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Abstract—It is made an attempt to discover an explainable plausible reason for a neuron activation
function, of a sigmoid type function like logistic function, substantiation in terms of the multi-optional
conditional optimality doctrine for the special hybrid-optional effectiveness functions uncertainty. In the
studied case, the input-output mapping is stipulated by the entropy of the activation function conditional
optimal distribution in regards with the induced local field of the neuron. It is proposed to evaluate the
direction of uncertainty with the combined hybrid relative pseudo-entropy function. This is a new insight
into the scientific substantiation of the well-known dependency derived in another way. The developed
theoretical contemplations and mathematical derivations are verified with numerical simulation and

plotted diagrams.

Index Terms—Neuron initialization; activation function; sigmoid function; multi-optional doctrine;
conditional optimality; hybrid-optional effectiveness function; pseudo-entropy; variational problem.

I. INTRODUCTION

Background 1. Through the last decades, the
neurosciences have been having a great boom in
their emergences, developments, and evolutions.
Because of the successes in the adjacent scientific
areas, there appeared a number of conjoint sciences.
These are scientific areas related somehow to brain
studies. Reconfiguration of the theoretical concepts
and applied research approaches has been made to
the purely biological, medical, physiological,
neurological disciplines, as well as genetics under
the influence of the successes of the mathematics,
statistics, physics, computer sciences, engineering
etc [1], [2].

For mathematical modeling processes and
systems it is always very important to propose an
explainable, apparently the simplest acceptable,
scientifically substantiated although, ideological
concept describing the most significant properties of
the studied processes and systems.

Aim. The presented paper is aimed at the sigmoid
neuron activation functions modeling based on the
developed doctrine about multi-optional functions
entropy conditional optimality.

Initially, the presented research was submitted to
the World Congress on Neurology and
Neurosurgery, Vancouver, Canada, March 26-28,
2018, Neurology <info@timesmeetings2018.com>.
The invitation to participate to the Congress was
received on the authors e-mail address on January
27, 2018 at 10:15 AM. The title of the submission
was: “A  Neuron Model Sigmoid Activation
Function Obtained via Multi-Optional Functions

Entropy Conditional Optimization Doctrine”,
however for some unknown reasons it was not
published. Anyway, the author has decided to
publish that study, but revised, in the present view.

Background II. The entropy paradigm, likewise
the one from the theoretical physics [3] — [5], has
already been adopted to the problems of the human
being psychological behavior [6]. Generally
speaking, the number of research taking into
consideration the uncertainty measure in the view of
entropy, in both science and social science,
investigations has an increasingly high rate [7].
Optimization entropy principle [3] — [5]
implemented to the sciences about the laws of
human brain work [6] with respect to the social
nature and psychological aspects of individuals
allows constructing, for example, models of
economical systems concerned with the light versus
shadow financial components optimality [8], [9].

The canonical view subjective individual
preferences functions having been developed,
derived mathematically in the explicit view, and
described in monograph [6] and recently applied in
the prototypic research [8], [9] have the identical
mathematical expressions to the used in papers [10],
[11] for the probabilities of choice, axiomatically
proposed in [12], [13].

The derived preferences functions [6], [8], [9], in
the latest works used as the multi-optional hybrid
functions, have already been successfully applied to
the variety of the different scientific fields solutions
[14] — [23]. Amongst those, there are the subjective
preferences (multi-optional hybrid functions) of the
available alternatives (options) at the processes of:
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1) aircraft maintenance in operation [8], [9], [2
2) artificial intelligence modeling [1
[1
[1

2],

8],
3) psychophysics and psychology issues [16], [17],
4) optional operational processes modeling [14],
[15], [19], [20] and 5) tribological aspects [21]
derivations ways, 6) reliabilities [22], and up to
7) thermodynamic phenomena [23] optimality.

Purpose. Contemplations likewise the described
above has instigated the search of a certain kind
optimality in substantiations of neural work.

Objective. The problem statement for the current
state would be as to find a value extremized with the
known view expression used as a neuron model
activation function.

Consider sigmoid function, for instance, logistic
function [1].

It is generally accepted that activation functions
have the view of a logistic function [1, p. 47, (1.12)]:

1
V)= —mM—, 1

(p( ) 1+exp(—av) )
where v is induced local field or activation potential
of the neuron, a is slope parameter of the sigmoid
function.

II. SOLUTION OF THE PROBLEM

A. Hybrid Multi-Optional Functions Optimization
Doctrine

Methods I. In order to reveal the optimality of
equation (1) [1], it is applied the prototype model of
subjective analysis [6], [8], [9]:

O =oaH_ +Pe+7yN, 2)

where @_ is objective (purpose) functional; /H is
subjective entropy; € = S(TC, u,.. ) is the function of
subjective effectiveness depending upon preferences
n, utilities functions U, etc.; N is normalizing
condition; o, B, y are the structural parameters
which can be considered at different situations as
Lagrange multipliers, weight coefficients or
endogenous parameters reflecting some certain
properties of psych.

On conditions of the objective functional (2)
extremum existence:

oD _Jom, =0, 3)

it yields the so called functions of the individual
subjective preferences distributions of the first kind
(subject preferences) of the canonical view [6], [8],

[9], [14]:

r =Nexp(¢f). )

Z]exp(BUj)

Methods II. Now, the evolution of the proposed
at this paper approach from the subjective analysis
(2) — (4) [6], [8], [9], [14] to the hybrid multi-
optional functions optimization doctrine implies the
use of the hybrid multi-optional functions, as an
objectively existing characteristic of a phenomena,
instead of the subjectively preferred by a human
functions, since no one chooses the objectively
existential reality [16], [19], [21] — [36].

B. Neuron Model Sigmoid Activation Function

Methods III. Accordingly to the introduced
hybrid multi-optional functions entropy conditional
optimization doctrine, the objective functional is
being constructed in the following way, [6], [8], [9],

[15]—[18], [21] —[23]:
®, == hink +B> hy, +y(ihi —1) . (5
i=1 i=1 i=l
where A, is the hybrid multi-optional function

(objective fundamental value of the process) deemed
to be relevant to the induced local field or activation
potential v, .

The necessary conditions of functional (5)
extremum existence, absolutely like (3) for (2) yield
oD

Oh

b —lnh -1+, +y=0, (Vieln). (6)

Then from conditions (6)

Inh =y-1+Pv,,
Dexp(Bv,). (7

The normalizing condition of functional (5)
inevitably means

Zhj =1 =exp(y—
=

exply—1)=———— B, ;‘LB(V)) ()
exp(Bv;

Z_;exf’( Vj)

The obtained equation (8) is the same as (4).
For any two induced local fields or activation
potentials [1, p. 43, (1.3)] v, and v,,at n=2

_ exp(Bv2 ) '
eXp(Bvl )+ exp(Bv2 )
)]

If each of the induced local fields v, and v, is

h, = exp(y -1+ By, ) = exp(y -

I)Z::exp( vj),

h = exp(Bv, )
eXp(Bvl )+ exp(Bv2 ) ’

compared with the threshold activation potential v,
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Ou, =y Iy +hy ny
g vy oy +, -1), 10)
@y, =t I i iy
+[3( Vo + 1, v2)+y(h%+h%—1),(11)
)

A
A exp(Bry)+exp(Br)”
exp(Bv, )
hy, = . (12)
72 exp(Bry)+ exp(Bv, )
Making  simplest transformations:  either

multiplying the found expression of (12) by or
dividing it into the identical 1, it is possible to get
the following equations:

o enlw)

A exp(Bg )+ exp(By)

exp(Bvo)(Bv]) (o { exp(Bvoﬂ

-~ exp(Bry)+exp exp(Bv,

exp(Bv,)
exp(Bvy)
p
)

= 13
= exp(Bry )+ exp(pr) )

exp ([3 Vo

The symbol {/_ } means: “multiply by or divide
into”; exp(Bv,)>0 and any exp(Bv,)>0.
. 1 3 1
% exp(Bry) , exp(Br) ~ 1+ exp[B(v —v,)]
exp(Bvy)  exp(Bv, )

(14)
For v, and v, the same contemplations yield
hy, = ! (15)
% 1+ exp[B(v2 —vo)] '
In general case, for any v, and v,
hy, = ! (16)
Y 1exp[Bly, - v )]

Comparing equations (16) and (1) one can notice
that

p=-a, V=V, —v,. 17
The hybrid-optional functions entropy
H,=-) hlnh, (18)
i=1

serves a measure of uncertainty of the hybrid-
optional functions 4. Unfortunately, such measure
of uncertainty as expression (18) does not show the
direction of the uncertainty and its relative value.
Methods IV. In order to bypass such a difficulty
it is proposed to apply the hybrid combined relative
pseudo-entropy function developed in reference
[14]:
_ H.. —H, Ah
Ah T H | A h| . (19)

max ——-—
] ma

Here in expression (19) H,_, is the maximal

possible entropy (uncertainty) of the hybrid-optional
functions 4;, H, is the factual entropy (18),

M L
A=Y"h7 ="k,
Jj=1 k=1

and 7

properties hybrid-optional functions respectively,
M and L are numbers of the options with the
positive and negative properties:

M+L=n.

(20)

where h;.' are positive and negative

(21)
C. Simulation

It is proposed the following numerical simulation
to make it visible the theoretical speculations (5) —
(21). The calculations data are as follows: p=-0.5;
vy =V, =-10...10.

Results. The hybrid-optional functions are shown
in Fig. 1. Their traditional entropy is illustrated in
Fig. 2.

In Figure 1 it is denoted h(v,,0) for hV

determined with equation (16) at v, =0, it coincides
with f,(v,,0) calculated by the first equation of (12).
The curve of f,(v,,5) is for v, and optional v, =5.
In Figure 2 it is denoted H(v,,3) for H,
obtained from equation (18); In(2) is the maximal
possible entropy (uncertainty) /H,, in expression

(19) of the hybrid-optional functions 4, .
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Fig. 2. Hybrid-optional functions entropy

The entropy (measure of uncertainty) of the
hybrid-optional functions 3-D surface plot and its
contour plot are shown in Figs 3 and 4 respectively.

H

Fig. 3. Hybrid-optional functions entropy 3-D surface plot
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Fig. 4. Hybrid-optional functions entropy contour plot

The hybrid combined relative pseudo-entropy
function Hr(vi,3) as H ,, (19) - (21) is plotted

T
in Figs 5—17.
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Fig. 5. Hybrid combined relative pseudo-entropy function

H;

Fig. 6. Hybrid combined relative pseudo-entropy function
3-D surface plot
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Fig. 7. Hybrid combined relative pseudo-entropy function
contour plot

D. Discussion

The proposed approach can be used for the
purposes of the threshold activation potential v,

determination.

Entropy characteristics (see Figs 4 and 7) have
the view of the induced local fields’ dependence
upon the linear combiner output with the effect of
the affine transformation ensured by the threshold
presence [1, p. 44, Fig. 1.6].

The traditional view entropy (see Figs.2 — 4)
figuring out in the objective functional expression
(5) is incapable to catch the positive, negative, or
neutral properties of the uncertainty of the activation
functions distributions, whereas the developed in
reference [14] hybrid combined relative pseudo
entropy function (19) — (21) (see Figs 5 — 7) helps
with such a problem of the hybrid-optional functions
h, (activation functions) uncertainty direction

determination.
III. CONCLUSIONS

It is discovered an explanation for the neuron
model activation function considering the sigmoid
function like a logistic function in terms of the
multi-optional conditional optimality doctrine for the
special  hybrid-optional effectiveness functions
uncertainty. Parameters of the hybrid combined
relative pseudo entropy function need further
investigation.
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A. B.'onuapenko. CurmoinaibHa ¢yHKUIisE Mofedi akTHBalii HepoHYy Ha OCHOBI JOKTPMHH YMOBHOI
onTuMizanii eHTponii 6araToonuiifHuX GyHKUiA
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A. B. 'onuapenko. CurmouaajbHasi GQyHKIUSI MOJeIH AKTUBAUMYU HelipOHA HA OCHOBE JOKTPUHBI YCJIOBHOWM
ONTHMU3AHH FHTPOITHH MHOT OONIIAOHHBIX (pyHKIMIA

OcyIIecTBICHA TOIMBITKA OTKPBITH IPABIONOMO0HYI0 MPHUMHY, MOSCHSIOIIYIO O0OCHOBAaHHE (DYHKIIUM AKTHBAIIUU
MOJICIM HEWpOHA, THIIA CUTMOMIAIBHOW (DYHKIUU IMOMOOHOW JIOTMCTHYECKONH (YHKIMHM, B TEPMHUHAX JTOKTPHHBI
MHOT'OOTIIIMOHHOM YCIIOBHON ONTHUMAJIBLHOCTH JUTS HEONPENEICHHOCTH CIECNUANBHBIX (YHKIUN THOPUIHO-OMIIMOHHON
a¢dexTHBHOCTH. B m3ygaeMoM ciydae oTOOpakKeHHE BXOIHOM MH(OPMAIMH B BBIXOAHYIO OOYCIOBICHO SHTpPOMHUEH
YCIIOBHO ONTHUMAJIBHOTO pacipenesieHus (pYHKITUH aKTUBAIIUH 10 OTHOIICHUIO K HHIYIUPOBAHHOMY JIOKAJIBHOMY TTOJEO
HelipoHa. [lpemnoxeHO OlLEHUBATH HANpaBJICHUE HEONPEAEIEHHOCTH KOMOWHUPOBAHHOW T'HOPUAHOW TMCEBIO-
SHTPONUIHON (yHKIMEH. DTO SABJISIETCS HOBBIM B3MVIAJIOM Ha HAyYHOE IOSCHEHHE XOPOIIO M3BECTHOM 3aBHCHMOCTH
BBIBEICHHOM NpYrMM ITyTeM. Pa3BHBacMble TEOPETHYCCKUE COOOpPAKCHUS, a TakKKe MaTeMaTHYCCKUE BBIKJIATKU
MOJITBEPKIAIOTCS YUCIEHHBIM MOJETUPOBAHUEM U TIOCTPOESHHBIMU JJUarpaMMaMH.
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JMIOKTPUHA MHOT'OOIIIMOHHOCTH; YCIOBHAS ONTHMAaJIbHOCTh; THOPHIHO-OMIUOHHAS (GYHKIUS 3()(HEKTUBHOCTH; TICEBIO0-
SHTPONUS; BapHaIlMOHHAs 3aj1a4a.
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