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Abstract—The algorithm of attitude determination on the base of axis and angle rotation
computing is suggested. Was assumed the known the projections of the normalized vectors in the
reference and in the body coordinate systems. The problem is to determine the unit vector and the
angle of rotation of the coordinate system connected to the body relative to the reference
coordinate system. Comparison with algorithm QUEST is fulfilled. It was shown that the
accuracy of proposed algorithm is equivalent to the accuracy of algorithm QUEST.

Index Terms—Attitude; determination.

I. INTRODUCTION

The problem of attitude determination on the basis
of information about non-parallel vectors is analyzed.
The use of geometric relationships is an effective
means of rigid body orientation determination based
on the measurement of vectors [1] — [3]. Their
characteristic feature is that you do not need to use a
matrix (as in the TRIAD [4], [5] algorithm) or
quaternion (as in the QUEST [6], [7] algorithm)
algebras. The proposed algorithm uses geometric
relations, which take place when the body rotates.

II. PROBLEM STATEMENT

Developing the approach proposed in [1], [2], we
consider the problem of determining the orientation
of a body on the basis of the use of geometric
relations. We will assume the known projection of
normalized vectors in the reference (7,) and in the

body (7 ) coordinate systems. The problem is to

determine the unit vector and the angle of rotation of
the coordinate system connected to the body relative
to the reference coordinate system. That is, the
vectors are fixed, their projections are variables in the
two specified coordinate systems.

Change the problem statement. We assume that
the variables are vectors, that is, we assume that the
vectors rotate around the axis of rotation (Fig. 1) in
the opposite direction with respect to the direction of
rotation of the body-connected coordinate system
relative to the reference coordinate system.
Trajectories of the ends of vectors are circles with
centers on the axis of rotation.

Unlike most known algorithms, we will separately
determine the axis of rotation, the angle of rotation
and the direction of rotation [1], [2].

III. PROBLEM SOLUTION

In Figure 1 the angle of rotation ¢ of the plane,
which contains the axis of rotation and the vector 7, ,
is indicated. A unite vector ¢ characterizes the
direction of rotation of this plane. The unite vector of
rotation of a body ¢, is equal é, =—¢.

Fig. 1. Vectors

The basis of the algorithm is the use of vectors
a,=r.—r,, which are in parallel planes and are
perpendicular to the vector ¢ . These vectors

correspond to relations

a'e=0.

(i=1...n). (1)

We use this formula to find the vector e. It is
essential that from this formula we can find a vector
e, that is directed along the axis of rotation, but
which does not determine the direction of rotation,
that is e, =+e . Therefore, the definition of the

direction of rotation must be performed additionally.
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Taking into account the errors of measurement of
vectors, the problem will be solved on the basis of the
method of weighted least squares, that is, the vector
e, will be determined from the condition of

minimizing the loss function
e) =23 fate] =1 S fare.
i=1 i=1

:%g(d?e*)T(dfe*)=%Z(eZdi )(@re.)=LelGe.
(2)

2

3

where @, =\/1, a;; G = Z&ﬁj ; W, are non-negative
i=1

weights.

Consider the condition that the vector e, must be

unite and assume such a loss function /, (e, ):
1
l (e*)zgeIGe* ~A(ele.~1), 3)

where A is the Lagrange multiplier.
Consider the problem of minimizing the loss
function. Let's write down

al (e.
# =Ge, —\e. =0. 4)

That is, the condition of the minimum is
Ge, =)e,. 5)

Then you can write
1 1 1
l(e.)=—elGe, =—e e, =—\. 6
(e.)=7 > > (6)

That is, we are interested in the minimum value of
the parameter A . Thus, the minimization problem is
equivalent to finding a vector e, as an eigenvector of
a matrix, which corresponds to the minimum
eigenvalue of the matrix. In the Matlab environment,
the eigenvalues of a matrix can be found by function
eig(G) . In the absence of measurement errors, we
have Ge, =0, that is, A, =0. Therefore, for small
errors, measurements of vectors can be assumed
A =~0. In this case, the eigenvalue of matrix can be
found by such technique.

The eigenvalues of the matrix are the roots of the
characteristic equation

A=G—-Ih=-1"+ fA> = f,h+ f, =0.
Given that we are interested A ~ 0, we will accept

A=—fA, +f,=0.

Then

~T (7)

where £, =%[tr(G2)—tr2(G)]; £, =det(G).

Next you can find a vector e. as solution of
equation

(G-I, )e.=0.

Consider the question of finding the angle of
rotation ¢ and determining the vector e. To do this,
we decompose the vectors 7, and 7 into two
mutually perpendicular components (Fig. 2).

u,=u= e*(e;rrai) = Erai’
mai = rai _uai = Elrai’ (8)

m,=Er

i

where E=e.e! =ee'; E,=]-F.

Fig. 2. Angle or rotation

Note that there is a place the relations

E=I+E’; E =-E’,
where
0 —e e
E =| e 0 - e=[e] e, e3]T
-e, ¢ 0
Next we will find
miTmui = (El';)T Elruin = p;'TElTElrui
. . ©)
=r (I—2E+ee )rw. =Y,
where v, =r'Er,.
Rewrite this expression
Y, =Y, COSC, (10)

where vy, =r Er

oi *
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Use least-square estimation and specify the lost
function

2 2

fZZ(Y,-_YU,-H) s (11)

i—1

where p = coso .
. .. Of
Using the condition ™ =0 we find

n

u=cosc=3 Jba (12)

=1 {oi
Let's consider in more detail the choice of vectors
7., in order to further find the vector & . The proposed
technique is based on the fact that the vector ¢ is
perpendicular to the plane in which the vectors a, are
located. This means that at least two vectors @, must

be non-parallel (in this case, they will form this
plane). From Fig. 2 we see that this plane is formed
by the components m,, and m, of these vectors. Let's

illustrate these components for two vectors (Fig. 3).

Fig. 3. Analysis of vectors

From this figure, we see that the vectors g, and 4,
will be parallel when the vectors m,, and m, , will be
in one line. It can also be formulated as follows: the
vectors a, and a, will be parallel when the vectors
Ty 1,
Therefore, it is advisable to enter an additional vector
7., =1, %7, and consider the system, at least, of three

, and the axis of rotation will be in the one plane.

vectors 7, , ¥

ol> "02° 03

In this case, you can always form
a plane in which there are vectors a,.

This result can also be obtained algebraically.
Assume that the vectors and

a,=r,—r, are parallel
P ,=k(F,
the matrix of the directional cosines R and write
(R-I)r,,=k(R-I)r, , that is, Dz=0 , where
D=R-I;z=r ,—kr,,

Let's rewrite this expression in the form Dz =1z,

a =r\=r,
Then you can write

—F,, ), where k the number. We use

where A, — 0. Then the vector z can be considered

as an eigenvector z, _, of the matrix D, which

corresponds to eigenvalue A, =0 . Given that the
eigenvector of the matrix D is equal to the

eigenvector of the matrix R, we write z, _, =ve (v
is the number). Then 7 ,=kr + ve . This means that
the vectors 7, 7, and the axis of rotation are in the

one plane.

The last step in solving the problem is to
determine the direction of rotation, considering that
in the first stage we found not a vector e but a vector
e.. As can be seen from Fig. 1, the vector g,
coincides in the direction with the cross product
v,=éxp,=éx(7,+7) . Given that one of the
vectors d, can be zero (in the case when the
corresponding vector 7 coincides with the axis of

rotation), the direction of the vector ¢ will be
determined in such way

é=zné., (13)

where zn:sign(ﬁl -4, +V,-d, +\73-c73).

Note that in this case oc#m, the direction of
rotation can be found in another way, namely,
through a function sino sign. The positive value of
the angle o corresponds e=e., and the negative
value of the angle ¢ corresponds e =—e., that is

e=sign(sino)e.. (14)
Using Fig. 2 write
ésinc =m,, xm, =M, m,, (15)
where
0 -m,, M1y
M,,=|m,,. 0 —m,. | My, M, are
-m, m 0

olny olnx
normalized vectors.
The angle o will be sought from the condition of

minimizing the loss function
13
p (G) = _z Y,

23: (e.sinc—M,,m,) (e.sinc—M,, m,)

. 2
e.sinc-M_  m,

l\)|>—

=%Sll’l O'ZH —s1ncZe*M Jh

i=1 i=l1
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where i, = l’liml;MoI:\/l’l'iMol‘ 0-3\ /‘
To minimize the function of losses we find 0.2 /
4 ~
op(o . 3 300 . S d \ AN / 4
(o) =sincd ., —e/ > M, m,, =0. Thatis, g 01 pee N 7
i=1 i=1 £ \ N / /
< *A )
= 0 ., o7
. . . T 3, ~ ~ g’ \'\g .""Il
sign(sinc) =sign| e. ZMU]nm]n . (17) g 0.1 \\"-/ ','
i=l [ NS P
S 0.2 7
In the case o=m vectors e and e, are w \/ yaw
s T | R e B B LT T ET YT t h
equivalent. D3 f(')”C
Quaternion of turn can be defined as 04 :
"0 100 200 300 400

(e} . O
q =COSE]+eSIHE], Angle of error vector turn (deg)

Fig. 5. Errors of angles determination

where o, =|c ZYIZUI)‘ In Figures 6 and 7 are represented results of

computations for another angles and vectors

i=1 oi

, 0= arccos(

Essentially, the proposed algorithm functions for y =-60° 0 =060° ¢ =-40°,

any angle of rotation. - ,
For the three vectors selected in this way, we will 7 =[~0.8570 0.0343 0.5142],
analyze the influence of the measurement error of the 7. =[0.7053 0.7053 0.0705]"

vector 7 on the accuracy of the orientation

determination and compare it with the accuracy of the 0.4
QUEST algorithm. 0.3 . yaw | |
The vector of error, by a size 0.005, will form /f‘__..\ """""" pitch
perpendicular to the vector 7 with variable direction g 0.2 I/ ‘ """ roll | |
with a step 10° in a plane, perpendicular to the vector g 01 II '%‘
7, . The new value of vector 7, is normalized. 5 ;‘/\\‘\‘{
For calculations we will accept & 0 ¥ "
v =60°0=20°¢=10° u, =1. 2 _014 t%;\
L K v,
r,=[0 0.5547 0.8321], P %,
r, =[0.9950 0 0.0995]'. Y N
-0.3% N
The results of the calculations for the proposed 0 100 200 300 400
algorithm and QUEST algorithm are presented in Angle of error vector tun (deg)
Figs 4 and 5 respectively. Fig. 6. Errors of angles determination
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JI. M. Pu:xkoB. BuzHaueHns opieHTaunii Ha 6a3i 00uuc/IeHHSs OCi Ta KyTa NOBOPOTY

3anpornoHoBaHO aJrOPUTM BU3HAYEHHsI OpieHTAIll Ha 0a3i 00YKMCIEHHS OCi Ta KyTa MOBOPOTY. BBaXkaloThCsl BiIOMUMHU
MIPOEKIIiT HOPMOBAHUX BEKTOPIB B OIOPHIiH Ta 3B’s3aHil 3 TUIOM CHCTEMaxX KOOPJAMHAT. 3a/ada MoJsrae B 3HAXOMKEHH1
OJMHUYHOT'0 BEKTOpA Ta KyTa IMOBOPOTY 3B’53aHOI 3 TIJIOM CHCTEMH KOOPAWHAT BiJTHOCHO OMOPHOI CUCTEMH KOOp/WHAT.
Bukonano nopiBasaHA 3 anroputMoM QUEST. TToka3aHo, IO TOYHICTH 3aIpOIIOHOBAHOTO AJITOPUTMY CKBiBaJCHTHA
touHocTti anroputMy QUEST.

KirouoBi ciioBa: opieHTallist; BU3SHAYCHHS.
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Kadenpa npuragie Ta cucTeM KepyBaHHS JIITATBPHUMH anapatamu, HamioHaapbHHMN TEXHIYHMH YHIBEpPCUTET YKpaiHU
«KuiBcpkuii oniTexHiyHui iHCTUTYT iM. Iropst Cikopebkoroy, Kuis, Ykpaina.

Ocgita: KuiBcbkuii momiTexHivynuii incruryt, Kuis, Ykpaina, (1971).

HamnpsiMm HayKoBOi JisTbHOCTI: HaBIiTrallii{Hi IPHIaIU Ta CUCTEMHU.

Kinpkicts myomikamii: 250.

E-mail: lev_ryzhkov@rambler.ru

JI. M. PekkoB. OnpenesieHre OPUEHTAIIMA HA OCHOBE BHIYHCIEHHS OCH H YIJIa MIOBOPOTA

[IpemtokeH aJropuT™M ONpEACICHUS OPUSHTAIIUM HAa OCHOBE BBIYMCIICHUS OCH U yIiia MoBopoTa. CUHUTAIOTCSA HU3BECT-
HBIMHU TIPOSKIIUH HOPMHUPOBAHHBIX BEKTOPOB B OIMIOPHOW M B CBA3aHHOM C TEJIOM CHCTEMaX KOOPHMHAT. 3a/iaya COCTOUT B
OMpEeICIICHU SIMHUYHOI0 BEKTOpA U OCH ITOBOPOTA CBS3aHHOW CHCTEMbI KOOPJUHAT OTHOCUTEIILHO OIOPHOM CHCTEMBI
koopauHaT. Bremmonneno cpaBHeHue ¢ anroputMoMm QUEST. Iloka3zaHo, 9TO TOYHOCTH MPEUIOKEHHOTO aIrOpHUTMa
skBHUBajieHTHA TouHOCTH anroputmMa QUEST.
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