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Abstract—Designed the model of the nonlinear stabilization system of the ship course and showed  expe-
rimental and theoretical research results of the selection an optimal regulator for the system, which ex-
cludes, at the same time, appearance of limit cycles in it. As research method, the method of describing 
function was used. Simulation of the nonlinear stabilization system of the ship course with different types of 
regulators allowed to perform a comparative assessment of industrial regulators. To improve the proper-
ties of the PID-regulator, it is proposed to a nonlinear correction system. 

Index Terms—Ship; stabilization system; course; nonlinearity; describing function; controller; correction;  
the frequency transfer function.

I. INTRODUCTION 

Stabilization and control systems take an impor-
tant place in the automated control systems of inertial 
objects. Their goal is to achieve a sustainable value of 
a control magnitude or its change for a given control 
law.  

Currently, there is a whole class of automatic 
stabilization and control systems of inertial objects 
such as planes, tanks, ships, submarines. A detailed 
study of these systems allows to conclude that they 
are nonlinear. 

The tasks of analysis and synthesis of such systems 
are more complex than similar problems for linear 
systems. For example, the stability of nonlinear sys-
tems unlike linear depends on the size and location of 
external action application, the nature of surge process 
changes with changing the magnitude of external 
action, there are regimes in nonlinear systems that do 
not exist in linear systems, including the mode of limit 
cycles. All of this requires applying of special analysis 
and synthesis methods of nonlinear systems.  

In the development of automatic control theory 
has been created various mathematical methods for 
analysis and synthesis of nonlinear systems, each of 
them can only be applied to a class of systems and 
applications. So, universal analytical methods for the 
researching of nonlinear systems do not exist.  

II. PROBLEM STATEMENT 

The main feature of nonlinear systems is the pos-
sibility of limit cycles appearing – undamped oscilla-
tions, with amplitude that is independent from exter-
nal influence and initial conditions, and their fre-

quency is a harmonic or subharmonic of input signal. 
In this regard, the particular interest is in the devel-
opment of a stabilization system of the ship course 
with optimal regulator, which exclude the possibility 
of limit cycles appearing in it during operation. 

III. PROBLEM SOLUTION 

Mathematical model of the stabilization system of 
the ship course is represented as a block diagram 
(Fig. 1). 

The system has certain features. Firstly, scheme 
contains sensors of the angular and speed  deviation 
of control object based on the three-stage and 
two-stage gyroscopes. At the same time, they contain 
nonlinear feedbacks, which are caused by the 
presence of dry friction in the bearings of the gyros-
cope frames. Secondly, in the real system the devia-
tion angle of the executive drive rudder and its rota-
tion speed have natural barriers, so executive drive is 
nonlinear. Thus, the stabilization and control system 
of the ship course is nonlinear. There are five nonli-
near elements in it. 

Considering nonlinearities in the angle and speed 
sensors and their effect on the sensor is a separate 
branch of researches. Consider sensors errors caused 
by the presence of nonlinearities in them, like   
and ,  and pass to linear models of the angle sensor 
and the speed sensor. 

Because of restrictions on the amount of work, it 
will be presented below research of the system for 
one nonlinearity of the executive drive. Methods of 
assessing the impact of another nonlinearity is 
similar. 

AUTOMATIC CONTROL SYSTEMS 
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The principle of superposition does not apply to 
nonlinear systems, so, we will consider the system 
that is only under the action of the control signal. 

Because of adopted limitations, the block diagram of 
a nonlinear system of stabilization takes the form 
shown in Fig. 2. 
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Fig. 1. Nonlinear stabilization and control system of the ship course 
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Fig. 2. Calculated model of the nonlinear stabilization system of the ship course 

The moment of stabilization is formed through the 
sensor channel of angular deviation and  through the 
speed sensor of angular deviation of control object: 

.s G D G m D mM M M k G k D                 (1) 

Сoncurrently, the executive drive has a linear 
characteristic with limitation 

 max max .z x atx a kxat a х a x atx a          

In order to determine the possibility of limit cycle 
appearing, we will make calculations according to the 
method of describing function. 

After the convolution of contour I and the 
transition to the frequency domain, we obtain an  
equivalent of frequency transfer function of the linear 
part of the stabilization system  

     ,W j P jQ      
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                             (2)

We will apply to the nonlinear element method of 
harmonic linearization and will find in the handbook 
of automation the function which describe it  

 
2

1 1
2

2,ω arcsin 1 ,f m
m m m m

N jC k b b bW a
a a a a

 
    

   
     (3) 

where b is the width zone of linear mode; k is the gain 
coefficient in the linear mode.  

The condition of the limit cycle appearing in 
considered system is the implementation of equality  

   1 ,f mW j W a   ,                 (4) 

where  1 ,f mW a   is the inverse describing function 

of nonlinear part of the system;  W j  is the 
frequency transfer function of the linear part of the 
stabilization system. 

Combined plotting (Fig. 3) of functions  W j  
and  1 ,f mW a   in the plane    ,P j jQ    
allows to solve the equation (4). 
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Fig. 3 Inverse describing function and the amplitude-phase 

frequency characteristic (APFC) 

When plotting the inverse describing function, we 
take into account the particular cases of its calculation: 
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– for 

  2 arcsin 0 0m f m
k ba W a           

. 

Let’s find the coordinate of the point of 
intersection  ωW j  and  1

f mW a . 
First of all we determine from (2) the frequency of 

possible limit cycle 
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Substituting the value 0  into the real component 
of equation (2), we find 
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Taking into account the parameters of the system, 
determine the frequency of limit cycle and the 
coordinate point of intersection of inverse describing 
function and APFC  

0 0.168 rad/ s  ,      0( ) 0.047P    . 
A limit cycle will be possible if  01/ ωk P , so 
21.27k  . 
The amplitude of a possible limit cycle we find, in 

accordance with equation (4), after the  substitution 
of values in it for  0ωW j  and  f mW a : 
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On the basis of the tables function  f mW a  at the 
parameter 1b  we have 1.98 degma  . 

Thus, there is possible limit cycle 
 0 1.98 sin0.168t t   in the stabilization and 

control system of the ship course. According to the 
criterion of Goldfarb the limit cycle will be stable. 

Oscillogram of the system reaction to the signal 
with received parameters (Fig. 4) confirmed data 
calculations about the existence of the limit cycle. 

In practice, the possibility of the limit cycle 
appearing in the stabilization and control system of 
the ship course should be excluded. Synthesize a 
regulator that excludes the possibility of the limit 
cycle appearing.  

 
Fig. 4 Oscillogram of the limit cycle 

The limit cycle will be excluded if the inverse 
describing function  1

f mW a  and the APFC of the 
linear part of the system will not intersect in the 
complex plane, i.e. if the value reg 0.168

( )k W j


  will 
be less than the minimum modulo value of inverse 
describing function  

reg
1( 0.168)k W j
k

  .                (5) 

To provide the necessary modulo supply stability 
for stabilization systems, take  

reg
1

2 ( 0.168)
k

W j k



.               (6) 

Considering 22k  , from the equation (6) find 
transfer coefficient of the P-regulator, which is 
synthesized reg 0.484k  . 

The mutual arrangement of inverse transfer func-
tion of the nonlinear element and the APFC of the 
linear part of the system takes the form, shown on the 
Fig. 5. 

Thus, the possibility of limit cycle appearing in 
the stabilization and control system of the ship course 
is excluded.  

Schematic decisions of regulators for stabilization 
systems may be different. The block diagram of the 
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system, in general, with PID-regulator is shown on 
the Fig. 6. 
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Fig. 5. Effect of the P-regulator to the mutual arrangement 

of inverse describing function and APFC 

Models of the system with PD- and PI-regulators 
can be obtained by applying restrictions on the 
PID-model. 

Modeling of the stabilization and control system 
of the ship course with different types of regulators 
allows to do a comparative assessment of industrial 
regulators. 

A PD-regulator reacts not only to the error signal, 
but to the speed of its change too. Due to this, when 
using PD-control law achieved the effect of advanced 
control. Results of researches of the system with 
PD-regulator are shown in Fig. 7. 

The experiment showed that with selected 
parameters control occurs by aperiodic law. 
Fluctuations of the ship are missing. The rapidity of 
action of the system reaches 120 s. Comparing the 
step response of the system without the influence of 
external perturbations and with them, we conclude 
that the PD-control system is static. 

Step response analysis (Fig. 8) for the system with 
PI-regulator shows that the adding to the control law 
the error signal and its integral increases the settling 
time of the system to 200 s and raises its oscillation, 
thus reducing the stability margin. 

At the same, an integral component converts the 
system into аstatic first order one, that ensures 
elimination of static errors, which is typical for a 
system with PD-regulator  

The step response of the system with 
PID-regulator is shown in Fig. 9. 
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Fig. 6. Block diagram of the system with the PID-regulator 

 
Fig. 7. Step response of the system with the PD-regulator 

 
Fig. 8. Step response of the system with the PI-сontroller 

 
Fig. 9. Step response of the system with the PID-regulator 

As in the case with PI-regulator, stabilization and 
control system with PID-regulator hasn`t a static 
error, but there still is overshoot, albeit much smaller. 
The system has a larger settling time than in previous 
systems. This is due to the presence an integrating 
unit in the regulator. When the control signal reaches 
the limit, the integrator continues to integrate 
mismatch error. As a result - the overshoot and rising 
time of the transition process. 

Of course, the developer of stabilization systems 
can choose which regulator is better from the 
standpoint of technical requirements to the system. 
Each option has its advantages and disadvantages.  

Since in the stabilization and control system of the 
ship course there are aforementioned limitations, it is 
prompted to enter the nonlinear correction system 
(Fig. 10) into the PID-regulator, which provides, in 
our opinion, the main advantages combination of PD- 
and PID-regulators.  

The principle of its action is next. Output signal u  
of PID-regulator is proportional to the desired helm 
angle. If there is no saturation, the difference of 
signals 0u     is zero and the feedback does not 
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work, so uses above studied law of PID-regulator. If 
the signal u exceeds the permissible limit, the 
difference 0u     is fed with the sign "–" to input 
of integrating unit through the gain. Thus, at the 
saturation signal at the input of the integrating unit 
weakens as strong, as the greater the difference 
between the desired and acceptable helm angles. So, 
using of the nonlinear correction system allows to 
remove the negative impact of integrating component 
on the transition process. 
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Fig.10 The principle of the nonlinear correction 

In order to optimize the regulator with nonlinear 
correction system it was elected the regulator’s 
feedback coefficient such that the transition process 
of the system, in the whole,  satisfies specified 
requirements of quality indicators. To select the 
optimal value of the gain it was applied the numerical 
optimization procedure of the Simulink Respons 
Optimization package. 

As a result of optimization fk  with a block Signal 
Constraint (Fig.11), is received an optimal value of 
the coefficient fk =7,2477. 

 
Fig. 11. Results of optimization 

Comparative characteristics (Fig. 12) of the 
system with PID-regulator and optimal (with 
nonlinear correction of PID-regulator) demonstrate 
that both systems definitely have the same constant 
value, but in the optimal system the process is 

without overshoot and the rapidity of action of the 
stabilization system meets the requirements. 

 
 

Fig. 12. Comparative characteristics 

Summing up research results, we note that for the 
nonlinear stabilization and control system of the ship 
course, in terms of quality control and excluding the 
probability of oscillations, it is optimal the 
PID-regulator with the proposed system of nonlinear 
correction. 

IV.  CONCLUSION 

The feature of nonlinear systems is the possibility 
in them of limit cycles appearing – undamped 
oscillations, which amplitude is independent of 
external influence and initial conditions, and their 
frequency is a harmonic or subharmonic of input 
signal.  

Designed model of the nonlinear stabilization and 
control system of the ship course allowed to set 
parameters of limit cycle system and synthesize the 
regulator to exclude the appearing possibility of such 
cycles. 

Theoretical and experimental research showed 
good convergence of results. 

Synthesis of industry regulators allowed to choose 
the optimal one. Such the nonlinear stabilization and 
control system of the ship course in terms of quality 
control and excluding the probability of oscillations 
is PID-regulator with the proposed system of 
nonlinear correction.   
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