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Abstract—The article is devoted to analytical methods of research of filtration algorithms in conditions
of a priori uncertainty of information on statistical characteristics of state noise and measurement in li-
near dynamic systems. For simple objects it is possible to apply simple evaluation algorithms. In this
case, the estimate of the matrix of the dynamics coincides with probability 1 to the true value, and the
Kalman filter constructed on such an algorithm gives an estimate which also coincides with the proba-
bility of 1 to the estimation of the true Kalman filter. To prove the validity of the estimates, the theory of
martingales was applied. Martingales and semimartingales form an important class of processes, which
generalizes a class of processes with independent increments. There is a special method for the study of
random processes. But in practice, the condition that all components of the matrix of the dynamics are
those that can be observed gives the limit to the use of this method. The proposed technique will allow to
extend the method of obtaining estimates of the parameters of linear dynamic systems in the case of an

arbitrary dynamics matrix.

Index Terms—Algorithm; filtration; matrix; probability; martingale; linear dynamical systems.

I. INTRODUCTION. THE PROBLEM STATEMENT

For simple objects, it is possible to apply simple
evaluation algorithms [1]. In this case, the estimate
of the matrix of the dynamics coincides with the
probability of 1 to the true value, and Kalman's filter
constructed on such an algorithm gives an estimate
which also coincides with the probability of 1 to the
estimation of the true Kalman filter. To prove the
validity of the estimates, the theory of martingales
was applied. Martingales and semimartingales form
an important class of processes, which generalizes a
class of processes with independent increments.
There is a special method for the study of random
processes. But in practice, the condition that all
components of the matrix of the dynamics are those
that can be observed gives the limit to the use of this
method.

II. CONVERSION OF MEASUREMENTS WITH
A NONIDENTITY OBSERVATION MATRIX

Consider a linear dynamic system, which is de-
scribed by equations:

Xin=DPX, +w,, (1)
v, =HX, +v,, 2)

where X is n measurable state vector of the sys-
tem; @ is matrix of dynamics, having dimension
nxn; w, is n dimensional vector of input noise:

M(w,)=0; correlation function M(ww,)=Wd(i—k);
¥, 1s p measurable vector of measurements; H is
matrix of observations, having dimension pxn; v,
is p measurable noise vector of measurements:
M (v, )= 0; correlation function M(vy,)=V3(i—k);
M (vl.wkr ) =0.

System (1), (2) is sustainable, i.e. spectral radius
of the matrix of dynamics d(®)<I, but not all

elements of the matrix of the dynamics @ can be
calculated.

Apply the procedure of linear transformation of
the system to construct a model with a unit matrix of
observations. This procedure is described in the

paper [2].
Y =Hx, +v,,
Vi =H®x, +Hw, +v,,,

_ n—1 n—2
Yiing = HO" x, + HO"“w, +...+Hw,, , +Vv,, .

Let's introduce the designation:

Vi H
o | Ve , | H®
yk = ! b H = )
yk+n71 H¢”71
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Vi
* HWk +vk+l
v, =

n—2
HO"“w, +..+Hw,_ , +v,, |

We obtain the
y; =H"x_ +v,. If you enter a new state vector

equation of measurement:

x, =H'x,, then the equation of the state of the sys-
tem will take the form:

-1
x,,, =®"x; +w,, where ®@" = H*(I)(H*) )

The model of the meter in this case is given by an
equation in which all components of the state vector

are observed: y, =x; +v; .
If p>1, then when creating a matrix H" we

will choose only the first ones » linearly indepen-
dent lines of this matrix. In this case, for building a
new measurement vector only m, sequential mea-

SUrements ¥, Vi, Vw1 » Where mg is minimum

filter memory, which is determined by the smallest
number of measurements needed to construct an
estimator of a state with a limited dispersion. Thus,
the task of identifying the matrix of the dynamics of
the system (1), (2) is reduced to the problem of iden-
tifying the matrix of the dynamics of a system with
components of the state vector, which can all be
observed.

5

X

k+1

=0 X, +w,, 3)
Vo= X, +v. 4)

In many cases, the matrix H" is unknown, since
it is necessary to define matrices for its construction
H®', i=1.2,.,m,~1, where m, is filter memory.
In this case, to evaluate the elements of the output
matrix @ you need to have additional relationships
that connect the desired items. In the absence of any
a priori information about the matrix @ identifica-
tion @" causes the possibility of filtering and extra-
polating only the component of the state vector that
can be measured. If all the elements are known
H®', then identification @ allows you to fully
evaluate the state vector. When performing the
above conditions, the identification problem can be
simplified and its dimension reduced, since there is a
possibility of unambiguous comparison (for systems
with parameters that can all be observed) p mea-

surable vector of measurement » measurable state
evaluation vector. To do this, as a model of the me-

ter with a single matrix of observations, one can
choose an equation that associates a vector of a state
evaluation with its true value.

*

Ve = Af,k =X, +VZ’ Q)

If memory m, auxiliary filter is fixed and mi-

nimal, then the sequence v, will be stationary. As a
vector of measurements it is suggested to choose a
smoothed estimate (k+m,—1) state of free dynamic

system for the latest m, measurements y, , because
to determine the score x,, you need to know the
back of the matrix dynamics ®*, i<k. So, k

measurement y, we put in accordance with the as-

s (mg)

sessment of the state vector X"’

_,» Which is

based on the sequence y, (i=k,...k+m,—1), and
the new model of the meter will look like:

*_/\(m)_ *
=X =X, +v,

s (mg)

* . . .
where v, is estimation error Xp Kem,

_,» Which got
on the basis of m, measurements y, and such that
M (v,’: ) =0.

The algorithm discussed above guarantees the
convergence of the probability of estimates of the
matrix @ to its true values. The identification of all
elements of the matrix @ can’t be made by convert-
ing the model of the meter if the state vector is not
completely observed.

Consequently, the necessary condition for the
identification of the matrix @ is the prior
knowledge of some of its elements.

III. THE SOLIDITY OF THE MATRIX OF DYNAMICS
ESTIMATES

The estimation of the matrix of dynamics @ is
calculated by the formula:

k k *
D, :[ y:yi*7;'1(,]][ Z y:]y:Tm(,]J >

i=2+m, i=2+m,

where * is pseudo-inversion, m, is Kalman filter

memory is the dimension of the vector of
measurements. We will use the method of
demonstrating the strong ability of this estimate,
which is proposed in [I1] for a system with
components that can all be observed. Let

* * * * *
Zy =V +w, —Ov =y, Dy,

+
k k
R _ * &7 * *T
k z Zi yifm(,—] Z yi*]yifm(,—] N
i=2+my i=2+my
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To prove that with probability 1 at k— o
(i)k —> O ((i)k =® + R, ) let's show that

1 . *

7 z Z yime 40, (6)
k i=2+m 0

1 £ * *T

- Z yi*]yifmo—] ->Y¥ H (7)
k i=2+my

where W is some nondegenerate matrix. The proofs
of (6) and (7) will be sufficient to prove convergence
with probability 1. For proof (6), it must be shown
that there is a boundary between the covariance ma-
trix
k-1
yr =@ X, +v; + Z (Djwkfjfl.

j=0
Really,

M(yZ)zM(CD"XO +v +§®fwkj]J

Jj=0

="M (X,)+0+0=0"M (X,),

cov(yZ)zV*+§(I)jW((I)j)T

J=0

+@ cov(X,)(@) >V +§q>fW(q>f)T

j=0

if k—>ow, because it is known that
.1 .

]11m—H(I)" H =d(®)<1. Then, using already proven,
—>©0 n

we get:

k k

*_ #T _ * _ * *T
z Zi yifm(,fl - Z (vi + Wi*] mVi*]).yifm(,f]

i=2+m i=2+m
k

i=2+my

k

Z (Wi—l _(I)vi*—] )y:—rm(,—l‘

i=2+my

* &7 +
vi yifm(,—]

Consider sequences:

k

1 ok
_ T
Sk,l - Z _.vi yifmofl >

i=2+m,
Ll
_ _ * *T
Sk,z = Z _.(WH mvi—])yi—mo—]‘
i=2+m l

Let R’
dimensional columns p, and L’ is linear space of

is real linear space of vector of

dimension matrices px p with valid elements. If

xeR?”, then ||x|| =+x'x, and if Gel’, then

|G| =yt(G-G") . F, is the smallest & algebra, in
relation to which quantity x,,v/,..,v;,w,,...w, are
measurable. We use the theory of martingales for
further proof. The set of actual values x(¢), (t€T)
is: artingale provided that M (x(t)) (1=0) exists
and is a constant value; supermartingale, if
M(x(t)) (£20) does not increase.

Consequently, we show that the sets of real va-
riables {aTSk']b‘Fk} and {aTSkvzb‘Fk} are martin-
gales (a,beR”).

Similarly, we prove that {aTSkvzb‘Fk} is martin-

gale. So if {aTSkvib‘Fk} are martingales for which

i=1,2

M(aTSkvzb‘Fk ) < oo, then with probability 1 there is

1im(aTSk,2b‘Fk ) . Necessary to find this boundary.

k—w

1 k * ok
aT [Z Z viyii"o]Jb_)Oa

i=2+m,

4 [l i (WH ~Dy, ) Vo Jb —0,

i=2+m,

)

with a probability of 1 at £ — . Taking into ac-
count mutual independence w,,...,w, for y,..,y,,

we get:
k
M (aTSk,lb)z - ,-=;0ii2M(aT (V: Vo )b)2
= ¥ Nawarm(or, o)
i=2-+my

is the quantity is limited. Similarly, the value
M(d'S, )

Ll
T 7 T * T
=; l_—z(a (w+@va )a)b M(3 30 )b,
i=2+my
is also limited and the relation (5) follows from the
fact that the vectors a, b are arbitrarily selected.
Consequently, the assertion (6) is proved. In order
to prove the statement (7) we use the fact that y, is

almost rolling average for v, and w,. Let

w.,,Ww,,... is a sequence of independent random
variables that have the same distribution as that

w,,...w,, and while the elements of this sequence

are independent of x,,v/,...,v,,w,..w,. Such a
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sequence can always be constructed by expanding noise of model is considered. It is shown that the

the probability space. algorithm coincides with probability 1. Hence, it is
Using equality y, =u, —q,, where proved that the simulation of linear dynamic systems
can be performed also for the case of the matrix of
RS dynamics with parameters that are not all observa-

u, =v, +Z(I)’wk7]7j, k>1,

ble. This solution can be used to simulate and predict
the trajectories of aircraft with variable values of

k-1
q, =@ (Z(Djwjl _ x()] = dfy,. their parameters.
j=0

J=0
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B. I. Cymyk-Carocapenko, H. A. Pubavok., JI. M. Onemenko. Buxopucrannsa Teopii MapTHHragiB 1s 10Be-
JeHHS1 IPYHTOBHOCTI OI[iHOK MapamMeTpiB JiHIiHUX TUHAMIYHUX cHCTEM

CrarTio IPHUCBIYEHO aHATITUYHUM METOJIaM JIOCII/DKEHHST JITOPUTMIB (UIBTpalii B yMOBax arpiopHoi HEBU3HAYEHOCTI
iHpopMalii Mpo CTaTUCTUYHI XapaKTEePUCTUKU HIYMIB CTaHy i BUMIPIOBaHHS B JIHIHHMAX TUHAMIYHUX cucreMmax. J[is
JIOBEJICHHS] TPYHTOBHOCTI OILIIHOK OYJI0 3aCTOCOBAHO TEOPil0 MapTHHIAJTIB. 3allpOOHOBaHA METOAMKA J03BOJIUTH ITOIIH-
PHUTH METOJ OTPUMaHHSI OL[IHOK IapaMeTpiB JIHIHHIX TUHAMIYHHX CHCTEM Ha BUIIAJIOK JIOBIJILHOI MaTpHIIi ANHAMIKH.
Karouogi ciioBa: anropur™; ¢Ginsrpallis; IMOBIPHICTh; MAPTHHIAJ; JIHIHHI TUHAMIYHI CUCTEMHU.
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