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I. INTRODUCTION 

Increasing intensity of ship exploitation in navig-
able channels and limited water areas requires high 
safety level while performing various tasks in tech-
nological operation regimes. Analysis of accident rate 
statistics during exploitation of marine transport al-
lows us to conclude that about a third of accidents 
occur due to influence of human factor. Usage of 
unmanned aerial vehicles (e.g., quadrocopters) for 
navigational safety monitoring and ecological control 
of marine environment would increase manoeuvring 
and position’s informative estimation of movable 
objects. This could help optimize control decisions 
made by boatmasters, pilots and operators of maritime 
traffic when extreme situations appear. The quadro-
copter functions under conditions of marine envi-
ronment influence and should provide manoeuvring 
with specified control quality indicators determined 
by the requirements of visual camera monitoring.  

II. PROBLEM REVIEW 

Development of robust-optimal control systems 
for movable objects is based on robust-optimal me-
thods which are formed mainly in S.V. Emelyanov 
(1997, 2007), V.M. Kuntsevich (1986, 2004, 2016), 
A.B. Kurzhanskij (1977, 2013), I. Horowitz (1972, 
2001), B.T. Poljak (2002, 2015) and other scientist’s 
articles. Development of quadrocopter’s control 
methods, including ship service and monitoring of 
marine environment, are described in articles by А.А. 
Тunik (2015, 2016), J.P. Ostrowski (2003, 2005), 
P. Castillo (2005), T. Fossen (2014, 2015) and other 
scientists.  

In these papers problems of robust-optimal con-
trol systems design [1] and synthesis of effective PD, 
PID regulators were solved. Problem of quadrocopter 

stabilization in the functioning operating mode or 
during driving by the predetermined path involves 
creation of efficient and physically realizable applied 
control algorithms. There are some known ap-
proaches for feedback control [2] – [3]: stabilization 
of dynamic system motion by static feedback based 
on the usage of linear matrix inequalities; build a 
limited feedback and provide additional properties of 
transient processes; stabilization on basis of quantit-
ative feedback theory and other approaches.  

III. PROBLEM STATEMENT 

Control of the quadrocopter (Fig. 1) for marine 
environment’s monitoring requires optimal (in terms 
of energy consumption) control algorithms forma-
tion, together with limited power resource conditions. 
At the same time, the control problem is complicated 
by the need of taking into account stochastic nature of 
uncontrolled wind disturbance which is typical for 
agitated sea surface.  

 
Fig. 1. The three-dimensional quadrocopter model 

Thus, in order to form the optimal stabilization 
trajectories Xopt(t) over all quadrocopter controllable 
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coordinates, an optimal criterion is set for minimum 
energy consumption 

 
0

( , ) min,
T

J Q dt  X U  (1) 

where ( , )Q X U  is the functional of energy con-
sumption; X is the coordinates vector; U is the control 
vector; T is the time of control.  

Requirements for the vector of control errors E(t), 
which arises from uncertain operating conditions of 
the quadrocopter, are set as  

 1 2( ) ( ) ( ) 0t t t  E G E G E  , (2) 

where G1, G2 are matrices of the weighting coeffi-
cients. 

IV.  PROBLEM SOLUTION  

The quadrocopter’s dynamics is described by the 
system with six differential equations of second order 
[4] – [7] and is considered in the field of wind dis-
turbance. Because of the full description’s complex-
ity of wind disturbance’s physical effect on the qua-
drocopter and in accordance with [8], the following 
types of disturbances are confined: high-frequency 
alternating effect; low-frequency piecewise constant 
effect with components in horizontal (constant wind) 
and vertical planes (ascending or descending flow). 
Taking into account the active wind disturbance, 
motion of the quadrocopter can be described by the 
system of the following differential equations [4].
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where m is the mass of the quadrocopter; x, y, z are 
longitudinal, transverse and vertical coordinates; φ, 
ψ, θ are angles of yaw, roll and pitch; Fj are compo-
nents of the lifting force’s vector of each rotor; Fg  is 
the gravity force; fx, fy, fz, fθ, fψ, fφ are wind disturbance 
components; J1, J2, J3 are moments of inertia with 
respect to the longitudinal, transverse and vertical 
axes; l is the distance from a rotor to the center of 
mass; c is the yaw’s moment scalar coefficient; ai, ci 

are quadrocopter’s model parameters. 
Known relations are set the interdependence be-

tween lifting forces of rotors and control components 
as [5] 
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Systems (3), (4) for the quadrocopter’s model in 
the form of vector-matrix equation, can be written as  

 ( ) ( ) ( ) ( ) ,t t t t   X XX A X B U Cf g  (5) 

where X is the state coordinates vector (6×1); XA  is 
the matrix (6×6) of quadrocopter’s parameters that 
depends on the coordinates; BX is the matrix (6×4) of 

control parameters that depends on the coordinates; U 
is the control vector (4×1); C is the coefficient matrix 
(6×6); f(t) is the vector (6×1) of the wind disturbance; 
g is the vector (6×1) with the gravity acceleration 
component. 

It was assumed that the influence of uncontrolled 
wind disturbance would be compensated in the cor-
rective robust control’s channel. It should be noted 
that the arrangement of quadrocopter’s rotors does 
not provide the possibility of forming optimal (pro-
gram) trajectories along all controlled coordinates, 
because for complete controllability of the quadro-
copter the controllability criterion [9] should be rank 
B = 6. One way to solve the problem of incomplete 
controllability of the system (5) is to isolate the 
leading coordinates (for which optimal control is 
formed) and the driven coordinates (controlled by the 
PID regulators [5]). Such division depends on the 
required functional tasks. 

The transition of dynamic object from the initial 
segment to the predefined trajectory segment, taking 
into account the requirements of physical realizability 
of control, is described by the following equations for 
state coordinates vector  
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where s
it  are switching moments of control on ith 

segment of trajectory; k is the higher derivative’s order. 
Further forming of motion`s equations in the form 

(6) with the given boundary conditions for the qua-
drocopter’s coordinates, using the expression for the 
control functions, stabilization process of quadro-
copter in the given operating area, is provided. For 
the given boundary conditions and derivative’s val-
ues of the object’s coordinate vector defined within 
the constraints of the form (5) and based on the re-
sults of solving algebraic equations system (6) algo-
rithms have been developed [10] – [11]. The trajec-
tories, for the given boundary conditions, will be 
optimal (1) while object moves with minimum 
possible number of minimum possible values of 
coordinates vector’s derivatives, considering restric-
tions on controlling action  
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To provide motion on the given segments of sta-
bilization trajectory, the relevant controlling func-
tions, using the differential transformation [10] of (5) 
with respect, for example, to the zero third derivative 

( ) 0t X  of quadrocopter’s coordinates vector and 
taking into account the requirements for physical 
realizability of controlling forces, are determined. It 
allows to form equations of force’s (moment’s) bal-
ance for second derivatives as 
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After the vector-matrix transformations of (7) it 
can be written in the form that determines the vector 
of control actions and provides the movement of the 
quadrocopter along the optimal trajectories as 
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Switching moments s
i

t  of control functions (8) 
are static points, for which final values of the state 
variables for the ith segment of the trajectory deter-
mine jointly with the new value of the higher deriva-
tive of the coordinate are initial values of the (i+1)th 
segment of the trajectory.  

Necessary initial values of the control functions 
( ),

i

stU  ( ),
i

stU  that provides quadrocopter’s move-
ment with the given initial conditions 
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the trajectory, are obtained from the following alge-
braic equations  
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A. Syntesis of Robust Control  
Solution of the robust control’s problem of the 

quadrocopter, under conditions of uncertainty, is based 
on usage of the system with variable structure of 
feedback, which forms reference model for the ob-
ject’s motion. Control signal from the reference model 
sums with correction signal from the robust control 
circuit (that generated by comparing output signal 
from the reference model with output of the controlled 
object) and goes to the input of physical quadrocopter.  

The proposed approach for permissible simplifi-
cation of the robust correction control synthesis as-
sumes linearization of the dynamics equations near 
nominal values of parameters in order to apply su-
perposition principle for the resulting linear equa-
tions. In this case, optimal control and trajectories 
should be formed by taking into account nonlinearity 
of the model and the discrepancy that arose from 
linearization should be attributed to additional un-
certainty that requires control correction. The diffe-
rential equation of the physical quadrocopter (5) that 
includes the wind disturbance and uses the robust 
circuit, takes the form  

 gCfUUBXAX   )()]()([)()( ttttt rm
 ,  (10) 

where A , B  are matrices of linearized coeffi-
cients; Um (t), Ur (t) is the vector of the optimal and 
robust control.  

Equation (5) for the quadrocopter’s reference 
model takes form 

 )()()( ttt mmm UBXAX   . (11) 

For determining the correction signal, based on 
(10) and (11), the approximate expression for the 
vector of control errors )(tΕ  can be written in the 
form 

 )()()( ttt rUBΕAΕ   . (12) 

Based on (2) and (12), the dependence of the 
correction robust signal )(trU  on deviation of the 
system can be obtained as 
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B. Modelling Results 
The simulation process of the physical 
quadrocopter’s motion, described by (10), was 
considered with usage of the following matrices 
(matrix А* is linearized). 

*
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The functional task of surface monitoring of marine 
area determines the high-precision stabilization of the 
quadrocopter in the horizontal plane along the 
leading controllable coordinates .)()()( Ttytxt X  
To simplify the problem of synthesizing 
quadrocopter’s control system, control principle for 
the driven coordinates z, θ, ψ, φ based on the 
optimized PID-regulators was used. The 
quadrocopter’s control process modelling (Fig. 2, where 

CAVCU is the current angular values conversion unit; 
CSFU is the correction signal forming unit; SCU is 
the switch control unit; SW is the switch; kW  is the 
transmission function, described by (13); η(t) is the 
parametric noise) was based on equations (8) and (9) 
with ± 15% parameters mismatch between the reference 
model and the physical model. The influence of the wind 
piecewise constant effect and the high-frequency 
component, formed by the white noise of the given 
intensity, were taken into account. 

 
Fig. 2. Structure scheme of the robust-optimal control system  
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In the “CAVCU”, setpoint values θsp(t) and ψsp(t) for 
relevant PIDs are continuously (on each time step) 
calculated. Input for “CAVCU” are: control signal of 
z coordinate U1 taken from “PID” and vector of 
robust optimal control mrU . Optimal system with 
minimal energy consumption and in which optimal 
trajectories of leading coordinates and robust optimal 
control mrU  are calculated, taking into account the 
necessity to fulfill the given boundary conditions and 
the given time of the transient process of 
quadrocopter’s stabilization, is realized in the 
“Control system with variable structure of feedback”. 
In “CSFU” deviation of the leading coordinates from 
the given optimal trajectory due to the action of the 
wind disturbance is compensated, – additional robust 

signal is formed. Process of correction is performed 
on each time step of quadrocopter’s movement. 
Driven coordinates are corrected by “PID”, while 
leading coordinated – by robust control system of 
quadrocopter. The boundary conditions were defined 
as: T(0) 0 0 ,X  T(0) 0 0 ,X  T(0) 0.2 0.2 ,X  

T( ) 10 20 ,T X  T( ) 10.5 ,T X  z(0) = 0, z(T) = 10, 
φ(t) = 0; θ(t), ψ(t) are small values, calculated from 
the given parameters of translational motion [5]. The 
trajectories, with respect to the coordinates x and y, 
for their third zero derivative ( )tx  and ( )ty , were 
formed. The simulation results of the quadrocopter’s 
stabilization (Figs 3 and 4) demonstrate sufficiently 
small values of the control errors (Fig. 5). 

     
Fig. 3. Trajectories of controlled coordinates 

 
Fig. 4. Trajectories of lifting forces 

     
Fig. 5. Errors of controlled coordinates
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V.  CONCLUSIONS 

The synthesis procedure of the quadrocopter’s 
control has been proposed based on the system with 
variable structure of feedbacks and optimal criterion 
for minimum energy consumption. The required level 
of control invariance in conditions of incomplete 
informational content of the quadrocopter due to in-
sufficient apriori information on an object parameters, 
parametric noises and action of uncontrolled external 
disturbances has been provided by robust correcting 
control holding the stabilization trajectory of the qua-
drocopter with the required accuracy in the vicinity of 
formed optimal trajectory. The required level of inva-
riance to external uncontrollable disturbance and 
model uncertainty has been achieved. The modelling 
examples demonstrate the effectiveness of the ap-
proach in terms of minimum values of control’s errors. 
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В. Л. Тимченко, Д. О. Лебедєв. Оптимізація процесів стабілізації квадрокоптера для моніторингу морсь-
кого трафіку 
Представлено розв’язання задачі автоматизації процесів керування квадрокоптером на основі робаст-
но-оптимальних систем змінної структури в умовах невизначеності та нелінійності параметрів моделі квадро-
коптера і навколишнього середовища. 
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