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Abstract—An analytical model of the dynamic memory allocation is given in this article. In addition, 
analytical estimates of memory fragmentation and temporal system costs are obtained, which take place in 
the case of segmented memory allocation. The estimates obtained are based on the well-known rule of fifty 
percent, described by D. Knuth. 
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I. INTRODUCTION 

Virtual memory is a graceful solution of the 
problem of dynamic memory allocation (DMA). 
Over the past forty years there has been two main 
approaches to implement virtual memory. These 
approaches are segmentation and paging memory 
allocation, which are reviewed and compared in [1], 
[2] where reasons of their development are found. 
Besides these approaches, there is intensively studied 
“twins” memory allocation algorithm (featuring 
small system delays). 

At present time, in computing systems the em-
phasis is on the paged memory allocation, although 
there are a very good systems with a “clear” seg-
mentation. To fill the gap in the literature concerning 
dynamic allocation of the non-paged memory 
(DANM), in this study an attempt is made to analyze 
both existing and new algorithms of DANM, con-
sisting of segment allocation and allocation of 
memory by “twins” algorithms. 

II. PROBLEM STATEMENT 

This study uses the notion of external, internal, 
and full fragmentation, which is given in [1], where 
an overview of existing algorithms DANM is also 
given. Below, the term fragmentation (if its type is 
not specified) will denote the full fragmentation. 

In the process of solving problems on computers, 
it’s needed to allocate random access memory 
(RAM) for data, commands, results of intermediate 
calculations, and so on. We assume that for solving of 
any problem only one segment is enough, and for 
different tasks sizes of the corresponding segments 
will be different. Before solving the problem with the 
help of some algorithm of providing RAM, there will 
be allocated such area of memory, into which there 
can placed a segment of this problem. When the task 
solution ends, memory, occupied by segment, is 

given to the reserve of free memory (i.e. memory, 
which may be used for other tasks) using an algo-
rithm of releasing of used memory. The process of 
impact of some area of random access memory into 
the free memory reserve will be called memory re-
lease. All investigated in this study algorithms 
DANM belong to the allocation of random access 
memory, so the word “memory” or “allocated mem-
ory” will mean random access memory. 

In addition, for ease of explanation as a synonym 
to the word “task” will be used the word “request”. 

III. ANALYTIC MODEL OF DANM 

Let us denote by ,N MS  the memory state, in which 
N occupied segments and M free segments ( 0,1S  is the 
state of the memory in which all memory is free).  Let 
us denote by ,N MP  the probability that at time t 
system the of the memory is in the state 

, max max( 0,1, 2, ..., ; 1, 2, ..., 1),N MS N N M N    

where maxN  is the maximum number of segments of 
information that can be placed in memory. 

For the servicing system under consideration, the 
state graph MNS , is shown in Fig. 1, which presents 
possible options for occupying free segments, as well 
as the release of occupied free segments. Let us  fix 
the moment t and find the probability , ( )N MP t t 

that at the time t t   the system will be in a state 
,N MS . Since the system can remain in the same state 

or only pass to neighboring states, then 

, ( ) ( ) ( ) ( )

                                               ( ) ( ),
N M t t P A P B P CP

P D P E
    

   

where A, B, C, D, E  are incompatible events. Event A 
means that the system during time t has not 
changed its state ,N MS , and events  B, C, D, E are the 
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transition to ,N MS  was occurred respectively, from 
the states 1,N MS  , 1, 1N MS   , 1, 1N MS   , 1,N MS  . 

 
Fig. 1. Status graph 

IV. DYNAMIC SEGMENT ALLOCATION 
OF MEMORY AND RULE OF “FIFTY PERCENT” 

For the dynamic segment allocation D. Knuth [3] 
proved the “fifty percent” rule, which sets the ratio 
between the number of occupied and free segments. 
According to this rule, if the memory system tends to 
the equilibrium state, in which system has an average 
of N occupied segments, than the average number of 

free segments M is approximately 
2
Np , where p is 

the probability, that another memory request is pro-
vided due to the free segment, the difference between 
the size of which and required larger than minl  
words ( minl  is introduced into [1] and is equal to the 
maximum acceptable internal fragmentation on a 
occupied segment and the minimum size of the free 
segment). 

With the help of this rule for p = 1 were obtained 
some estimates of fragmentation in dynamic segment 
allocation. In this study, a number of estimates for the 
General case of p  ≠ 1 will be received. 

If we denote М0  is the size of the allocated 
memory in words, and S0 is the average size of the 
used segment (the law of the allocation of occupied 
segment and the rule of determination of S0 are sup-
posed to be the same as in [3]), so for the relative 
losses of the internal if , external ef , and complete f1 
fragmentation when p ≠ 1 have the following ex-
pression: 

min

0

(1 ) ,
2i

lf N p
M


                          (1) 

. 0

0

,
2

av
e

NpK Sf
M

                         (2) 

1 ,e if f f                             (3) 

where Kav is the ratio between the average size of the 
free segment and S0, based on the “fifty percent” rule: 

min
0 0 0 . 0

. min
0 0

(1 )
2 2

         1 (1 ) .
2 2

av

av

l NM NpS N p S pK S

K lN S p p S

      
 

           
   

(4) 

Expressions for the relative losses on external and 
complete fragmentation can be easy obtained from 
qualitative arguments: 

0 0
1

0

,M NSf
M


                             (5) 

    min
0 0

1
0

1
2 .e i

lM NS N p
f f f

M

  
      (6) 

The other expression is also true for ef :  

  min
0 0 0

0

1
2 ,e

lM pNS p N S
f

M

     
         (7) 

which after simple transformations becomes (6). 
Substituting Kav. from (4) in (2) it is easy to show that 
expressions (2) and (3) becomes (5), (6), respectively. 

IV.  COMPRESSION OF MEMORY

 
Let’s consider some aspects of garbage collection 

in the case of a system for processing lists and obtain 
estimates of system costs in this case. 

The method of garbage collection uses in each 
word a special field of one bit, which is called a 
"marking bit" or simply a "marker". In this case, the 
idea is that almost all algorithms do not return words 
to the list  of free memory and the program works 
carelessly until the entire list is exhausted,   then the 
"garbage collection" algorithm, using the marking 
bits, returns all words to free memory , which are 
currently unavailable to the program, after which the 
program continues to work. 

In addition to the unpleasant loss of one bit in each 
word, the difficulty of the garbage collection method 
is that it is extremely slow when the memory load 
reaches the limit. In such cases, the amount of free 
words obtained by the collection process does not pay 
for the effort. Those programs that grab memory and 
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this happens with many unworked programs, often 
waste a lot of time, repeatedly and almost fruitlessly 
causing the garbage collector just before the memory 
is exhausted. 

Thus, the problem of assigning some optimal 
memory size for each program performed in order to 
minimize the system costs spent for the execution of 
this program is important. 

Let R is the size of the memory allocated to the 
program; M0 is the size of the entire memory; T is 
time required to execute the program (useful time);   
X is the size of the memory occupied by the program; 
A(X) is the amount of memory that must be retained 
after compaction. 

The compression of memory in the area of size R 
with the amount of required data A(X) is performed in 
time aA+bR (a, b are some constants). 

The number of memory compressions, required 
when executing a program with a allocated memory 
size R and total time, spent on compaction of 
memory, are calculated in [3]. 

Suppose that when a program is executed, data of 
size D is generated using an area for storing data of 
size R. Then the approximate values of the number of 
memory compaction required for program execution 
and the total time for compaction are equal 
respectively. 

comp
0

comp
0

1,
( )

( ) .
( )

D

D

dxN
R A X

aX x BRt dx BR
R A X

 



 






 

In addition, it was shown in [2] that the total time 
taken for compaction is a decreasing function of the 
size R. These results are used here to obtain an 
expression for the size R at which the system costs for 
program execution are minimal. 

Let’s consider the objective function of the cost of 
the program. 

comp 0 ,F t M RT   

and find the minimum of this function F. The 
necessary condition for the minimum of this function 
is 

  02
0

( )( ) 0.
( )

DdF A X a b dx b M T
dR R A x

 
       

  

It is easy to see that the last expression is 
transformed as follows 

 
 

0
2

0 0

( )( ) .
( )

D DT M A X a bdx dx
D R A x
 


   

From here 

0

( )( )( ) .A X a bR A X
T bM


 


 

It is easy to show that there is also a sufficient 
condition for the minimum of the function F, that is 
condition 

2

2 0.d F
dR

  

Thus, an expression is obtained for the size of R, at 
which the minimum of the function F is reached. 

V. CONCLUTION 

A mathematical model of hierarchical memory 
systems is used to solve the problem of minimizing 
the average time to access memory hierarchy which is 
restricted by the total cost of the memory system. 
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