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Abstract—It is made an attempt to discover an explainable plausible reason for the existence of the
transport system’s model production function, or a number of transportation means function, as a
hyperbolic type function of the available transportation mean capacity, or a linear type function for two
types of transportation means. Substantiation is made in terms of the calculus of variations theory with
the help of the special hybrid-optional effectiveness functions uncertainty measure, which includes the
hybrid functions entropy of the traditional Shannon’s style. In the studied cases, the simplest variational
problems solutions, which are the numbers of the transportation means, are stipulated by the specified
quadratic forms. It is proposed to evaluate the magnitude and direction of the transport system’s
managerial certainty with the use of the combined hybrid relative pseudo-entropy function. This is a new
insight into the scientific explanation of the well-known dependency derived in another way. The
developed theoretical contemplations and mathematical derivations are finalized with a simplest
numerical example for the traditional entropy weakness.

Index Terms—Transport system; production function; multi-optionallity doctrine; conditional
optimality; hybrid-optional effectiveness function; pseudo-entropy; prevailing index; domination factor;

variational problem.

I. INTRODUCTION

Through the last decades, organizational factors
have been playing more and more significant role in
the successful management of the transport systems
effective operation.

Aviation transport system effectiveness
safety management is a bright example.

It is always an actual task to find an optimal
number and capacity for transportation means. Such
optimality must take into account economical
indexes somehow [1].

Subjective analysis approaches [2] enable us
considering individual preferences in an explicit
view; and the preferences functions certainty (or
uncertainty) measures need applicable adjustments.

Promising innovations have been proposed in
papers [3], [4] and reported at a conference [5]. They
need further improvements and modifications.

Aim. The presented paper is aimed at modeling
an optimal choice for the transport systems abilities
based upon the developed combinations of the
proposed for considerations quadratic forms and
calculus of variations theory methods with an
outcome into the hybrid combined relative pseudo
entropy function, like in [6] — [9].

and

II. PROBLEM STATEMENT

Contemplations likewise the described above has
instigated the search of a certain kind optimality in
the substantiations of the transport systems abilities.

The Problem Setting. The problem statement for
the current state would be as to find a value
extremized with the known view expression used as
a production function. Then, assessing the intensity
and inclinations of the options’ functions certainty.

III. PROBLEM SOLUTION

A. Hyperbolic Solution

Generally, considering the problem stated above,
one can try to look for an optimal in some sense
value.

Calculus of variations is a good theoretical tool
for searching such optimality.

Consider a quadratic value

%S)z+k1n(s)n'(s), (1)

where n(s) is the number of the required

transportations means, as a function of the means
capacity s, both being necessary to carryout the
amount of the needed transportation work of k, on
the conditions of the available transportation means
capacity s and with the derivative of

n'(s)z% n(s)]zn: )

The proposed for consideration expression (1)
with respect to equation (2) has a significance of the
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under-integral  function

functional

®[n(s)]= I{@+kln(s)n'(s)}ds . 3)

0

creating an objective

The value of s, in the purpose functional (3)
symbolizes the marginal value of the transportation
mean’s capacity s varying through the possible
diapason of [0...s,].

The problem turns into the simplest problem of
the calculus of variations:

@[n(s)]zJLF(n;,n,s)ds — extr, 4)
0

n(s)=n, = argexg{d)[n(s)] =, |, ®)

F(n;,n,s)=§+kln(s)n;. 6)

The proposed consideration (1) — (6) is solved
with the help of the Euler-Lagrange equation:

oF _d|(or -0, (7)
on ds\ on!

which determines the necessary conditions for a
possible extremum existence.
Here, in equation (7)

2

F=F(n;,n,s)=n7+kln(s)n;. (8)
Thus,
oF
—=n, 9
" ()]
a—F,zkln(s), (10)
on;
a a_F :fj (11)
ds\on. ) s
k0. (12)
S

The solution through the method of (7) — (12)
yields

ang. (13)

One more feasible extremum, for the hyperbolic
dependence (13), can be obtained with regards to the

additional constraints imposed upon the variables of
n(s) and s .

For example, the wanted solution for n(sopt) can

be of the economical parameters optimization
problem domain.

B. Linear Solution

In general sense, it is possible to model the
sustainable development, as for example, for
economic  (industry, agriculture, construction,
transport etc.) development, basing upon the
principles of economical optimality [1]. On the other
hand, the different types of the considered economic
activity levers (optional production sources), or for
the presented illustrative needs optional economical
(industrial, agricultural, constructional,
transportation) means, in the context of their “multi-
optional” use (as well as that of the competing
kinds/sorts of the sources as a whole) could be
compared in pairs, [5].

Thus, it becomes possible to optimize the
distribution of the productive work inside the chosen
kind of the sources, for instance, between the

economical means of types @ and b . Also, that
same approach is applicable for dividing between
the kinds of the sources, for example, between the
industrial and  agricultural (or  road/water
transportation sorts of delivery) optional sources.
Suppose the specified productive work could be
done by the two types (sorts/kinds) of the production
(transportation) means; conventionally these are a

and b . Now they are just the abstract designations
basically used for any class of economical sources as
they are (let us say the vehicles of the ground, water,
and air, whatever of the same kind/nature etc.); the
number of the sources (vehicles) are a and b
correspondingly.

The definite amount of the productive work D
can be executed by the sources of a only; and in
such case, the determined number of the sources is
n, with respect to their productivity. In its turn the
sources of the group of b can perform the same

definite amount of the productive work D alone too.
However, because of their other productivity the
required number of the sources will be #, .

Also suppose that for the work of the sources of
a in conjunction with the sources of 5 there might
be existed a certain function of a(h) because the
productivity of the economical means a might vary
due to the presence or change (deviation) of the b
option.



52 ISSN 1990-5548 Electronics and Control Systems 2019. N 3(61): 51-54

For the presented research, it is proposed to
consider an objective value (a functional) related to
the two types of the economical means; and the
value depends upon the numbers of the each type
sources in the following way, [5, p. 52, (1)]:

®[a(p))= TH@wﬂJa(bﬁ n,ba'(b)}db .(14)

2 n,

Here, in equation (14), ®[a(b)] represents the
objective functional depending upon the variated
parameters of the model and first of all upon a(b)
and b within the number of b possible range of
alterations [b, =0...b, =n,].

The essential part of the model objective
functional (14) is the assumptions and
simplifications that the numbers of the each type
vehicles (as well as, for instance, in the above
considered with the expressions of (1) — (13)
problem setting) are of the continuous nature (which
is not truth of course but); this illusion helps using
the analytical apparatus of the calculus. The
mathematical result then is just simply picked up the
closest to the integer value.

The under-integral function of the objective
functional (14):

(Mwﬂ}(bﬁn]ba'(b)

2 n,

(15)

expresses the specific idea of a quadratic form
application which implies the members responsible
for the half current number of the vehicles of the a
group of a(b) squared, their number in conjunction

with the corresponding current value of the b group
transportation means b number assessed with the
ratio of n,/n, , and the rated value of a(b) with
respect to b number [a'(h)] evaluated through the
coefficients of proportionality » and n, .

For this reason, in the considered case-study, it is
investigated the model constructed of the

expressions of (14) and (15), being also dependent
upon the fist complete derivative of

a(b)= lalb)]-ai.

“Prognostically” the model objective functional
(14) must have an extremal value. Therefore it is
important to find a plausible substantiation for the
objective functional (14) to undergo such an
extremum with respect to the accepted suppositions

and simplifications reflected in expressions of (14)
and (15).

(16)

Mathematically, formulated in the view of the
equations of (14) — (16), this particularly given
problem setting is stated as the simplest problem of
the calculus of variations (likewise the problem of
(4) considered above) for the objective functionals
similar to (3):

®, = [F(b,a,a})db, (17)
0

where F(b,a,a}) is the under-integral function (15)

of the stated problem objective functional (14).
That is

F(a},a,b)= (§+ bﬂJa +nba,.  (18)

n,

The purpose is to minimize the objective
functional (14) on conditions of (15) by finding such
function of a(b) that delivers the wanted minimum
for the supply efforts formation (this is the crucially
different thing with respect to the reference [4]
ideology); and for the general view integral of (14)
there are the necessary conditions for the extremum
existence in the view of the well-known Euler-
Lagrange equation (7) again, but for the considered
case it gets the view of

oF_dfer)_,
Oa db\ Oaj,

Here, in equation (19), [5, p. 53, (4)]:

(19)

F =F(d),a,b)= (g + bﬂJa +nba,.  (20)

n,

Applying the conditions of equations (15) — (20),
and the methods analogous to the procedures of the
formulas of (9) — (11), for solving the objective
functional (14) it yields [5, p. 53, (5)]:

21

Thus, we have got a linear solution (21), which
likewise above (13) might have an optimum as a
“point on the curve”.

C. Hybrid Combined Relative Pseudo-Entropy
Function

It is possible to apply an entropy paradigm
approach, likewise initiated in publication [2],
especially discussed in the reference [3].

In order to assess the “valuableness” and
certainty/uncertainty of the considered options, some
special hybrid-optional functions can be introduced.
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For an
functions A,

1

evaluation of the hybrid-optional
(either probabilities or subjective
preferences [2] from subjective analysis)
certainty/uncertainty degree relating with the
positive or negative options (or alternatives); the
number of the options (alternatives) is i; it is
proposed to use the hybrid combined relative

pseudo-entropy function H  ,, , [3]:
]
— H -H
w =l @)
wex i | |

Here in expression (22) H,_, is the maximal
possible entropy (uncertainty) of the hybrid-optional
functions 4;, H, is the factual entropy

Hy,==> hnh,, (23)
i=1
M L
VEDNIEDI (24)
Jj=1 k=1

where h;.' and A, are positive and negative

properties hybrid-optional functions respectively,
M and L are numbers of the positive and negative
properties options:

M+L=n. (25)

The point is that, unfortunately, such measure of
uncertainty as expression (23) (the traditional view
entropy of the Shannon’s type) does not show the
direction of the certainty/uncertainty neither its
relative value.

Although the hybrid-optional functions entropy
(23) serves as a measure of uncertainty of the
hybrid-optional functions #;, it will be the same, for
example, if 4, =0.77 and h, =0.23 or vice versa
hy=023 and h,=0.77 or for
symmetrical distributions. Moreover, the entropy’s
absolute (irrelative) value does not say much of the
relative degree of certainty/uncertainty either.

That is why in order to bypass such a difficulty it

seems helpful to apply the entropy-based measure
(22) including (23) — (25).

IV. CONCLUSIONS

any other

It is discovered the explanations for the transport
systems economic activity dependences known for a
long period. Classical relations are obtained based
upon the specified combinations of the proposed for
considerations quadratic forms and calculus of
variations theory methods.

The hybrid combined relative pseudo entropy
function gives a possibility to study the relative
measure of assuredness and inclinations towards the
available options. Therefore, the named function can
be proposed as a tool for a transport system
management.

Parameters of the hybrid combined relative
pseudo entropy function need further investigation.
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A. B.'onuapenko. I'iOpuana BigHocHa KoMOiHOBaHa TmceBHO-eHTpomiliHa GYHKLiA fAK iHCTPYMEHT aas
KepyBaHHS TPAHCMOPTHOK0 CHCTEMOIO

3nificHeHO crpoOy BIAKPUTH NPABAONONIOHY NPHYMHY, IO MOSCHIOE ICHYBaHHS MoJeNi BUPOOHHWYOI (QYyHKIIT
TPAHCIIOPTHOI CHCTEMH, 200 (PYHKIIT KUTBKOCTI TPAHCHIOPTHHUX 3aC00iB, SIK (PYHKINT TiepOoNiYHOro TUITY BiJl HAsSBHOI
CIPOMOXHOCTI TPaHCHOPTHOTrO 3aco0y, a0o JiHIHHOrO Tumy QYHKHIi Ui JABOX THIIB TPAHCIOPTHHX 3aco0iB.
OOrpyHTyBaHHS 3IIMCHEHO B TepMiHaX Teopii BapiallifHOTO OOYMCICHHS 3a JOIMOMOTOK CIEIiaJbHOI Mipu
HEBM3HAYEHOCTI (YHKIIH TiOpUIHO-OMIIAHOT e(pEeKTUBHOCTI, WO BKIIOYAE EHTPOMII0 THUX TIOpUIHHUX (YHKIIH
Tpaguuiiinoro lIIeHHOHIBCHKOrO CTHIIIO. Y BUIIAJKax, sKi BUBYAIOTHCS, PO3B’S3KM HAWIPOCTIMIO BapialliifHOl 3aaadi,
IO € KUTBKOCTSIMHM TPaHCHIOPTHHUX 3ac00iB, 00yMOBIIEHI crienudikoBaHUMH KBaapaTuaHUMU popmamu. [IponoHyeTses
OLIIHIOBATH BEJIIMYMHY Ta CIPSIMYBaHHS BU3HAYEHOCTI KEpyBaHHS TPAHCIOPTHOI CHUCTEMH 13 BHKOPHCTaHHSIM
KOMOiIHOBaHOT TiOpUIHOI BiIHOCHOT MCEBIO-eHTPOMiHHOT QyHKII. Lle € HOBUM MOTyIsIoM Ha HAYKOBE IOSICHEHHS 100pe
BiJIOMOI 3aJI©KHOCTI BHBEICHOI 1HIIUM IUIIXOM. TeOpeTH4Hi MipKyBaHHS, sIKI pO3BHBAIOThCS, @ TAKOXK MaTeMaTH4Hi
BUKJIAJIKH 3aBEPUIYIOTHCS HAWMPOCTIIINM YHCIIOBUM HPUKIIAIOM CIa0KOCTI TpaJuIiitHOl eHTpOITii.

Karou4osi ciioBa: TpaHcnopTHa cucteMa; BUpoOHMYa (DYHKIIS; TOKTPUHA 0araToOIiHOCTI; YMOBHA ONTUMAaJIBHICTh;
ribpuaHo-oniiiHa (QyHKIIS e(EeKTHBHOCTI; IICEBO-CHTPOMIs; I1HIEKC NpPEBATIOBAHHS; (AaKTOp JOMIHYBaHHS;
Bapialiiina 3a1aya.
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A. B.'onuapenko. I'mOpugHasi OTHOcHTeJbHAS KOMOMHHMPOBAHHASl IICEeBAO-IHTponuiHAA QYHKIHMA Kak
HHCTPYMEHT /ISl YIIPABJICHUs TPAHCIIOPTHOM cucTeMoii

OcyiecTBieHa IOMBITKA OTKPBITh  TPAaBJAONOJOOHYI0  INPUYMHY, TOSICHSIONIYIO CYIIECTBOBAHHE  MOJENHU
MIPOU3BOJICTBEHHON (DYHKIMM TPaHCIIOPTHOW CHCTEMBI, WIM (DYHKIMM KOJMYECTBA TPAHCIOPTHBIX CPEICTB, Kak
(GYHKIMY TUTIEPOOIMYECKOr0 TUITA OT HAJTMYHOM MTPOM3BOANTEIBHOCTH TPAHCIIOPTHOTO CPEICTBA, WIIH JIMHEWHOr o Tamna
(GyHKIMU 1U1s1 ABYX THUIIOB TPAHCIIOPTHBIX cpencTB. OOOCHOBaHUE OCYIIECTBICHO B TEPMHUHAX TEOPUH BapHalMOHHOTO
WCYHCIICHUS C ITOMOIIBIO CIIEUAILHOW MEphl HEONpeNeNeHHOCTH (QYHKIUH THOPHIHO-ONMIMOHHON 3 QEeKTUBHOCTH,
BKITIOYAIOIIEH SHTPOMHIO 3THX THOpUIHBIX (pyHKUMI TpamumonHoro llleHHOHOBCKOTO cTHIIS. B M3ydyaembIX ciydasx,
pelIeHus pOoCTeIlell BapHallMOHHOW 3aaud, SBISIONIMECS KOJIWYEeCTBAMU TPAHCHOPTHHIX CPEACTB, OOYCIOBJIEHBI
crneuupUIMPOBAaHHBIMU  KBaJpaTHYHbIMKU (opmamu. [Ipemnaraercs OLEHUWBATH BEIMYMHY W HAIPaBIEHHOCTh
OIPEJICTICHHOCTH ~ YIPaBJCHUS TPaHCIIOPTHOW CHCTEMBI C HCIIOJIb30BAaHHEM KOMOWHHPOBAHHOW T'MOPHIHOMN
OTHOCHUTENFHON TICEBAO-IHTPOMUHHON (YHKIMU. DTO SBISETCS HOBBIM B3IJISIIOM Ha HAay4HOE IMOSCHEHHE XOPOIIO
W3BECTHOM 3aBHCHMOCTH BBIBEICHHOW JpYrUM TyTeM. Pa3BuBaeMble TEOpETHYECKHE COOOpakeHMs, a TaKxke
MaTeMaTU4eCKHEe BBIKJIAIKH 3aBEPIIAIOTCS MPOCTEHIIUM YHCICHHBIM IPUMEPOM CITa00CTH TPaIUIIOHHON YHTPOITHH.
KnaroueBble ciioBa: TpaHCIIOPTHAs CHCTEMA; MPOWU3BOJACTBEHHAsH (DYHKIIHS; TOKTPHHA MHOTOOIIMOHHOCTH; YCJIOBHAs
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