplants: 
8th ed., New York, New York, USA: McGraw-Hill, 
Education, 2014, 756 p. 

[2] K. Kuiken, Diesel Engines for Ship Propulsion and 
Power Plants from 0 to 100,000 kW: in 2 parts, 
Onnen, The Netherlands: Target Global Energy 
Training, 2008, 1 part, 512 p. 

[3] K. Kuiken, Diesel Engines for Ship Propulsion and 
Power Plants from 0 to 100,000 kW: in 2 parts, 
Onnen, The Netherlands: Target Global Energy 
Training, 2008, 2 part, 444 p. 

[4] D. Woodyard, Pounder’s Marine Diesel Engines and 
Gas Turbines: 9th Edition, Oxford, Jordan Hill, Great 
Britain: Butterworth-Heinemann, Elsevier Linacre 
House, 2009, 896 p. https://doi.org/10.1016/B978-0-
7506-8984-7.00031-X 

[5] M. J. Kroes, W. A. Watkins, F. Delp, and R. 
Sterkenburg, Aircraft Maintenance and Repair: 7th 
ed., New York, New York, USA: McGraw-Hill, 
Education, 2013, 736 p. 

[6] Klaas van Dokkum, Ship Knowledge Covering Ship 
Design, Construction and Operation: 2nd ed., 
Enkhuizen, The Netherlands: DOKMAR, 2005, 
376 p. 

[7] V. Kasianov, Subjective Entropy of Preferences, 
Subjective Analysis: Monograph, Warsaw, Poland: 
Institute of Aviation Scientific Publications, 2013, 
644 p. 

[8] A. V. Goncharenko, “A Hybrid Approach to the 
Optimal Aeronautical Engineering Maintenance 
Periodicity Determination,” Proceedings of the NAU. 
vol. 3(72), 2017, pp. 42–47. 
https://doi.org/10.18372/2306-1472.72.11980 

[9] A. V. Goncharenko, “Generalization for the 
Degrading State Maximal Probability in the 
Framework of the Hybrid-Optional Entropy 
Conditional Optimality Doctrine,” Problems of 
friction and wear. vol. 1(78), 2018, pp. 89–92. 

[10] A. V. Goncharenko, “A Diagnostics Problem of A-
Posterior Probability Determination via Bayes’ 
Formula Obtained in the Multi-Optional Hybrid 
Functions Entropy Conditional Optimization Way,” 
Problems of friction and wear. vol. 4(77), 2017, 
pp. 95–99. https://doi.org/10.18372/0370-
2197.4(77).12134 

[11] A. V. Goncharenko, “Measures for Estimating 
Transport Vessels Operators’ Subjective Preferences 
Uncertainty,” Scientific Bulletin of Kherson State 
Maritime Academy. vol. 1(6), 2012, pp. 59–69. 

[12] R. C. Hibbeler, Engineering Mechanics: Statics: 14th 
ed., Hoboken, New Jersey, USA: Pearson Prentice 
Hall, 2016, 706 p. 

[13] R. C. Hibbeler, Engineering Mechanics: Dynamics: 
13th ed., Hoboken, New Jersey, USA: Pearson 
Prentice Hall, 2012, 746 p. 

[14] A. V. Goncharenko, “Subjective Entropy Maximum 
Principle for Preferences Functions of Alternatives 
Given in the View of Logical Conditions,” Artificial 
Intelligence. vol. 4(62), pp. 1 G, 4–9, 2013. 

[15] A. V. Goncharenko, “Horizontal Flight for Maximal 
Distance at Presence of Conflict Behavior (Control) 
of the Aircraft Control System Active Element,” 
2013 11th International Conference “AVIA-2013” 
Proceedings. May 21–23, 2013, Kyiv, Ukraine, 2013, 
pp. 22.30–22.33. 

Received  January 25, 2018.

Andriy Goncharenko. orcid.org/0000-0002-6846-9660. Doctor of Engineering. Professor. 
Aircraft Airworthiness Retaining Department, Mechanics Department, Aerospace Faculty, National Aviation 
University, Kyiv, Ukraine. 
Education: Odessa’s Institute of Marine Engineers, Odesa, Ukraine, (1984). 



A.V. Goncharenko  Cartesian Vector Direction Cosines as the Multi-optional Hybrid Functions Optimal Distribution    57 
 

 

Research area: Multi-optional optimality, Variational principles, Operation and control in active systems, Flight safety. 
Publications: more than 150. 
E-mail: andygoncharenco@yahoo.com 

А. В. Гончаренко. Направляючі косинуси картезіанського вектора як оптимальний розподіл 
багатоопційних гібридних функцій 
Здійснено спробу відкрити правдоподібну причину, що пояснює існування умов оптимальності направляючих 
косинусів картезіанського вектору, що є важливим в енергетичному машинобудуванні, за допомогою доктрини 
умовної оптимальності ентропії багатоопційних гібридних функцій. Обґрунтування здійснено в термінах теорії 
варіаційного обчислення за допомогою спеціальної міри невизначеності функцій гібридно-опційної 
ефективності, що включає ентропію тих гібридних функцій традиційного Шеннонівського стилю. У випадках, 
які вивчаються, розв’язки найпростішої варіаційної задачі, що є величинами знаними як направляючі косинуси 
Картезіанського вектору, обумовлені специфікованими натуральними логарифмами квадратичних форм. 
Пропонується оцінювати ступінь невизначеності / визначеності величини та спрямування картезіанського 
вектору із використанням цільового функціоналу. Це є новим поглядом на наукове пояснення добре відомої 
залежності виведеної іншим шляхом. Теоретичні міркування, які розвиваються, а також математичні викладки 
завершуються найпростішим числовим прикладом варійованої величини багатоопційної гібридної функції, 
результуючій в цільовому функціоналі. 
Ключові слова: машинобудування; доктрина багатоопційності; умовна оптимальність; гібридно-опційна 
ефективність; картезіанський вектор; направляючий косинус; максимальна невизначеність; варіаційна задача. 
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А. В. Гончаренко. Направляющие косинусы картезианского вектора как оптимальное распределение 
многоопционных гибридных функций 
Осуществлена попытка открыть правдоподобную причину, поясняющую существование условий 
оптимальности направляющих косинусов картезианского вектора, что является важным в энергетическом 
машиностроении, с помощью доктрины условной оптимальности энтропии многоопционных гибридных 
функций. Обоснование осуществлено в терминах теории вариационного исчисления с помощью специальной 
меры неопределенности функций гибридно-опционной эффективности, включающей энтропию этих 
гибридных функций традиционного Шенноновского стиля. В изучаемых случаях, решения простейшей 
вариационной задачи, являющиеся величинами известными как направляющие косинусы картезианского 
вектора, обусловлены специфицированными натуральными логарифмами квадратичных форм. Предлагается 
оценивать степень неопределенности / определенности величины и направленности Картезианского вектора с 
использованием целевого функционала. Это является новым взглядом на научное пояснение хорошо известной 
зависимости выведенной другим путем. Развиваемые теоретические соображения, а также математические 
выкладки завершаются простейшим численным примером варьируемой величины многоопционной гибридной 
функции, результирующей в целевом функционале. 
Ключевые слова: машиностроение; доктрина многоопционности; условная оптимальность; гибридно-
опционная эффективность; картезианский вектор; направляющий косинус; максимальная неопределенность; 
вариационная задача. 
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