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Abstract—The accuracy of maintaining navigational characteristics is the most important factor in the
development of avionics of a civil aircraft. The on-board computing system of aircraft uses a variety of
different algorithms for maintaining a given trajectory and determining the exact location in the airspace.
Nowadays many aircraft are equipped with system that uses measurements of angles or distances to
specific ground-based navigational aids for positioning as a backup or alternative to the global
navigation satellite. Represented mathematical dependence makes possible to estimate the accuracy of
maintaining the position line for angular-based approach during navigation by optimal pair of VOR / VOR
through internal angles. As initial data, information from VOR on-board receivers are used, as well as
information about the location of ground-based navigation aids. Statistical analysis is used as a main
method of data study. The obtained mathematical dependencies can be used in the algorithms of on-board
navigation systems to assess the availability and accuracy of VOR / VOR navigation in real-time. Based
on the results of computer modeling, the maximum accuracy of navigation was estimated in the case of
using the optimal pair of navigational aids for the airspace of Ukraine.

Index Terms—Navigation; angle of arrival method; positioning; VOR /VOR; accuracy; Ukraine;

airspace; internal angle.
I. INTRODUCTION

Maintaining the given aircraft location lines is
one of the main tasks of navigation and automated
piloting systems. Currently, the problem of aircraft
movement in the airspace is solved by accurately
determining the coordinates of the aircraft location
or maintaining specified lines of constant distances
or angles relative to ground radio navigation points.

In accordance with regulative documents [1], [2],
the Global Satellite Navigation System (GNSS) is
the main source of coordinate information on board
an aircraft. During operation, the GNSS availability
and accuracy can significantly vary due to a number
of factors [3]. Currently, positioning accuracy has
been significantly improved due to optimization of
the geometry of the space segment, errors associated
with the influence of the ionosphere [3] that are
partially solved by using ground stations of
differential corrections. But the problems of
electromagnetic  compatibility and intentional
jamming of satellite signals do not have a simple
solution [4]. The global use of GNSS has led to the
widespread use of low-cost personal jamming
systems. The low power of such systems does not
allow them to be effectively detected and
counteracted by existing methods [4], [5]. On the

other hand, the operation of such systems is
dangerous for aircraft located at a low altitude at the
stages of takeoff and landing [5].

II. PROBLEM STATEMENT

In cases of deterioration in the accuracy of GNSS
positioning, the flight management system (FMS)
uses algorithms of alternative positioning methods.
The main of them are: positioning using pairs of
Distance Measuring Equipment (DME), positioning
using a pair of VOR/DME, positioning using pairs of
angular-based navigational aids (VOR), positioning
by two non-directional beacons (NDB) according to
the automatic radio compass (ARC) [6], [7].

The level of accuracy for aircraft positioning by
alternative methods can not reach a GNSS level. An
accuracy depends on geometry of ground
infrastructure and positioning method is used.
Therefore, there is a need to estimate an error of
positioning by navigational aids and to study error
behavior at specific volume of airspace.

Based on the above, the aim of the paper is to
estimate the maximum acceptable value for the
accuracy of determining the aircraft position line,
which can be achieved in FMS algorithms using data
from the optimal pair of VORs in their availability
areas.
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III. REVIEW

Positioning by navigational aids is done by
solving the navigation equation according to the
known coordinates of the location of the radio
navigation points and the range and angular
information inherent in these systems. All these
algorithms are alternative to GNSS positioning
methods on board the aircraft [5], [7], [8], which is
defined by the relevant regulatory documents [9]. In
addition, in the absence of coordinate information
for a short period of time, an inertial navigation
system is activated. In accordance with the rules for
performing instrument flights, methods of
maintaining specified position lines can be used at
certain stages of flight to determine the aircraft
trajectory in the horizontal plane.

The issues of accuracy estimation using DME are
considered in numerous publications both for the
case of their pairwise use [6], [7] and for all
available at a certain point of airspace [10], [11].
Also, the ground infrastructure of VOR beacons is
considered in detail in the context of optimizing the
location of beacons and assessing the geometric
factor of accuracy deterioration for all available
beacons at a certain point of airspace [12], [13]. In
the case of using a multi-sensor system, the DOP
(Dilution of precision) coefficient [14] — [16] can be
used as the simplest approach for accuracy
estimation. Moreover, the issues of choosing the
optimal pair of VOR beacons in certain airspace and
accuracy estimation remain to be open.

II. ACCURACY OF POSITIONING

Let us estimate the positioning accuracy
according to information from two VORs. We
consider the case when the aircraft is at point B and
measures the azimuths of the RNP a, and ap

(Fig. 1).

VOR BQ

VOR A -

Fig. 1. Relative distances of VORs

In this case, the uncertainty area associated with
the VOR error is shown in Fig. 2. The quadrangle
obtained by crossing the error angles of the
measuring equipment directly depends on the

aircraft relative position and VOR ground beacons.
Let us estimate the error of aircraft positioning by
the known errors of the VOR system. Here, we
assume that VOR equipment has a certain error in
measuring the azimuth Ac. In comparison with
DME, the error Ao does not depend on the distance
to the RNP and consists of the air and ground
components. But, in the general case, the errors of
the ground part can be common in accordance with
the use of the same equipment.

VOR A
Fig. 2. An error of location line maintaining

We determine the value of the AP error from the
triangle AP, P,. Using sine theorem, we have:

R, A,
sin(g,) sin(Aa)’
B _ R,sin(Aa)
A, =o(aa) = Ty

Since,
g, +8gy=2n-2(Aa—o, +1)—a,, =0, —2A0,
then,
gz =0,;—2Aa—g,.

On the other hand, from the triangles AP;P, and

BP,P,, by the sine theorem, we can write:
A, R, _ R

sin(A, ) - sin(g,) - sin(g, )

P B

9

RAsin(gB)zRBsin(gA),
RAsin(ocAB—ZAa—gA)zRBsin(gA),
R, sin(a,, —2Aa)

_sin(g,)

R, +R -2Aa))’
cos(gA)( s+ R, cos(o, a))

R, sin(o, —2Aa)
R, +R,cos(a,, —2Aa)’

tg(g,)=
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R, sin(o, —2Aa) (
R, +R, cos(a, —2Aa) )

g,= arctg{

In the formula (2), it is necessary to take into
account the fact that asp can take values more than
90°. In accordance with this, the values of the cos
function at the interval from 90° to 180° will have a
negative sign. To exclude this influence, we take the
absolute values of the cos function:

R, sin(o,; —2Aa) 3)
R, +R, |cos(ocAB —2Aoc)| '

g,= arctg{

The lines of constant angles g, relative to the
RNP VOR 4 are shown in Fig. 3. The nature of the
dependence for the gz angles will have a
symmetrical form with respect to the VOR B.
Substituting expression (3) into the general error
formula (1), we obtain the dependence for the
random variable Aa::

R, Sin(AOL) .4

R, sin(o, —2Aa) JJ

i t
sm(arc g(RB +R, |cos(0cAB - 2Aa)|

o(Aa)=

x10%
i

-2 -1 0 1 2 3 4
Fig. 3. Lines of constant g, angles

Then, the variance of a continuous random
variable can be written in this form [17]:

Gf/OR/VOR =D [‘P(AO‘)]

= Ic(q,(m) - E[(p(m)])2 f(Aa)dAa

9

A=

where f{Aa) is the probability density of the normal
law.

In the general case, the line of constant errors in
maintaining the position line along the VOR will
look like ellipses. For a pair of radio navigation
points “BRP” (Boryspil) and “KVH” (Kirovohrad),
the lines of constant errors are shown in Fig. 4.
x10°

3

— ~——

Fig. 4. Lines of constant errors for VOR/VOR navigation
III. ESTIMATION OF UNCERTAINTY AREA

Another important characteristic of geometry of
mutual location of ground navigational aids and
aircraft is the area of the quadrangle of uncertainty.
In the common approach an area can be estimated as
a half the product of the diagonals (Fig. 5) and the
sin of angle between them:

_ApAp,sin(v)  ALA,,sin(g,+0,)
2 2 '

S

Let’s estimate Ap, by counting A, and Az with
the help of Aa::

R, sin(Aa) R, sin(Aa)

sin(m—a,, +Aa)  sin(a,, —Aa)

9

analogically have
R, sin(Aa)
AB =——7"
sin (o, —Aa)

Substituting the results in (1) we have:

(R, sin(Aoc))2 +(R, sin(Aoc))2 — 2R, sin(Aa) R, sin(Aa)cos(a ;)

9

b2

sin (o, — Aot)z



LV, Ostroumov, N.S. Kuzmenko An Accuracy of Location Line Maintaining by Angles at Limited Airspace Volume 71

. sin(Aa)’ (RB2 +R,> = 2R R, cos(a ))

ADZ -

~ sin(Aoc)\/RB2 +R,” 2R, R,cos(a ;)

sin (o, —Aat)’

9

sin (Aoc)\/aT2

dsin(Aa)

D2

e sin (o, — Aa) ~sin(a,, —Aa) sin(a, —Aa)
Thus we have:
: B .AB , 0, = arcsin Apsin{cty) sin(cs) ,
sin(o ;) sin(6,) A,,
R, sin(Aa) sin (ot )
. AB .
0, = arcsin| (o4~ A1) = arcsin Ry sin (o)
4 dsin(Aa) d

sin(o; — Aat)

0=(Aa—o,+m)-6,.

d VOR B

VOR 4
Fig. 5. Diagonals of the quadrangle of uncertainty

The angle between the diagonals of the

quadrangle intersect is estimated as follows:
v=n-g,—-0=a,-g,-Aa+0,.

An angle o4 can be represented from known
angles a4 and a,p as following:

A yp :Tc_((pA +(pB)a

where
case 1. If yp> 0 and xp >Xp, have

T d T
Dy :E_a/i and ¢, :0‘3"'5’

case 2. If yp>0and Xy < xp < Xp, have

[0} :E—a,and(p = _3_TE
475 4 B B 3 ’
case 3. If yp>0 and X, > xo, have
[0} :S—Tt—oc‘ and QP =0 _3_TE‘
4 D) A B B 3

During measurements on board of aircraft
distances R, and Ry are unknown. Thus we can
count these distances by next formulas:

sin(¢,)

R —d sin(¢,) . '
sin(@, +¢,)

sin(o, +9,)

According to formula (2), the lines of constant
errors are elliptical. The determination of the line
with the smallest error is performed by finding the
derivative of (2) with respect to o4z and equating its
value to zero. The obtained dependence can be
solved by one of the methods for solving nonlinear
equations and estimate the o4z value. The obtained
value of a4z will correspond to the line with the
smallest error.

Obtained location line of aircraft can be used in
tasks of positioning [5], [6] or in tasks of
classification of air situation [18].

IV. NUMERICAL DEMONSTRATION

For numerical demonstration, we estimate the
accuracy of keeping the position line by angular
based approach at a certain point of investigated
airspace volume. Also, we use simplified cylindrical
coverage model of VOR in simulation of availability
area. The data of navigational signals availability in
space is used for choosing the optimal pair of VOR
for navigation with the help of linear binary integer
programming [19]. We use only one pair of VOR for
navigation according to minimum equipment list of
aircraft. Also, we use a pair that can guaranty the
maximum level of positioning accuracy.

Let’s estimate the accuracy of keeping the
position line by angular based approach for whole
Ukrainian airspace at specific flight level. In this
case we divide an investigated airspace at
elementary particles, within which we assume
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accuracy level constant. The results of estimating the
number of available VORs for navigation within
Ukrainian airspace are presented in Fig. 6 for
FL 490. According to obtained list of available VOR
at each elementary particle we create a list of
possible combinations of VOR pairs.

The results of estimating the angle o4z for
optimal combination at each point in the airspace are
presented in Fig. 7. In Figure 8 the accuracy of
keeping the position lines is represented.

Number of Available VORs

25" . 400 €
#0E 275 € 300 € 325 € 350 E RERS

Fig. 6. Total number of available VOR for navigation at
FL 490
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Fig. 7. An a,p angle at FL 490
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Fig. 8. Accuracy of positioning by optimal VOR pair in
Ukrainian airspace

Obtained results of numerical demonstration
indicate a low value of positioning accuracy by
optimal pair of VOR, which does not support
required minimal level according to requirements
[2], [20], [21].

VI. CONCLUSIONS

The paper deals with accuracy estimation of
airplane positioning by angular data. In this work, a
formula for estimation accuracy of maintaining a
location line uses angles in geometrical relation is
proposed. Proposed approach may be useful for
representation results of accuracy estimation in terms
of lines of constant angles for one of VOR.

Obtained results of positioning accuracy for
Ukrainian airspace depends on geometry of
navigational aids location and does not meet current
requirements for RNP/RNAV 1. However, in the
central and western parts of airspace there are small
areas with an accuracy of positioning under RNAV
2 and RNAV 5 [2] requirements. In total an
accuracy less than 5 km was obtained for 341.9
thousand km® or 40.06% of the total airspace of
Ukraine for FL 490.

Low accuracy in this region is caused by a limited
number of VOR and low accuracy of the angular-
based navigation method in comparison with DME-
based approach. In addition, it should be noted that in
the central part and the western regions of the
country, this method of navigation can be used in the
case of positioning lack.
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I. B. OctpoymoB, H. C. Ky3pmeHnko. TouHicTh BUTPHUMYBAHHS JIiHil M0J0KeHHA 32 KYTOMipHMM 00JIa{HAHHAM
VOR y o0MekeHOMY NOBITPSIHOMY IpocTOpi

TouHICTh BUTPUMYBaHHS HaBITAIIHHUX XapaKTEPUCTHK € HaWBAKIUBIIIMM (AKTOPOM PO3BHUTKY aBIOHIKH JiTaJIbHOIO
amapary IMBLIBHOI aBialii. BopToBi 00YHMCITIOBANBHI CUCTEMH JIITAKOBOIIHHS BUKOPUCTOBYIOTh PI3HOMAaHITHI aJlTOPUTMHU
BUTPUMYBAHHSI 3aJlaHOI TPA€KTOpii 1 BU3HAYEHHS MICI PO3TAlllyBaHHS JITAILHOrO amapary. B ganwii yac Oarato
JITaJIbHUX anapartiB OCHAIEHI CHCTEMOIO, SIKa BHUKOPUCTOBYE BHMIpIOBaHHs KyTiB a00O BiJCTaHEeH 10 KOHKPETHHX
Ha3eMHUX HaBIrallifHUX MPUCTPOIB /IS MO3HIIIOHYBAHHS B SIKOCTI PE3EpBHOTO a0 aJbTEPHATHBHOIO N0 TNI00AJIBHUX
HaBiraniiHUX CYIyTHUKOBUX CHCTEM HaBiramii. Y cTaTTi BUBEACHO MaTeMaTHYHY 3aJIeKHICTh U1l BUSHAUYEHHS TOUHOCTI
BUTPUMYBAHHs JIiHIT MOJOXKEHHs 32 KyroMmipHEM oOjiamHaHHsM mpu VOR/VOR HaBiramii yepe3 BHyTpimHi KyTH. B
SIKOCTI BHXIZIHUX JIJAaHUX BHKOPHCTOBYETHCS iH(popMallis BiJi O0pToBHX mpuitMauiB curHaniB VOR, a takox iHpopMmaris
PO MiClIe3HaXO/PKEHHsI Ha3eMHUX HaBiraliifHux 3aco0iB. OTprMaHi MaTeMaTH4HI 3aJ1©KHOCTI MOXKYTh OyTH BUKOPUCTaHI
B aJIrOPUTMax OOPTOBMX HABIraLiHMX KOMIUICKCIB JUIS OILIHIOBAHHSA JOCTYIMHOCTI i TouHocTi VOR/VOR Hagirani min
4ac MoJibOTy. 3a Pe3yJabTaTaMH KOMITIOTEPHOTO MOJICTFOBAHHS BUKOHAHO OIIHIOBaHHS MaKCUMaJIbHOI TOYHOCTI HaBIraIyi
B pa3i BUKOPUCTaHHS ONTHMAJIBHOI TApU HA3EMHHUX PajiioMasiKiB JJIst HOBITPSIHOTO IPOCTOPY Y KpaiHu.

KurouoBi cioBa: Hapiramis; xyroMmipHuii meron; mosuiriionyBanHs; VOR / VOR; TounicTte; YkpaiHa; MOBITpsSHHI
MIPOCTIp; BHYTPILIHI KYTH.
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HN. B. OctpoymoB, H. C. Ky3bMeHko. TOYHOCTH BbIACp:KMBAHMSI JIMHM IIOJIOKEHUSI MO YIJIOMEPHOMY
paauoodopynosanuio VOR B orpaHH4YeHHOM BO3AYIIHOM NMPOCTPAHCTBE

To4HOCTH BBIAEP)KUBAHWS HABHTAIIMOHHBIX XapaKTEPUCTHK SBISIETCS BAKHEUIIMM (aKTOPOM pPa3BUTHS aBUOHHKU
JIETaTeILHOTO ammapaTa rpakJ1aHCKOH aBHaIy. bopToBbIe BRIYMCIUTENBHBIE CUCTEMBI CaMOIETOBOYKICHHS UCTIOIB3YIOT
pa3Ho0Opa3Hble aJrOPUTMBI BBIICPKUBAHUS 3alaHHOW TPAacKTOPHH M OINPEACNICHUS MECTOIOJIOKEHHS JIETATEILHOTO
anmapata. B HacTosiee BpeMsi MHOTHE JIETaTENbHBIX alllapaToB OCHAILICHBI CHCTEMOM, KOTOpask UCHONb3YeT H3MEpEHHs
YIJIOB WJIM PACCTOSHUM JIO KOHKPETHBIX HAa3eMHBIX HABUTAIIMOHHBIX YCTPOWCTB ISl MO3UIMOHHUPOBAHUS B KAadeCTBE
PE3EpPBHOTO WIIM AIBTEPHATUBHOTO IIOOATBHBIX HABUTAIMOHHBIX CITYTHUKOBBIX CHCTEM HaBUTAllMU. B cTaThe BhIBeICHA
MaTeMaTUYECKyI0 3aBUCHMOCTh Ul OMNpEAeNeHHs TOYHOCTH BBIICP)KUBAHMSA JIMHUM TIOJIOKEHUS II0 YIIIOMEPHOMY
obopynoBanuto mpu VOR/VOR HaBuranum vepe3 BHYTpeHHHE YIIIbL. B KadecTBe MCXOJHBIX JTQHHBIX HCIIONB3YeTCS
nHpopmaiyss or OOpTOBBIX NpHEMHUKOB curHaioB VOR, a tarke mHOOpMAIMsS O MECTOpPACIONOKEHUN HA3eMHBIX
cpescTB HaBuranyy. [lomydeHHbIE MaTeMaTHYECKHE 3aBHCHMOCTH MOTYT OBITh MCIOJIB30BaHbI B ajropuTMax OOpTOBBIX
HABHTAI[IOHHBIX KOMIUIEKCOB ISl OLIEHMBaHWS JOCTymHOCTH M ToyHocTH VOR/VOR HaBuramum B monere. [lo
pe3yibTaTaM KOMITBIOTEPHOTO MOZAEIMPOBAHUSA BBIIOIHEHO OLICHUBAHWE MAaKCUMAaJIbHOM TOYHOCTU HAaBUTAIMU B CIIydae
HCIIOJIB30BAaHUsI ONITUMAJIbHOMN Maphl HA3€MHBIX PaJHOMasKOB JJIS BO3AYLIHOTO IPOCTPAHCTBA Y KPauHbI.
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