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Abstract—Mathematical expressions, which are regular deterministic rules for synthesis of generalized
binary Barker binary sequences, were proposed in the scientific literature. Sequences, which can be
synthesized within the framework of these mathematical expressions, generalize the structural features of
known Barker binary sequences. Sets of multiplicative complementary generalized binary Barker
sequences allows obtaining a low equivalent peak sidelobe level after joint signal processing, which is
/Ny, Where N, is a maximum length of sequence in a set of sequences. One feature of considered
sequences is that the multiplication of results of matched filtering of signal components forms a non-
stationary output noise in the case of stationary input noise. This fact affects the noise immunity, detection
and other characteristics in signal processing system. The aim of the article is a statistical analysis of
output signal in signal processing system for multiplicative complementary generalized binary Barker
sequences. The results of the analysis show that the value of variance of the output noise is larger in the
main lobe of output signal in comparison with values of variance in its sidelobes. The structure of output
signal in the case of signal processing of sets of generalized binary Barker sequences can be represented
by some number of separately taken partial lobes, each of which is characterized by constant mean value
and variance of signal. Statistical characteristics (probability density functions, mean values, variances) of
output signal are also shown and analyzed in the article using an example of signal processing.

Index Terms—Generalized binary Barker sequences; noise immunity; statistical analysis; signal

analysis; signal processing; signal detection.
I. INTRODUCTION

The set of mathematical models, which are
regular deterministic rules for synthesis of
generalized binary Barker binary sequences, were
proposed in [1], [2]. Sequences, which can be
synthesized within the framework of the above-
mentioned mathematical models, generalize the
structural features of known Barker binary
sequences and have the same structural
characteristics. Unfortunately, correlation features of
separately taken generalized Barker binary
sequences are characterized by a high value of the
peak sidelobe level of the autocorrelation function.
However, sets of multiplicative complementary
generalized binary Barker sequences allows
obtaining a low equivalent peak sidelobe level after
joint signal processing, which is 1/Npa, where Nyax
is a maximum length of sequence in a set of
multiplicative complementary generalized binary
Barker sequences [3]. In this sense, generalized
binary Barker sequences supplement in the theory of
signal processing both known Barker binary
sequences and Golay complementary series
(sequences) [4], which are additive complementary
code constructions.

II. ANALYSIS OF PUBLICATIONS

The statistical analysis of signals, which are
processed at different stages of a signal processing
technique, is an important theoretical and practical
step to provide necessary or high noise immunity,
detection features, accuracy of range or time
measurement etc.

Among the latest publications, which deal with
different kinds of statistical analysis of signals in
spread-spectrum and pulse compression signal
processing techniques, can be distinguished the blind
pulse compression technique, which uses an
information on the statistical characteristics of the
signal being processed for purposes of ultrasonic
testing [5], the signal processing scheme with a
principal component analysis as a post-processing
technique for frequency-modulated thermal wave
imaging, which allows obtaining a better detection
sensitivity, resolution and signal-to-noise ratio for
purposes of signal and data processing in infrared
thermography [6], the radar signal processing
technique based on the joint use of the linear
frequency modulation signal and a signal with the
random phase along with denoising processing,
which allows to control the signal-to-noise ratio and
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obtain a high-quality detection characteristics [7],
and other publications. Research efforts are
continuing in the field of synthesis of sequences
with good correlation properties, in particular the
intensive scientific search for finding solutions to the
low autocorrelation binary sequence problem [§],
[9], e.g., the heuristic algorithm [10] for finding
binary sequences with a very low autocorrelations.

III. PROBLEM STATEMENT

One feature of multiplicative complementary
signal constructions, including generalized binary
Barker sequences, is that the multiplication of results
of matched filtering of signal components, which
constituent a multiplicative complementary set,
forms a significantly non-stationary output noise in
the case of stationary input noise. This fact affects
the noise immunity, detection and other
characteristics in signal processing system. In this
regard, the aim of the article is a statistical analysis
of output signal in signal processing system for
generalized binary Barker sequences, which are
multiplicative complementary code constructions.

IV. ANALYSIS OF OUTPUT SIGNAL AFTER SIGNAL
PROCESSING OF MULTIPLICATIVE COMPLEMENTARY
GENERALIZED BINARY BARKER SEQUENCES

Let’s analyze the output signal after signal
processing for a set of multiplicative complementary
signals based on generalized binary Barker
sequences using an example of two sequences of
lengths N, and N,:

a={-1;1;1} (N, =3) and

b={-1; 1;-1;-1; 1;-1;-1;-1;-1; 1; 1; 1} (M, = 12).

The duration 7 =24 us of each signal a(f) and
b(?) is taken for the time range ¢ € [24, 48] us in the
considered example. Therefore, the durations of
clements are: 7, =7/N, =8 ps for signal a(f), and
1, =T/N, =2 us for signal b(?).

Signals a(f) and b(¢) at the signal to noise ratio
SNR =20 dB are shown in Fig. 1.

Note also that input SNR=1010g(Rg/R])=
=1010g(1/cf]) dB, where P, — average power of
signal a(f) or b(f), B, — average power of input
noise, O'i — variance of input noise.

The starting point and the end point of the time
range, where components of input signals in signal
processing scheme exist, are marked as “SP” and
“EP” in Fig. 1 respectively (SP;=24us and
EP, =48 ps). These marks are used in further

analysis for related starting and end time points of
signal components during signal processing.
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Fig. 1. Signals a(f) and b(¢) at input SNR = 20 dB

Signal processing of a(f) and b(f) in a pulse
compression technique is based on matched filtering.
Matched filters for signals a(¢) and b(¢) are shown in
Fig. 2 and Fig. 3 respectively.
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Fig. 2. Matched filter for signal a(f)
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Fig. 3. Matched filter for signal b(¢)

Signals Z, () and Z, (r) after matched filters (at

input SNR = 20 dB) are shown in Fig. 4. Analysis of
signal processing in matched filters lead to a
conclusion that the variances of noise at the output

of matched filters are o, =N]c,2] and o3, =N20'i
for the matched filters for a(f) and b(¢), respectively,

if an input noise is a non-correlated process (“white”
noise). It is also worth mentioning that in this case a
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noise at the output of matched filters is a stationary
process in a sense that 7, =const, G5, =const.
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Fig. 4. Signals Z,(¢) and Z,(¢) after matched filters at input
SNR =20 dB

The signal to noise ratio at the outputs of
matched filters are (in dB):

SNR,, =10log(N} /s, ) =10log(N, /s )
=10log N, +10log(1/c%) =G, + SNR,

SNR,, =10log(N; /o, ) =10log(N, /o7 )
=10log N, +10log(1/5} ) = G, + SNR,

where G, =10log N, =4.8 dB is a processing gain of
the matched filters for a(f); G, =10log N, =10.8 dB

is a processing gain of the matched filters for b(z).
The starting and the end time points of the time

range, where components of output signals Z,(7)

and Z, (1) in signal processing scheme exist, are
SP, =32 pus and EP, =72 ps for a(t); SP; =26 ps
and EP; =72 ps for b(t). Components, which exist
outside of these time ranges, are formed only by
input noise and do not contain results of signal
processing a(t) and b(%).

The property of multiplicative
complementariness of generalized binary Barker
sequences boils down to a multiplication of results
of matched filtering, which are centered in main

lobes, and it is performed for considered signals a(?)
and b(?) by signal processing scheme in Fig. 5.
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Fig. 5. Signal processing of results of matched filtering
(MF, and MF, respectively) of signals a(¢) and b(¢)

The signal Z(t)=Z,(t)Z,(t—-1.51,) at the
output of signal processing scheme (see Fig. 5) is
shown in Fig. 6.
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Fig. 6. Signal Z(¢) at the output of signal processing
scheme and its structure at input SNR = 20 dB

The starting and the end time points of the time
range, where components of output signal Z(#) exist,
are SP,=29 us and EP, =75 pus. The structure of
Z(t) consists of the main lobe, which exists in the

time range fe(51, 53) ps, and sidelobes, which
te(29, 51) s
1€(53, 75) ps. Taking into account the structure of

exist in time ranges and

input signals and signal processing scheme, the
structure of Z(f) contains 46 separately taken partial
lobes, each of which has a duration 1 ps. These
partial lobes are numbered in Fig. 6 by means of the
index p. The main lobe consists of 2 partial lobes
with indices p =0, each group of sidelobes, i.e. at

1€(29, 51) ps and at 1 &(53, 75) ps, consists of 22

partial with p=122 These

explanations also mean that a maximum
discretization interval of input and other signals
must be Af=1 ps, or a minimum frequency of

discretization must be Fy =1 MHz, if digital signal

lobes indices

processing is used for considered example.
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It is also worth mentioning that the noise
component in the signal Z(¢#) is a non-stationary
process, which is characterized by different values
of variance of noise in each partial lobe.

A detailed analysis of these variances contains an
evaluation of statistical characteristics of the result
of multiplication of two independent random
processes in each separately taken partial lobe.

The probability density function p,(z) of a

random variable Z=7,7,, where Z, and Z, are
independent random variables, can be found using a
mathematical expression (1) [11, p. 55].

p,(2)= Tipza Gjpﬂ, (u)du, (1)

[

—0

where p,,(z,) and p,(z,) are probability density

functions of random wvariables Z, and Z,

respectively.

The mean value m, (1) and the variance o, (1)
of the signal Z(r) in some separately taken partial
lobe p depend on mean values my, (1), my, (1),
and variances o7, (1), oy, (n) of signals Z, (1)
and Z,(t—1.51,), respectively, in this separately
taken partial lobe [12, pp. 225-227]:

my (1) =my, (n)my (1),

oy (1) =0y (1)oy (W) +my, (w)ou(n) @)
Zb (H)Géa (H)

+m?

The probability density functions of signals
Z,(t) and Z,(t—1.51,) in a separately taken partial

lobe with index p can be formalized by expressions
(3) and (4), respectively.

Pz (Za H)=m

pr(Zb ‘H)z - (Hl)\/%

The values of m,(p) and o, (1) are evaluated
for each separately taken partial lobe in the Table I.

The values m, and o, for output components
of Z(¢), which exist outside of the time range
t€(SP,, EP,) are also indicated in the Table I and

marked as values for a separately taken partial lobes
“NS” (“no input signal”). These formally structured
lobes also have a duration 1 ps, but formed only by
input noise when components of input signals a(?)
and b(¢) do not exist.

It is worth mentioning that the output signal Z(¢)
are characterized in some separately taken partial

lobes by the same probability density p,(z), m,
and G :

1) sidelobes at u=1 and u =2 are statistically
the same;

P, (zln)= 210, ()6, (1)

202 (H)

|:Za — Mg, (“)]2 _ 1 |:Za — Mg, (p):|2
e 20—;0 (l’l) B o-n \Y} 27'CN] 1" 2N10-'21 ‘ (3)
exp L= —ma (]| [z =ma ()] (4)

= exps —
G,/ 21N,

2) sidelobes at w=4, u=11, uw=20, and all
lobes “NS” are statistically the same;

3) sidelobes at u =5, u =6, u =9, and u = 10 are
statistically the same;

4) sidelobes at w=7 and u =38 are statistically
the same;

5) sidelobes at p =12, u =15, u =16, and p =19
are statistically the same;

6) sidelobes at u =13, u=14, u=17,and pn =18
are statistically the same;

7) sidelobes at u =21 and p = 22 are statistically
the same.

Due to this fact, some sidelobes can be grouped
during the statistical noise immunity analysis in
relevant statistical models.

Taking into account (1), (3), and (4), the
probability density function of signal Z(¢) in a
separately taken partial lobe with index p can be
formalized by expression:

2Nch]
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(Z " (M)jz N (“ ~ Mz (“))2 + exp _(_th_mza (M)jz _ (_“ Mz (“))2

.[ 2 2 2 2 du.
‘/NN 2N,c, 2N,o, 2Nc, 2N,c,

TABLE I. RESULTS OF STATISTICAL ANALYSIS OF OUTPUT SIGNAL FOR CONSIDERED EXAMPLE OF SIGNAL PROCESSING

my, (W) | oun(n) | mu(w) | ou(w) my (1) o, (1)
N =3 N, Ny=12 N,c, NN, =36 N,N,o; (o) + N, +N,)

1 N =3 N, 1 N,c, 3 N} (N,o; +N,N, +1)
2 N =3 N, 1 N,c, 3 N} (N,o; +N,N, +1)
3 N =3 No, 0 N,o, 0 N,N,c (% +N,)

4 0 No; 0 N,o;, 0 N,N,o,

5 0 No, 1 N,o, 0 N} (N,o; +1)

6 0 No, 1 N,o, 0 N} (N,o; +1)

7 0 No, —4 N,o, 0 No, (N0 +16)

8 0 No, —4 N,o, 0 No, (N0 +16)

9 0 No, 1 N,o, 0 N, (N,o; +1)

10 0 No, 1 N,o, 0 N, (N,o; +1)

11 0 No; 0 N,o;, 0 N,N,o,

12 -1 N, 0 N,c, 0 N,o, (N} +1)

13 ~1 N, ~1 N,c, 1 o, (N,N,o, + N, +N,)
14 ~1 N, ~1 N,c, 1 o, (N,N,o, + N, +N,)
15 -1 N, 0 No; 0 N,o, (N} +1)

16 -1 N, 0 N,c, 0 N,o, (N} +1)

17 ~1 N, ~1 N,c, 1 o, (N,N,o, + N, +N,)
18 ~1 N, ~1 N,c, 1 o, (N,N,o, + N, +N,)
19 -1 N, 0 No; 0 N,o, (N} +1)

20 0 No; 0 N,o;, 0 N,N,o,

21 0 N, ~1 N,c, 0 N, (N,o; +1)

22 0 N, ~1 N,c, 0 N, (N,o; +1)
NS 0 No; 0 N,o;, 0 N,N,o,

The integral in the expression for p, ( z| M) separately taken partial lobes from the Table I are
shown in Fig. 7.

Analysis of probability density functions for
output signal p, (z|u) at n=0, u=7 and p=13

cannot be evaluated and represented analytically in
general case, therefore p, (Z | u) can be represented

as tabulated function for each set of parameters

{mza (u)’ mZb(u)’ Gi }  Results of evaluation of (Fig. 7) shows that p, (Z|u) can be characterized

by very different forms at stationary input noise.
pz(z|n) at o} =0.2 (input SNR =7 dB) for some
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Fig. 7. Results of evaluation of p,(z|n) at o, =0.2
(input SNR = 7 dB) for some partial lobes

V. CONCLUSIONS

The multiplication of results of matched filtering
of multiplicative complementary binary Barker
sequences forms a nonstationary output noise in the
case of stationary input noise. This fact might
significantly affect the noise immunity, detection
and other characteristics in signal processing system.

The value of variance of this noise is larger in the
main lobe of output signal in comparison with the
values of variance in its sidelobes (see the Table I).

The structure of output signal in the case of
signal processing of multiplicative complementary
binary Barker sequences can be represented by some
number of separately taken partial lobes (46 in the
considered example), each of which is characterized
by constant mean value and variance of signal.

The probability density function of values of
output signal can be represented by the probability
density function of two independent random
variables. This probability density function cannot
be evaluated analytically in general case, and
therefore it can be used for further noise immunity
analysis as tabulated function for each set of
parameters within each separately taken partial lobe.
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O.TI.Tony0nnumii. CTATHCTMYHMII aHAdi3 BHUXIZHOTO CHrHAIY y cucTeMi 00poOKM cHrHajdiB Ha OCHOBi
MYJIbTHILTIKATHBHO KOMIIJIEMEHTAPHHX y3araJibHeHUX OiHApHUX mocjifoBHocTeii Bapkepa

MaremaTtuuHi BHpa3H, SKI € PpErylIsIpHAMH JIeTepMIHOBAaHMMH TpaBWIAMH CHHTE3Y Y3arajlbHEHHX OiHApHHUX
mocyIiIoBHOCTEH Bapkepa, po3riisHyTO B HAyKOBiH JiTepaTypi. [10CTiIOBHOCTI, SKi MOXHA CHHTE3yBaTH B PaMKax ITUX
MaTeMaTUYHUX BHUPa3iB, y3arajbHIOIOTh CTPYKTYpHI OCOONMBOCTI BioMux OiHapHHX mociigoBHOCTeH bapkepa.
CucreMu MYJIBTUIUTIKATHBHO KOMIUIEMEHTAPHUX Yy3arajJbHEHHX OiHapHHX MOCHigOBHOCTEH bapkepa m03BONISIOTH
OTpUMAaTH MaJie eKBiBaJIEHTHE a0COJIIOTHE 3HAYEHHSI MAaKCUMAaJIbHOIO PiBHS OIYHHMX METIOCTOK CUTHAITY ITCHS CyMiCHOT
00pOOKM CHTHANIB, SIKHA JOOPIBHIOE 1/Npyax, M€ Npax — MaKCHMaJIbHA JIOBXKHMHA ITOCHTIJOBHOCTI B CHCTEMI
nociigoBHocTei. OJHIEI0 3 0COOIMBOCTEN PO3TIIIHYTUX MOCHIJOBHOCTEH € Te, 110 MHOYKEHHSI PE3YJIbTATIB Y3TOKEHOT
¢inbTpalii KOMIOHEHTIB cUTHAITY (POpMye HecTalliOHApHHUH IIYM Ha BUXO[I CHCTEMHU OOPOOKH CHTHAIIIB Y BUMAAKY il
Ha ii BXomi cramioHapHoro mymy. Lleii ¢akT BmmMBae Ha 3aBafOCTIMKICTh, XapaKTEPUCTHKHM BHSBICHHS Ta 1HIII
XapaKTEePUCTUKH, ITOB’s3aHi 3 CHCTEMOIO0 OOPOOKH CUTHAJIIB. METOI0 CTAaTTi € CTATUCTUYHHIN aHaji3 BUXIJAHOTO CUTHAITY
B cucTeMi OOpOOKM CHTHaJIiB Ha OCHOBI MYJBTHUIUIIKATUBHO KOMIUIEMEHTapHHX Yy3arajllbHEHHX OiHapHUX
nmociiioBHOCTel bapkepa. PesynbraTu aHali3y MOKa3yIOTh, 110 3HAUCHHS JUCIIEPCii ITyMy Ha BUXOJI CUCTEMH 00pPOOKH
CUTHAJIB OUTbIlE B TOJOBHIN MENIOCTII BHXIJHOTO CHTHANY y TOPIBHSHHI 13 3HaYeHHAMH Iucrepcii y Horo OiuHMX
nemtoctkax. CTpyKTypa CHTHAIYy Ha BHXOJI CHCTEMH OOpOOKM CHTHAIIIB y BUINAAKY 0OpOOKM y3arajabHEHHX OiHapHHX
nocnizoBHocTell bapkepa Moxke OyTH IpeacTaBiieHa NEBHOIO KUIbKICTIO BHOKPEMJICHUX YaCTHHHHUX IENTIOCTOK, KOXKHA 3
SIKHX XapaKTEePU3YETbCs CTAIMMH 3HAYEHHSIMH MaTEMaTW4HOTO CIOAIBaHHS Ta JUcHepCii curHaimy. Y CTaTTi Takox
MIPE/ICTaBJICHO Ta MPOAHAII30BAHO CTATUCTHUYHI XapaKTEePUCTHKH (IIIJIBHOCTI PO3MOALTY HMOBIpHOCTEH, MaTeMaTH4Hi
CHO/IIBaHHS Ta JUcIepcii) BUXIAHOrO CUIHANY 3 BUKOPUCTAHHSIM IPHKIIaTy OOpOOKH CHI'HAIIB.

KarouoBi cjoBa: y3arampbHeHi OiHapHI TOCHITOBHOCTI bapkepa; 3aBaJoCTiHKICTh, CTATHCTUYHUN aHaTi3; aHaTi3
CUTHAJIIB; 00pOOKa CUTHAIIB; BUSBJICHHS CUTHAIIIB.
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A.T. Tonyonnuuii. CTaTHCTHYECKHII aHAJM3 BBIXOAHOI'0 CHTHAJA B cHCTeMe 00padOTKH CHIHAJIOB Ha OCHOBE
MYJbTHININKATUBHO KOMILJIEMEHTAPHBIX 00001IEHHBIX OMHAPHBIX NOc/eI0BaTebHOCTel Bapkepa
MareMaTu4ecKue BBIPaYKEHUs, SBJSIOLIMECS PEryISIPHBIMHE JETEPMUHHPOBAHHBIMU IPaBIJIaMH CHUHTE3a OOOOIIEHHBIX
OuHapHBIX HocnenoBaTenbHocTel bapkepa, paccMOTpeHs! B HaydHOM JiutepaTtype. [locinenoBaTenbHOCTH, KOTOPBIE MOXKHO
CHHTE3MPOBaTh B pPaMKaX OSTHX MAaTeMaTHYECKUX BBIPAKEHUH, 000OIIAOT CTPYKTYpHBIE OCOOEHHOCTH HM3BECTHBIX
OuHapHBIX mocnenoBaTenbHocTeld bapkepa. CHCTeMBl MYJIbTHIUIMKATUBHO KOMIDIEMEHTAPHBIX OOOOIIEHHBIX OWHApHBIX
nocjenoBaTeNIbHOCTeH bapkepa HO3BOJISIOT MONYYUTh Maloe 3KBHUBAICHTHOE a0CONIOTHOE 3HAYEHHE MAKCHMAIIBHOTO
YPOBHsI OOKOBBIX JIEIECTKOB CHI'HAJIa IIOCJI€ COBMECTHOM 00PaOOTKYU CUI'HAJIOB, PABHOE 1/Npay, THE Niax — MAKCUMAJIBHAS
JUIMHAa IOCTIEAOBATEIbHOCTH B CHCTeMe IociemoBaTenbHOcTed. OpHOM W3  0COOGHHOCTEH paccMaTpUBaeMbIX
TIOCJIEIOBATENLHOCTEN SBIISETCS TO, YTO YMHOKEHHE PE3yJIbTaTOB COINIACOBAHHOW (DMIIbTpAIlid KOMIIOHEHTOB CHUTHala
(opMHUpyeT HeCTallMOHAPHBIA IIYM Ha BBIXOJE CHUCTEMbI OOpa0OTKM CUTHAIOB B ClTydae BO3ACHCTBHSI Ha €€ BXOJE
CTallMOHAPHOTO IIyMa. OTOT (haKT BIUAET HAa MOMEXOYCTOHYMBOCTBb, XapaKTEPUCTUKH OOHApPYKEHHS H JpyrHe
XapaKTePUCTUKH, CBSI3aHHBIE C CHUCTEMOW 00paOOTKM cHrHaioB. llenblo CTaTbu SIBIISIETCSl CTATUCTHYECKWH aHau3
BBIXO/IHOTO CHUTHaJIa B CHUCTeMe OOpaOOTKM CHUTHAJOB Ha OCHOBE MYJIbTHUIUIMKATUBHO KOMIUIEMEHTapHBIX 00OOIIEHHBIX
OWHapHBIX TOCHenoBaTenbHOCTe bapkepa. Pe3ynbTaThl aHanm3a TOKa3bIBAaIOT, YTO 3HA4Y€HHWE IUCIEPCHUH IIyMa Ha
BBIXOJIE€ CUCTEMbI 00OpaOOTKH CUTHAJIOB OOJIbIIIE B TJIABHOM JICTIECTKE BBIXOTHOTO CHI'HAJIA 110 CPABHEHUIO CO 3HAUEHUSIMHU
JCIiepcud B ero OOKOBBIX JenecTkaX. CTpyKTypa CHTHajda Ha BBIXOJE CHUCTEMBbI OOpaOOTKM CHUTHAIOB B Ciydae
00paboTKH 00OOIIEHHBIX OWHAPHBIX IIOCIIENOBaTENFHOCTEH bapkepa Moker OBITH TpeCTaBlIeHa ONpeNeSeHHBIM
KOJINYECTBOM BBIJICJICHHBIX YaCTHBIX JICTIECTKOB, KKIBI M3 KOTOPBIX XapaKTepPH3YeTCsl MOCTOSHHBIMM 3HAYCHUSMH
MaTeMaTUYEeCKOTO OXXWAAHUS M JUCIEePCHH CHUTHana. B cratee TalKke NPEACTaBICHbl M MPOaHAIM3UPOBAHBI
CTaTUCTHYECKHE XapaKTEPUCTUKH (IUIOTHOCTH PacIpeeieHNs] BEPOSITHOCTEH, MaTeMaTHYeCKHe OXKHUIaHHS U JIUCIIEPCHH)
BBIXO/IHOTO CHTHAJIA C UCTIOJIb30BaHUEM NpHMepa 00pabOTKH CUTHAJIOB.
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