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Abstract—The problems of synthesis and analysis of complementary filters used for determination of
the moving vehicle attitude are considered. The paper deals with the complementary filter operating in an
arbitrarily located reference frame determined by specific functioning of the measuring device. The
transfer functions of the controllers in the correction channels of accelerometer and magnetometer are
represented. It is shown that using a gyroscope and an accelerometer is accompanied with a drift relative
to all axes of the reference frame. Relationships for calculating these drifts have been obtained. The sim-
plified equations of the complementary filter relative to the orientation error were derived. The influence of
the structure of the transfer function of the controller in the correction channel by the accelerometer sig-
nals on the static accuracy of the complementary filter is analyzed. It is shown that transformation of the
angles to the coordinate system with a vertical axis allows eliminating the static errors caused by the
magnetometer relative to the horizontal axes, at that an error relative to the vertical axis remains.

Index Terms—Complementary filter; attitude; gyroscope; accelerometer; magnetometer.

I. INTRODUCTION

Complementary filters are effective means to im-
prove the accuracy of determining the attitude of
moving vehicles [1] — [3]. Most often, the integration
of the angular rate sensor and accelerometer leads to
the effect of the gyroscopic drift. In order to increase
the efficiency of the complementary filter, a magne-
tometer [4] is additionally used. As a rule, the analy-
sis is performed in the coordinate system (we will
denote it as OX,Y,Z ), where one axis is directed

along the local vertical, and the other two axes are
arranged in the horizon plane.

II. PROBLEM STATEMENT

Let us consider a problem of the synthesis of the
complementary filter in a reference coordinate sys-

tem OX, Y Z, with the vertical axis OZ,. A position

of the vehicle is determined in the body-axis coor-
dinate system OXYZ by means of a quaternion g

(angles vy, 0, @ ).

In addition, we will use two separate controllers:
for measuring channels with accelerometer and
magnetometer respectively.

The flow diagram of a complementary filter is
shown in Fig. 1.
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Fig. 1. Flow diagram of the complementary filter
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The main goal of the research is to derive model of
errors and to determine transfer functions of con-
trollers in measuring channels.

III. PROBLEM SOLUTION

Let us write the equation of motion of a filter in
the following form

ol
f]=56100),
~b b ~b b
Cocc =8 X8§ ’emagzm xm-, (1)
Uye = VV](S)eacw umag = W2 (S)emag’

where m, is the remembered at the initial instant of
time normalized output signal of the magnetometer;
O=0+u;, u=u, +tu ®O=0+3, ; o is the

is a drift of a

gyroscope; gb = gb +8,0c gb is the real value of

mag;
real value of the angular velocity; 8,
the projections of the normalized vector g on the

axes of sensitivity of the accelerometer; &
b

acc are

errors of an accelerometer; m =m’ +8mag; m’ is

the real value of the projections of the normalized
vector m of the intensity of the magnetic field of the

are errors of

Earth on the magnetometer's axes; 8,,,,

R. s the initial values of

in > in

a magnetometer; ¢q, , m
the quaternion of orientation, the magnetic moment
and the directional cosine matrix.

Denoting h=g”; h=g" and analyzing the ex-
pression e = hxh we will consider the structure of

and e in more detail.

the signals e, mag -

At the initial instant of time, the angles 0, and
¢, are determined using the accelerometer. The
angle y, is assumed to be zero. This allows us to
find the corresponding matrix R, and quaterniong, .
Quaternion ¢, is used to determine the initial con-

ditions for integrating Euler's kinematic equations.
At the initial moment of time, using the matrix

R'

in 2

the magnetic moment m, measured by a mag-
netometer is converted into coordinate system
oX,Y,Z,.

To decrease errors in the determination of the
orientation angles, it is possible to align an additional
rotation relatively to the coordinate system OXYZ at

small angles o,, G,,0,. This rotation will be char-

. . 1 .
acterized by a quaternion 8, ~1+ Ec and a matrix

l o,-0,
E=|-c, 1 o, |,
G, -0, 1

T.
where ¢ = |:0'x c, O'Z:I is the error vector.

There are the relations

G~qod,; h=Eh+d,; e=Hh, 2)
where
0 h —h h,
H=|-h, 0 h |, h=|h,
h, —h, 0 h,

The expression for the vector e will be written in
the form

e=H(ZEh+3,)=Mo+Hd,, 3)
where
2 2
hy+h: —hh, —hoh,
2 2 2
M =-H?=|-hh, hi+h: —hh,

2 2
~hh,  —hh, B+

That is, the vector e is proportional to the vector
of errors o .

The conclusion about the choice of the control law
can be generalized. Consider some dependencies.

The vector product é=dxb of the vectors
a=[a, a, aZ]T, b=[b, b, bz]T in the matrix form

is ¢ = Ab , where
0 —a, a

A=| a

z

y
0 —a,
-a, a, 0

Then the vector product d=axé=adx (5 X b) in

the matrix form can be written as follows
d=Ac=AAb=A%.

The device's value of the vector A in the
body-axis coordinate system is equal to Eb =Rh ,

where R is the calculated matrix of the directional

cosines; A is the vector in the reference coordinate
system.
For small errors can write down

R=ARR=(I+E)R.
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Then A, =(I +Z)Rh = Rh+ERh =y, + Ehye,

where /i, = Rh is the ideal value of the vector /s, .

In the vector form, this expression will be written
as follows

hb* :hb* _axhb*.

We will find a product

€= Zb* X My = (Eb* -G X Eb*)x By
= —(Gx Eb*)x Py = —hye x (ﬁb* ><6) '
Then we can write
e=-G’o, (4)
0 Iy, — Iy,
where G=| My, 0 Iy,
By, — By, 0

From this follows that the correction signal is
proportional to the error vector.

Consider a separate case when the vector A has a
non-zero projection on only one axis of the coordi-
nate system, for example, on the axis OZ, (this holds

for a vector g). In this case

100 (o, c,
e=h’[010 |o,|+HS,=h|c, |[+HS,. (5
000 |5, 0

In this case, there is no component of the correc-
tion signal, the proportions of the angle o, that is,

there is no correction in the horizontal plane.

We consider the given angular velocity of drift
o), ©, o
system OXYZ . There will be a drift relative to the
axis OZ, and there will be no drift relative to the
axes OX, and OY,. That is, the resulting vector of
drift 9,
have the form

around the axes of the body coordinate

in the coordinate system OX_ Y Z will

0

8° =KR'8" (6)

where K:[OOO; 000; 001].
This vector in some coordinate system OX,Y.Z, ,

position of which is determined by the matrix A , will
have

8., = A8°,. (7

The physical meaning of this expression is as
follows. We must find the projection of the vector of

the angular velocity of drift 8" on the vertical axis
(vector & ), and then must rewrite this vector in the
coordinate system OX,Y,.Z, .

That is, if the complementary filter is used in the
coordinate system OX,Y.Z, in the presence of cor-

rection only from the accelerometer, there will be a
drift relative to all axes of this coordinate system.

To design the control laws, we will perform a
system analysis (1) relative to the variable o . As this
variable is specified in rotational coordinate system

OXYZ we can write G+®XG =0, +u or

6+Qc=%,+u, ()
0 -0, o,
where Q=| o, 0 -o,|
-0, o, 0

That is, in the analysis of errors in the system of
equations (1), the first equation can be replaced by
equation (8) for analyzing the system with respect to
errors.

Combine expressions (4) and (8)

(SI + D)c =8, —W($)H . .8yc — W, (S)Hmagésmag ,
()]
where D =W (s)M oo +Wr ()M 0 +2.
Let's accept
k
()= W (5) = kp + =L (10)

Then expression (10) can be written as follows

(s1+D,)0 =58, = (kps +k, ) HpoB oo THy 8 s )

acc Y acc mag ~ mag
(11)
where D, :(k,,s+k,)(Malcc +M )+sQ.

We see that there will be no static errors from the
drift of the gyroscope. At the same time there will be
static errors due to the errors of the accelerometer and
magnetometer.

Will accept the control laws in the form

W)=k + LBl w9 =n L (12)
S S S

mag

Then expression (11) can be written as follows

(S3I+D2)G= s°8, —(kPS2 +k,s +k2,)H )

acc ™ acc

—s(rps+1,)H .8

mag ™~ mag ?

(13)
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where
D, :(kps2 +k;s+ kz,)Macc +s(rPs +7 )Mmag +5°Q.

We see that there will be no static errors not only
from drift of a gyroscope, but also from a magne-
tometer. Note that when calculating the angles in the
coordinate system with a vertical axis, that is, in the
coordinate system OX_ Y Z , there will be no com-
pensation of the influence of the static error of the
magnetometer around the axis OZ, (as well as the
compensation of the effect of the drift of the gyro-
scope around this axis). This is explained by the fact
that in this case when s =0, in the expression for D,

the third line will be zero.
IV. RESULTS

For calculations we will
1

o, =0.1cos0.3r s,
o, =0.1costs™, 6% =3.10"*s", & ) =2.10"s",

8, =1-107" 57,y =006, =10° @, =15°. The
mz{gnetic field is given by vector [0.3780 0.5345

—0.7560]" . The coefficients of transfer functions (12)
are: kp=0.03s"', &k, =0.001s2,  ky, =0,

rp=001s", r,=1-10"s72.

The disadvantage of using a magnetometer is that
its own errors are significant. The estimation of this
effect was made by introducing a disturbance [0
0.005 0.005]' to the output signal of magnetometer.
We will assume that the coordinate system OX,Y,Z,
coincides with the initial coordinate system.

Figures 2 and 3 show (using only an accelerometer)
the angle errors A\w Ag,A o 88 the difference between

accept

o, = 0.1cos0.5¢ 57",

the values of the angles in the presence of drift and
angle values in their absence. Figures 2 and 3 corre-
spond to the calculation of the angles in the coordinate
systems OX,Y,Z 6 and OX,Y.Z, respectively.
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When calculating the angles in the coordinate
system OX Y Z, there is a drift relative only to the
axis OZ,,.

Figure 4 shows the calculated in coordinate sys-
tems OX,Y,Z, angular errors using an accelerometer
and a magnetometer. We see that when using a
magnetometer, the errors are limited in coordinate
systems OX, Y, Z, (Fig. 5)and OX,Y,.Z, (Fig.5).
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To eliminate their influence, the transfer function
W, (s) should be taken as (12). Figures 6 and 7 show
the results of calculation in coordinate systems
OX,Y,Z, and OX,Y.Z, respectively, using transfer
functions (12). Accepted k,, =1-107° s . In this case
there are no static errors in the coordinate system
OX, Y, Z, relative to the axes OX, and OY,. The
static error with respect to the axis OZ, remains,
which corresponds to the estimates (13).

0.8
L e
—_ 1 \ H ;
8 1y del_phi
\i’: 0.4 [ e del_teta
24 \ = = del_psi
© H
G 1
Vo
i v ! T m—-——
i :
7 .
v
1000 2000 3000 4000
time (sec)

Fig. 6. Errors of angles calculating

0.8

06 ¢
B "
) 1)
g 041 del_phi
_g, ‘ -------- del_teta
© .
i \ = = del_psi
(=]
5 \

2000 3000

time (sec)

0 1000 4000

Fig. 7. Errors of angles calculating

Ryzhkov Lev. Doctor of Engineering Science. Professor.

In the coordinate system OX,Y.Z, (Fig. 7) there
are static errors relative to all axes.

V. CONCLUSION

For theoretical analysis, instead of the full equa-
tion of the complementary filter, one can use the
linearized equation for filter errors. When calculating
the angles in an arbitrary reference coordinate system
in the case of correction only from the accelerometer
there are the errors from the drift of the gyroscope
relative to all axes of this coordinate system. Proper
choice of the transfer function in the correction
channel from the accelerometer can not only elimi-
nate the unlimited increasing of errors due to the drift
of the gyroscope, but also eliminate static errors due
to the errors of the magnetometer relative to the
horizontal axes.
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JI. M. PrakkoB. CuHTe3 Ta aHAJI3 KOMILUIEeMEHTApPHOro ¢inbTpa A BU3HAYEHHS OpieHTAlil pyxoMoro o0’ekra

Po3risinyTo mpo0ieMu CHHTE3y Ta aHalli3y KOMIDIEMEHTapHUX (iIbTPiB, BAKOPHUCTOBYBAHHX ITijl Yac BU3HAUCHHS Opi-
€HTallii pyxoMuX 00'€KTiB. Y CTaTTi JOCHIIKYETHCS KOMILIEMEHTapHHUH (iIbTp B AOBUIFHO PO3TAIIOBaHIl e€TaJoOHHIN
CHUCTEMI KOOPJWMHAT, IO BHU3HAYAETHCS cHenu(ikoro (QYHKI[IOHYBaHHS BHMIipPIOBAJIBHOIO MPHCTPOIO. IIpemcraBieHo
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nepenaBaibHi (DYHKINT KOHTpOJEepa y KaHalaX KOPEKIIl 3a CUTHaJIaMH aKcenepoMeTpa i Marriromerpa. [lokasano, mo
IIPY BUKOPUCTaHHI TipOCKOMNa i aKceJIepoMeTpa BHHHUKAE Aped] BIIHOCHO yCiX Oceil eTaJoHHOI CHCTEMH KOOpJAWHAT.
OTpUMaHO CIIBBIAHOUICHHS ISl PO3paxyHKy mux apeii¢iB. CrpolieHi piBHSHHS KOMILIEMEHTapHOro (iiaprpa Oyso
OTPUMAHO BIJJHOCHO MOXHOKM opieHTamii. [IpoaHanti3oBaHO BIUIUB CTPYKTYPH NepeaaBaibHOl (YHKIII KOHTpolepa B
KaHaJli KOpPEKIii 3a CUrHaJlaMU aKceJIepoMeTpa Ha CTaTUYHY MTOXUOKY KoMIIeMeHTapHoro ¢insrpa. [lokaszaHo, 1o npu
MIepEeTBOPEHHI KyTIiB Opi€HTalii B CHCTEMY KOOpPAWHAT 3 BEPTUKAJIBHOIO BICCIO MOYKHA YCYHYTH CTATHYHI MIOXHOKH Mar-
HITOMETpa 100 TOPU30HTAILHUX OCEH, MPU IbOMY OXHUOKa II0/I0 BEPTHKAIBHOI 0Ci 30€piraTuMeThCs.

KirouoBi ciioBa: koMIieMeHTapHUE (QIIBTP; OpiEHTALISI PyXOMOT0 00’ €KTa; TiPOCKOIT; aKCeJIEPOMETP; MATrHITOMETD.
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JI. M. PbikkoB. CHHTE3 H aHAJIH3 KOMILUIEMEHTAPHOrO (WIbTpa IUIsi onpeaeieHHus] OPHEHTAIIMN MOXBHKHOTO
00beKTa

PaccMoTpeHsl poOJIeMBbl CHHTE3a W aHaJIKM3a KOMILIEMEHTAPHBIX (DMIIBTPOB, UCIIONIB3YEMBIX MPH OMPEACICHUN OPUCH-
TallUy TOABWKHBIX OOBEKTOB. B craThe HccieayeTcss KOMIUICMEHTApHBIA (QUIBTP B MPOHM3BOJIBHO PACIOIOKCHHOM
OTCUYCTHOM CHUCTEME KOOPJAMHAT, OMNpeaeiseMoil crerudukor (QYHKIMOHUPOBAHUS HW3MEPHUTEIBLHOIO YCTPOHCTBA.
[IpencraBieHbl NeperaTOYHbIC (YHKIIMM KOHTPOJUIEpa B KaHalaX KOPPEKIMH IO CUTHAIAM aKcelepoMeTpa U MarHH-
Tometpa. [lokazaHo, 4TO MPH MCIONIB30BAHUM TUPOCKOIA M aKCEJICPOMETpa BO3HUKACT Jpeti(h) OTHOCUTEIHLHO BCEX OCEH
OTCYCTHOM CUCTEMbI KOOPAHHAT. [10TydeHbl COOTHOIICHUS IS ONPEICIICHUS 3TUX Ipei(oB. YIIPOIICHHBIC YPaBHCHUS
KOMIUIEMEHTapHOTO (pHUiIbTpa OBLTH TOJNYYCHBI OTHOCUTEIHHO OIIMOKH OpHEHTAIMU. [IpoaHaM3MpPOBAHO BIIUSHUC
CTPYKTYpHI TIepeaTOuHON (DYHKIIMH KOHTPOJUIEpa B KaHAJIe KOPPEKIMH 10 CUTHAIAM aKCceJIepoMeTpa Ha CTAaTHICCKYIO
TOYHOCTh KOMJIEMEHTapHOro puiibTpa. [TokazaHo, YTO Mpu NpeoOdpa3OBaHUH YIIIOB OPUCHTALUH B CHCTEMY KOOPIHHAT C
BEPTUKAJIBHON OChI0 MOXHO YCTPaHHTh CTATHYCCKHE IMOTPEIIHOCTH MArHUTOMETpPa OTHOCHTEIBHO TOPHU30HTAIBHBIX
oceil, MPH 3TOM TOTPEITHOCTh OTHOCHTEIBHO BEPTHKAIBLHON OCH COXPAHACTCS.
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