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Abstract—The method of structural and parametric synthesis of feedforward neural networks is 
considered, which includes Sigmoid Piecewise neurons, used in the process of a predictive model 
construction. The article describes the principles of a new developed Sigmoid Piecewise neuron 
constructing. It is proposed the method of structural and parametric synthesis with a single layer of  
Sigmoid Piecewise neurons.The training algorithm of proposed neural networks is developed. The results 
of the effectiveness research of Sigmoid Piecewise neurons on real samples are presented.  

Index Terms—Feedforward neural networks; time series; sigmoid piecewise; training algorithm. 
I. INTRODUCTION 

The use of artificial intelligence technologies 
eliminates some of the classical approaches 
assumptions and drawbacks. At the moment, artificial 
neural networks are the most promising direction of 
the intellectual technologies – due to their versatility 
and impressive results obtained in various areas of 
their use, such as image and video analysis, text 
analysis, language analysis, and others. 

Artificial neural networks (ANNs) represent a 
system of interconnected and interacting simple 
processors – artificial neurons. 

Neural networks are not being programmed in the 
usual sense of the word, they are being trained. From 
a mathematical point of view, neural networks 
training is a multi-parameter problem of nonlinear 
optimization. Training ability is one of the main 
advantages of neural networks in comparison with 
traditional algorithms. Technically, training is the 
process the final goal of which is to find the 
relationship coefficients the between neurons. During 
the training process, the neural network is able to 
detect complex interdependencies between input and 
output data, as well as to perform generalization. 

II. PROBLEM STATEMENT 

The mathematical problem of approximating an 
unknown function having a set of noisy observations 
occurs when solving a large number of practical 
problems – time series forecasting, image 
classification, speech recognition – all these problems 
get reduced to the approximation problem of some 
form most of the times. At the moment, the best 
results in this area are obtained by using neural 
networks-based approaches [1]. Moreover, a large 
number of practical and theoretical studies indicate 
that the mathematical model of neurons that are used 

in the corresponding networks has a big influence on 
the overall quality of a final approximation model – 
for example, the use of ReLU neurons [2] has made it 
possible to significantly improve the best quality of 
network classification in the ImageNet competition. 
In this paper, we propose a new model of the Sigmoid 
Piecewise (SP) neuron together with a greedy 
algorithm for pretraining a single-layer feedforward 
network [3], which uses these neurons in its hidden 
layer. 

III. PROBLEM SOLUTION 

The continuous function of many variables 
( ), ,nf x x R   which satisfies certain additional 

properties, can be approximated with any given 
accuracy [4] by a piecewise linear function that cuts 
the space nR  in convex sets 1,...,

n
NS S R , which do 

not intersect, and defines the corresponding linear 
function T( ) , 1, ..., , n

i i if x w x i N w R       on each set.  
The issue with using piecewise linear functions as 

a basic neurons is that they are non-continuous and 
certain issues arise when trying to use gradient-based 
optimization methods [5] for their parameters tuning. 
Thus, a neuron with a following function model is 
proposed: 
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which is a continuous approximation of the 
piecewise-linear model: 
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where 
1, 0, 1, 0,

'( ) ''( )
0, 0, 0, 0.

x x
step x step x

x x
  

    
 

Parameters’ vectors , ,w w h 

   have the following 
meanings: 

 vector h


 specifies a hyperplane that divides 
the space nR  into 2 half-spaces 

 vector w
  specifies weights of the piecewise 

linear function  in the half-space where T 0h x 


 
 vector w

  specifies weights of the piecewise 
linear function in the half-space where T 0 .h x 


 

Structurally, a neuron with a sigm_piecewise  
model can be represented in the following way where 
AF is the activation function of the neuron 
sigm_piecewise  (Fig. 1). 

 

 

 
 

  

 
 

Fig. 1. Structural representation of a neuron with a 
sigm_piecewise  model 

The method for pretraining [6] parameters in 
single-layer networks of the following form is 
proposed, i.e. networks in the hidden layer of which 
the neurons with the same model ( ; )f x w   are used 
where w  is the parameters vector of the neuron 
model, and the output layer of which consists of one 
neuron - a weighted adder (Fig. 2). 

 

 
 

Fig. 2. Single-layer network 

The idea of the method is to gradually increase the 
number of neurons in the hidden layer, and while 
adding a new neuron only its parameters and the 
parameter which is responsible for this neuron weight 
in the neuron-adder of the output layer are being 
trained- all other parameters are being fixed.  

The following condition must be fulfilled in order 
to use this method – for any training set 

(T) (T) (T), :X y X   and for any given error value 
0  , which is to be achieved, a certain number of 

neurons in the hidden layer m , and such parameters 
vectors 1,..., , ; m

mw w v v R     exist that the network 
error of the described type with such parameters will 
be less or equal to :  

(T) (T) (T)
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If this condition is not met, then the situation may 
arise when the addition and training of any new 
neurons number will not reduce the network error in 
the training set. For example, this condition is not 
satisfied for a network with linear neurons in a hidden 
layer, i.e. when T( ; )f x w w x     – since the linear 
combination of any number of such neurons will 
always remain a linear function of x , so if the 
examples in the training set are not described ideally 
by some linear function, then there is some limit 
value of the error threshold , and the value less that it 
can not be obtained with any network configuration 
having linear neurons in the hidden layer. 

Having a training and validation set of the form 
(T) (T) (T), :X y X   and ( ) ( ) ( ), :V V VX y X  

   respectively, the pretraining of single-layer 
network of the described type according to the 
proposed method consists of the following steps: 

1) On the first iteration, the network of the 
described type with one neuron in the hidden layer is 
trained. 

2) After i  iterations we have a network with i  
neurons in the hidden layer. 

3) On iteration 1i  another neuron is added to 
the hidden network layer, after which the network 
training is performed one more time, but all the 
network parameters, except for this neuron 
parameters and its weight in the neuron-adder of the 
output layer, are fixed (Fig. 3). 

4) At every iteration i  the following parameters 
are calculated: 

 the current value of the network error on the 
validation set – it is defined as ( ) ( );VE i  
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 the minimum value among all the errors in 
previous iterations – it is defined as 

( ) ( )

1,..., 1
_ min ( ) min ( )V V

j i
E i E j

 
 . 

 

 
 

Fig. 3. Another neuron adding to the network 
a hidden layer 

5) New neurons adding is performed while the 
following condition is fulfilled-during the I last 
iterations the minimum value of the network error on 
the validation set was sufficiently improved, that is: 

( ) ( )min ( ) min ( ),
(0,1], , ,

V VE_ i a E_ i I
a I N i I

  
   

, 

where  a is the constant that specifies the desired level 
of minimum error value improvement for I  iterations 
– usually it is chosen from a set of numbers 
{0.9, 0.99, 0.999, ...}  – that is with 0.9a   by I  
iterations, the minimum network error on the 
validation set should decrease by at least 10%, with 

0.99a   – not less than 1%, and so on. 
6) After the stop, the network returns to the 

iteration, where the minimum error in the validation 
set was reached. 

The use of this method for the pretraining of the 
described networks type is appropriate when in order 
to achieve a satisfactory value of the network error on 
the training set it is enough to have a network with a 
relatively small number of neurons in the hidden 
layer – from 10 to 10,000 (depending on the 
computing capacity of the computer being used for 
training, and the time allocated for training), since on 
each iteration the parameters of only one neuron are 
being trained. This situation usually arises when the 
unknown approximation function is quite simple, or 
when the model of the neurons used in the hidden 
layer is a rather complicated function. 

IV. STUDY OF THE SIGMOID PIECEWISE-TYPE 
NEURONS EFFICIENCY ON REAL SETS 

Let us perform a comparative test of the new 
neuron efficiency in the approximation problem on 
real set. We will compare it with the ReLU neuron. 

For a given set ,X y : X R    the benchmark 
consists of the following steps: 

1) A certain level of error is defined 
MSE 0t arg et   which is to reach. 

2) At the first iteration of the test, two fully 
connected feedforward networks [7] with one hidden 
layer with 1 neuron, and one output linear neuron are 
trained: the network with ReLU neuron in the hidden 
layer, and the network with SP neuron in the hidden 
layer are being trained. 

3) If the error is both networks < MSEt arg et  is the 
test is over. 

4) After i  iterations we have a network with i  
neurons in the hidden layer. 

5) On iteration 1i   one more neuron of the 
corresponding type is added to the hidden layer of 
each network, after which the training of both 
networks is repeated, but all network parameters, 
except for the parameters of new neurons and their 
weights in the output linear neuron, are fixed. 

6) For each network, the current error 1MSEi  is 
calculated and remembered - that is the error of the 
corresponding network, achieved while using 1i   
neurons. 

7) If on iteration 1i   the error of both networks 
has become < MSEt arg et  is the test is stopped. 

8) After stopping the test, we have data of the 
form “number of neurons in the hidden layer”  
“reached value of the approximation error”. 

The comparative test was performed on the time 
series of daily rates of USD to EUR (open access): 

 
Fig. 4. Time series of daily rates of USD to EUR 

The training set , :t tX y X   was 
constructed from the output time series by the method 
of time series embedding with the embedding 
dimension 5m   and the forecast horizon 4k   – 
that is for the value 4ig   forecast the values 
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4 3 2 1, , , ,i i i i ig g g g g     have been used. Mean squared 
error of a naive model 4ˆi ig g   equals 

2MSE 7.16 10naive
  . Let us set the level of the mean 

square error that needs to be achieved 
2MSE 5 10t arg et

  , and we will “greedily” train 
both networks until the specified error level is 
reached, and then we build a plot of the neurons 
number vs the mean square error of the network, 
consisting of this number of greedily trained neurons, 
for both networks: 

Fig. 5. Plot of the number of neurons vs the mean square 
error of the network 

As we can see, starting approximately from the 
error value 2MSE 6.5 10treshold

  , the “weighted” 
ReLU -type neurons were required 3 times more than 
sigm_piecewise -type neurons to achieve this error 
value, after which the gap in the required number of 
neurons only increased - and hence, taking into 
account that the sigm_piecewise -type neuron has 
approximately 3 times more parameters – to achieve 
an error less than when MSEtreshold  using – 
sigm_piecewise type neurons fewer parameters were 
required than when using “weighted” ReLU-type 
neurons – which indicates a greater efficiency of the 
SP-type neuron in terms of the “parameters number 
necessary to achieve the given error level” criterion if 
the error level is small enough. 

V. CONCLUSION 

A new model of artificial Sigmoid Piecewise  
neuron has been developed, which is based on the use 
of two types of weight coefficients and a special 
activation function that allows to adjust 
simultaneously and independently the parameters of 
the hyperplane that breaks the input space into 2 
half-spaces, and the parameters controlling the initial 

value of the neuron on different half-spaces. This 
allows approximating rather complex functions using 
a small number of neurons – thus reducing the 
number of parameters that need to be adjusted. In 
addition, due to the separation of the parameters 
being responsible for the separation of the hyperplane 
and the parameters that correspond to the original 
value of the neuron in different half-spaces, neural 
network based on the Sigmoid Piecewise neurons can 
“automatically” clusterize the space of input 
examples and approximate the given function 
separately on each cluster – thus improving the 
accuracy of the final forecasting network while 
training on heterogeneous samples. 

A special greedy algorithm for pretraining of 
feedforward networks with one hidden layer 
composed of Sigmoid Piecewise neurons have been 
developed as well. The application of this algorithm 
allows to automatically select the optimal (in a 
certain sense) structure of the neural network (similar 
to [8]) thus reducing the need for expert intervention 
in the process of building a prediction model. 
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сетей прямого распространения, с нейронами типа Sigmoid Piecewise 
Рассмотрен метод структурного и параметрического синтеза нейронных сетей прямого распространения, в 
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