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Abstract—The article deals with the technology of construction of nonparametric processing methods of
correlated random processes. The use of a Markov model of correlated signals allows to synthesize the
nonparametric rank algorithms that use nonparametric estimation of a one-dimensional cumulative
distribution function using a training sample containing interference only. The theory of synthesis of
nonparametric rank Markov decision rules is constructed, the problem of synthesis of rank
nonparametric algorithm for detection of correlated signal against the background of uncorrelated
noise on the output of amplitude demodulator is solved. Property of this algorithm is investigated.

Index Terms—Signal processing; robust rank algorithms; radar signal detection; Markov correlated

noise; aproristick uncertainity.

I. INTRODUCTION

The onset of nonparametric detection theory was
recorded in 1936 when Hoteling and Pabst published
an article on rank correlation. Since then, a large
number of papers on nonparametric methods of
information processing have been published [1]—[17].

Although nonparametric or distribution-free
methods have been studied and applied by
statisticians for at least 50 years, only recently have
engineers recognized their importance and begun to
investigate their applications.

The widespread use of radar, navigation and
communications in a variety of fields (aviation,
medicine, vehicle management, etc.) puts a growing
number of tasks at stake in improving their
performance in complex applications [17] — [22].

Typically, radar is used in complex interference
situations (terrain and type of background surface,
various meteorological conditions, man-made and
organized interferences, etc.). To work effectively
under these conditions, the signal processing
channels are equipped with several of signal
detection means against the background of various
interferences and evaluation of their informative
parameters.

In the case of automatic control of the radar
mode in the a priori uncertainty of the spatial
location of the interferences and their statistical
distributions, the radar itself and the obstacle
analyzer are the object of control. The task of the
radar control of the analyzer is to collect information
about the surrounding operational-tactical situation
and make a decision on the choice of the optimal

radar mode. Moreover, the analyzer not only
measures the characteristics of the interference but
also classifies them. Noise is classified by correlation
coefficient (correlated or uncorrelated). Correlation
propertis of interference is detected and analyzed
throughout the radar work area.

II. TASK STATEMENT

Currently, the problem of noise classification is
solved by the method of estimating the correlation
coefficient by the maximum likelihood estimation
algorithm for the Gaussian noise distribution model.
However, in most situations the assumption of
Gaussianness does not meet the real conditions.
Therefore, the signal distribution at the output of the
amplitude detector is not Gaussian and is described,
in the general case, by Rice's law. The effect of
artificial or natural impulse noise causes the
Gaussian model to be abandoned and nonparametric
methods are resorted to.

All of the classic nonparametric detectors are
based on the assumption that the input observations
are independent and identically distributed. Since
there are many radar situations which may give rise
to correlation of input observations (earth
reflections interference, sea clutter etc), is importen
to consider a nonparametric approach to synthesis
of signal detection algorithms for thees cases and to
investigate their properties.

In this paper, we consider a nonparametric
approach to the problem of detecting highly
correlated radar reflections against a background of
weakly correlated noise.
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III. SYNTHESIS OF PARAMETRIC DECISION RULE
ON A UNIT N-CUBE

Distribution-free procedures can solve a number
of signal detection tasks during interference with a
priori undefined characteristics. The main task of
detecting signals in a nonparametric formulation can
be formulated as a task of comparing two samples.
The hypothesis Hy under test is that two random
samples xi, ..., x, and yy, ..., ¥, have the same
probability distribution, that is, generated by the
interference. No assumptions are made about the
probability of interference, except for the continuity
and independence of random values.

The presence of a signal may change the shift
parameter, change the scale of one of the samples,
produce a correlation of the sample x;, ..., x,, or
change the distribution pattern of the sample xy, ..., x,
compared to the sample distribution y, ..., V.

The main requirement for nonparametric
procedures is the statistical independence of the
sample values xi,izm yf,jzl,_m. We show that

nonparametric signal processing procedures can be

constructed in the case of Markov correlated noise.
The distribution-free statistics are based on the fact

that the random variable U obtained by transformation

u =F(v,), i=Ln, 1)

where v, are random values of the random variable V,
F(-)is an cumulative distribution function of a

random variable V, has uniform distribution over
the interval [0,1]. Vector u,,...u, , the coordinates of

which are obtained as a result of transformation (1),
can be considered as an element of a unit »-
dimensional cube.

Let xi, ..., x, be a sample of stationary Markov
noise of kth order

min{i k}
xi: z ajxi7j+w}i’ i=1,l’l, (2)
=1

where w,, i=1,n are the Gaussian white noise
samples, xo = 0.

The Markov interference property allows us to
present a multidimensional sample distribution

density as the product of the unconditional ¢(x,)
and conditional probability densities

0, | X sesXy),  i=Lmy j=minik},

to which continuity conditions are imposed are the
conditional densities of the process probability
distributions at ith times.

f(x] ,..,Xn) = ¢(x])(p2 (xz | x])(ps (x3 | xzax])
"'(pi ('xl | xi*]’xi72""xi*k) (3)
(pn ('xn | xnfl ’xn72 ""xnfk )9
where @, (%), 9;(*),-,0,(*), 9, () =P, () = .= ¢, (*).

Let be an analytical kind of conditional ¢,(x;,)
and unconditional probability distribution densities

0Ce) = [ [ 0,06 %10, ), ot

Xia X

i=2,n; j=min{i,k}

are know, and F(x)= jd)(t)dt is the accordingly,

the unconditional cumulative distribution function.
We introduce nonlinear transformations

u,=F(x),i=1Ln, 4)

and find a multidimensional probability distribution
of the sequence u,,..,u, .

n

Jacobian conversion

0ox, Ox,

6_14] % n )
J=| e =(H¢(F](ui))J ,

ox, ox, !

u "

n

where F'(u,), i=1,n are transformations inverted to

4).
Then the multidimensional distribution density of
the transformed variables will look like this

Oyott,) = f(F (), F ™' (u,))
_o(F @) 0, (F ()| F'(w))

o, (F ™ (1)) O(F ™ (uy)) s
0, (P @) P ) F (1, )
O(F ' (u,)) ‘

Expression (5) can be represented in the form of
product of factors

O,,..,u,)=
e 0, (F7 ) | F 7 U)o F 7 Wy i)

-1 o(F @)
= H G (”i lu, s Ui _minti k) )
i=2

That is, the multidimensional distribution of the
k-connected Markov random variables normalized

(6)
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by the marginal cumulative functions (4), is the
product of the factors

Q(ui | ui*l""’ui—min{i,k}) ) i=2,l’l .

The distribution (6) will be called Markov copula.
Consider the problem of synthesis of a decisive rule
on a unit #-dimensional cube.

H: f(X)= /(%)

@,;(*) and @, (*),
dimensional and conditional distributions for
hypotheses H, and, H, respectively, for a sample

i=2,n are unconditional one-

X,,...,X, of a Markov k-order random process given

by (2). Then the decisive rule on the n-dimensional
unit cube, by the Neumann—Pearson criterion, is

Consider two hypotheses’ HO; f(f):fo(f) and’ determined by the relation of the likelihood
and, b, (x), b, (x), functions (6)
m "o (F'w) | F ' )y F F'(u,
A(E)zlogf](u) =1lo H,-=1(Pn( CULINCRY ( "’m'“{”“))%( ( '))>V(0t,n)= (7)

o)

where a is the given probability of errors of the first
kind.

The random variables ul.,izl,_n under the
hypothesis H, are evenly distributed over the
interval [0,1], regardless of the marginal probability
distribution ¢,(x). Therefore, the decision threshold
V(a,n) depends only on the given probability of an

error of the first kind o (false alarm) and the sample
size n.

III. SYNTHESIS OF RANK NONPARAMETRIC SIGNAL
PROCESSING PROCEDURES

In nonparametric problems, the integral noise
distribution function F is unknown. Therefore,
according to the empirical Bayesian approach, they
try to obtain an estimate of the noise distribution
function by using a training or reference sample
V1,...,Vm», Which contains only the noise distribution
F*(*), and use this estimate to construct a nonlinear

transformation (1). Thus, the signal samples xi,...,x,
are transformed according to the algorithm

u=F(x),i=Ln, (®)

and hypothesis H, about the uniformity of
distribution of random variable U is tested. If this
hypothesis is accepted, then we conclude that
hypothesis Hy holds that samples xi, ..., x, and yy,...,
yn belong to the same distribution, that is, sample
X1,..., Xn contains no signal. Otherwise, it is decided
that the hypothesis H; holds, that is, the sample
X1,..., X, contains the signal.

A. Synthesis of Nomparametric  Post-Detector
Correlated Signal Detection Algorithm Against
Gaussian Uncorrelated Noise
Consider sampling the values of the envelope
Gaussian noise at the output of the amplitude
detector obtained with time-domain sampling At
Xpsens X, 9)

LT 00 (F @) L s 0y i) 01 (F @)

The one-dimensional density distribution of the
Gaussian envelope noise is described by Rayleigh's
law

2 —
¢JM)=§imm(—jLJ,x;20,i=Ln (10)

b4 2¥Y

Appropriate cumulative probability distribution
function

2
F(@)zl—exp[—gé;j,xizo. (11)

We assume that the process at the input of the
detector is a narrow-band normal noise with a
correlation function

B(t) = ¥Yexp(-p |r|) cos(®,1), (12)

where ¥ is the noise dispersion; o, is the center
frequency; [ is the parameter of the correlation

function that characterizes the process frequency
bandwidth.

This process is a white Gaussian noise that has
passed through the oscillatory high-Q factor RLC
circuit [23]. A envelope of process is a Markov
process with a multidimensional PDF

FE® =00 [0 15,

where ¢,(x,) defined by formula (10) and the
transition probabilities

2.2 2
(x| x, ):—x,- exp LR
7 2¥(1-r?)
(13)
-1, sz , i=2,n,x,>0,
P(1-7)

where /,(*) is the modified Bessel function of the

first kind for real positive argument; » is the value
of the envelope of correlation function of a
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narrowband random process at the input of the
detector

r= exp(—[3|A1:|) .

Let the presence of a signal change the
correlation properties of the sequence (9).
Two hypotheses are tested for this sample,

H,: f(T)= f(T.r=0)
and
H: f@)=f & r=r,>0).

The one-dimensional PDF of the envelope is
independent of the correlation coefficient and by H,
is also described by Rayleigh law

2
o, (x,) =ﬁexp(—x;j, x, 20, i=1n.

Y 2¥ (14

The parametric algorithm for testing these
hypotheses is obtained by substituting in (8)
expressions (10), (11), (13) and (14), where the values
r correspond to the two hypotheses being tested.

To synthesize a nonparametric algorithm, it is
necessary to construct an estimate of the cumulative

probability distribution function of the envelope for
the situation when the signal is absent (+ = 0) F (x)

and make the transformation u, =F (x,), i=Ln.

To do this, we need to obtain a sample of
envelope uncorrelated noise y,..,,, construct a
rank of

variational series and determine the

reference x, in it

rank, = 3 sgn(x, - 7)),
J

1, z>0,

sgn(z) =
0, z<=0.

Next, we obtain the normalized values

and inverted to (11) (by W =1) transformed values

F'@,)=2Inu,),i=2n.

Substitute them for the likelihood functions ratio (7)
we will get

o0 (a1 = Y 2004) exp[_ P In(u, )+ In(u,)

a-r) a-r)

JI [21’1 /in(u,_,)In(u,) J

,i=2,n,u,>0, u,,>0,

a-r)

0o (14,) =t [~2In(ut,) exp (In(u,)) = u, /-2 1In(u,), i = 1,m;

€y ln) 1 exp[_r”“(”f)““(“f)J ,o[zr\/ln(u,-]nn(u,-)}

o) u(1=1%) (1-r%) (1-r%) (15)
i=2,_n, u, >0, u,, >0,
We use the Bessel approximation for » > 0
,(NWJ Jir) p[zWJ -
(1-r%) JAnrfinGu,_ ) In(u,) (1-r%)
and get
C o, |u )= m exp(— 7> In(u, )+ In(u,) — 22r\/m),
o ui\/4nrm (1-r) a7
i=2,n,u,>0,u, >0,
The decisive rule for testing a hypothesis f7, : r =, > 0 is as follows
2
A@ =In(C)=-3 (5 finu ) ~finw)) In(,) + nAJ(1- 1) - ln(\/4nr0\/m ) (18)
P

i=1 (1- ’”02)



LG. Prokopenko Synthesis of Nonparametric Algorithms for Detection of Radar Correlated Signals Against ... 13

B. Performance Analysis

Performance analysis was performed using the
Monte Carlo method.

We model the Markov sequence of values of the
enveloping Gaussian correlated process as the
square root of the sum of two correlated quadratures

X, =~y +(z,+¢), i=Ln (19)

Quadrature components are Markov sequences
that are formed by a rule

ERAS)

Vi =Ty +

| £

—

NaA=r*)m,, i=
zia =1z, +J(L=r)w,, i=1,n,

where m,, w,, i=1,n are samples of uncorrelated
normalized Gaussian noise; » is the correlation
coefficient in quadratures; ¢,, i =1,n are samples of

haotick clutter, that have the following probability
distribution

f(©)=(-p)3(c)+ prexp(—re), p €[0,1].

The correlation coefficient of adjacent envelope
values by p = 0 is calculated by the formula [23]

(20)

T 2

=—7".
4(4 - )

The first value of sequence (19) is distributed by
Rayleigh law and can be obtained according to the

formula
X, =+—2%¥ In(v),
where v is a random variable with uniform

distribution over the interval [0,1].

To estimate the detection probability, N
correlated sequences were formed, according to rule
(19), with a given correlation coefficient, validation
statistics were calculated (18), compared with the
decision threshold ¥, and the number of positive
decisions was calculated — m. The estimate of the
probability of detecting the correlation of a Markov
sequence with the correlation coefficient  is given
by the relation D=m/ N.

The decision threshold V' was calculated as a
quantile of the 0.95 distribution of validation
statistics (18) at » = 0.

Figure 1 shows the detection characteristics of
algorithm (18), calculated for different values in the
number of tests N =1000.

On the Figure 2 one can see influence of pulse
clutter on operating characteristics both rank and MP
algorithms. Rank algorithm is more robust to pulse
clutter.

Operating characteristics. F=0.05;
n=32,64,128,256,512; m=1(anal); Mark-Rayleigh

Detection probability D
= =
(=2 o

=
s

0.2

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
Correlation coefficient R
(a)

Operating characteristics. F=0.05;
n=64; m=5,10,15,; Mark-Rayleigh

1
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5 04 %
& 4
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Fig. 1. Nonparametric algorithm detection characteristics
(18) without pulse clutter (p = 0): (a) is the different size
of signal sampling (n = 32, 64, 128, 256), volume of
training sample m = 20; (b) is the signal sampling size
n = 64, different training sample size (m =5, 15, 20)

Operating characteristics. F=0.05, n=128, m=10, 2-Rayleigh
12

Rank,p=0
MLp=0

Rank,p=0.1 | 4
—t+— ML,p=0.1

Detection probability D
(=]
[=]

=1
B

0z2r

0 L . L L . L
0 01 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Correlation coefficient R
Fig. 2. Nonparametric algorithm detection characteristics
(18), markt “Rank”, and algorithm, used maximum
likelyhood estimation of correlation coefficient, markt
“ML”, without pulse clutter (p = 0) and ) with pulse
clutter (p=0.1)
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IV. CONCLUSIONS

The proposed theory allows to synthesize
effective nonparametric algorithms for signal
processing under the influence of Markov correlated
noise, which use nonlinear transformation of sample
values according to the estimation of one-
dimensional cumulative probability distribution
function over the variational series of training
sample of noise.

The example of synthesis of the algorithm for
detecting correlated random signal at the output of a
linear Gaussian noise detector is demonstrated. It
demonstrates the feasibility of the proposed
approach to the synthesis of nonparametric signal
processing algorithms.

The results of the analysis of the influence of the
size of the training sample on the efficiency of the
algorithm show that even at 15 noise samples used
to construct the variational series of interference,
potential efficiency is practically achieved (Fig. 1).

Investigation of robustness shows (Fig. 2):
synthesized rank algorithm is more robust then the
parametrical ML algorithm.
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I. I'. IIpoxonenko. CuHTe3 HemapaMeTPUYHUX AJITOPUTMIB VISl BHUSIBJICHHSI PadioJIOKAliiHMX KOPEJbOBAHUX
CUTHAJIB Ha TJi MAPKOBCKOIr0 KOPeJb0OBAHOI 0 LIyMY

Y crarTi pO3IJISIHYTO TEXHOJIOTII0 MOOYIOBH HENapaMeTpHYHHX METOAIB OOpOOKH KOPEIbOBAHMX BHIIAJKOBHX
nporeciB. BUKOpUCTaHHS MapKOBCBKOI MOJIENi KOPENbOBAHMX CHUTHAIIB JO3BOJISE CHHTE3yBaTH HeNapaMeTpUyHi
PaHTOBI aJNrOPUTMH, SIKI BUKOPUCTOBYIOTHh HellapaMeTPUYHY OIIHKY OJHOBHUMIpPHOI iHTerpasbHOI QyHKIIT po3mnoainy 3
BUKOPHCTaHHSIM HaBYaJbHOI BHOIpKHM, IO MICTUTH juine 3aBaay. [1o0ymoBaHO Teopil0 CHHTE3y HeNapamMeTpUYHHX
PAHIOBUX MapKOBCHKHMX BHPIIIYBAJILHHUX MTPABUII, BUPIIIECHO 3a/la4y CHHTE3Y PAaHIOBOI'0 HENapaMETPUYHOT O aJrOPUTMY
BUSIBJICHHSI KOPEJIBOBAaHOTO CUTHAJTY Ha TJIi HEKOPEIhOBAHOIO IIyMy Ha BHUXOAlI aMIUIITY[HOTO JAEMOAYJSTOpA.
JlocmimKkeHo e(eKTUBHICTB 1 pOOACTHICTB IIBOTO ANTOPUTMY.

KawudoBi caoBa: o00poOka curHamy; poOacTHI QITOPUTMH DPaHTy; BHSBICHHS pPaIiONOKALIHHOTO CHUTHAIY;
MapKOBCHKHUI1 KOPEJIbOBAaHHUH ITyM; arpiopHa HEBU3HAYEHICTb.
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. I'. Ipoxonenko. CHHTE3 HemapaMeTPHYECKHUX AJITOPUTMOB /151 O0HAPY:KEHHSI PagapHbIX KOPPeJIHPOBAHHBIX
CHUTHAJIOB HA (pOHE MAPKOBCKOr0 KOPPEJINPOBAHHOIO IIIyMa

B cratbe paccMOTpEHBI TEXHOJIOTMM IIOCTPOCHUSI HENMapaMeTPpHYECKUX METOAO0B 00pabOTKH KOpPETUPOBAHHBIX
CIIy4alHBIX TPOIECcCOB. VICIonbp30BaHHEe MapKOBCKOM MOJIEIH KOPPEIHPOBAHHBIX CHTHAJIOB MO3BOJISIET CHHTE3UPOBATH
HernapaMeTpuYecKue PaHTOBbIE aJTOPUTMBI, B KOTOPBIX HCIOJNB3YeTCS HemapaMeTphyeckasi OIEHKa OJXHOMEpPHOH
WHTErpajJbHOW (QYHKLIMHM paclpeesieHnus] ¢ HCIOIb30BaHHEM OOydarolied BBIOOPKH, COJEpIKallled TOJNBKO TMOMEXY.
ITocTpoeHa Teopus cHHTE3a HENApaMETPUUECKOTO PAaHTOBOTO MapKOBCKOTO IMPaBWIIA NPHHSATUS PEUICHUH, peleHa
3ajjaya CHUHTE3a PAHTOBOTO HEMApaMETPHYECKOTO aITOpUTMa OOHApYXEHHUs] KOPPEIMPOBAHHOIO CHUTHANa Ha (oHe
HEKOPPEIMPOBAHHOIO IIyMa Ha BBIXOJE aMILIMTYIHOTO neMonynsaropa. MccinenoBansl 3 (GeKTUBHOCTh U pOOACTHOCTh
3TOTO ANTOPUTMA.

KnarwoueBble cioBa: 00paboTka CHrHana; poOacTHbIE PaHTOBBIE AITOPUTMBL, OOHAapY)KEHHE PpaJNONOKAIMOHHOTO
CHTrHaJa; MapKOBCKUI KOPPEIMPOBAHHBIM NIYM; alpHOpHAasi HEONPEEICHHOCTb.
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