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Absract—The flight dynamics of a modern aircraft are highly nonlinear and vary over the wide flight
envelope of the aircraft. This fact makes it difficult for a single controller to achieve the desired closed-
loop specifications. This paper considers gain-scheduling successive loop control design for linear pa-
rameter-varying system in terms of linear matrix inequalities. The obtained controller guarantees an effi-
cient unmanned aerial vehicle’s control under external disturbances within the flight envelope. The de-
sign procedure is illustrated by a case study of unmanned aerial vehicle lateral channel control.

Index terms—Gain scheduling; linear matrix inequalities; robustness; unmanned aerial vehicle.

L INTRODUCTION

The flight envelope of modern UAVs is ex-
panded constantly [1]. It leads to significant chang-
ing of linearized mathematical models of aircraft.
Flight control of such UAVs confronts the challenge
of high-precision tracking with strong robustness for
the entire flight envelope. In this case gain schedul-
ing (GS) control becomes very powerful instrument
for increasing of flight control system robustness.

The flight control system explored in this paper
consists of a Successive Loop Closure (SLC) base-
line controller [2] which can be obtained convenient-
ly by solving linear matrix inequalities (LMI) [3] —
[7], [10] with reduced computational complexity. In
order to obtain numerical results we consider lateral
motion control including roll angle stabilization as
the inner loop, heading angle stabilization as the in-
termediate loop, and the reference track stabilization
in the horizontal plane as the outer loop. The model
of UAV used in this research is Aerosonde which is
supported by Aerosim Matlab Toolbox [9].

II. ANALYSIS OF RECENT RESEARCH
AND PUBLICATIONS

The gain scheduling control problem has been
widely developed both from theoretical and practical
viewpoints, see, for example, [11], [12]. An effec-
tive approach to solve the nonlinear control problem
is using gain scheduling with linear parameter-
varying (LPV) controller [18]. For example, the pa-
rameters of the mathematical model of an aircraft
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depend on the altitude and speed (Mach number),
which determine the dynamic pressure (DP):
g = pv’/2, where p is density of air, kg/m’, v is air
speed, m/s. The main advantage of DP, that this pa-
rameter is related with both flight altitude and speed
values. As far as all entries of the stability and con-
trol matrices A, B could be considered as functions
of g: A(q),B(g) [13], then for these matrices it is
possible to find parameters of the controller from the
point of view of robust stability and robust perfor-
mance for each numerical value of g .

III.PROBLEM STATEMENT

Let us consider a LPV system in form

{X(t )= A(q)x() + B(q)u(®) + B, (q)v(),
y() = C(@)x(1) + D(@)u(?), (1)

where x=[B, p,7,o,y,7]" is the state vector with
components: sideslip angle B, roll and yaw rates
p.r respectively, and roll and yaw angles ¢,y and

cross-track error y; u =|:8a,8,:|T - the control vector
with components: the deflection of ailerons and rud-
der respectively; y=[p,r,Q,v, )7,Vy]T is the obser-
vation vector, where V. stands for the side velocity;

A, B, C and D are the state matrices that depend on
parameter DP; B, is the matrix external disturbance.

The block diagram of the UAV lateral motion
control system with SLP is shown in Fig. 1 [19].
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Fig. 1. Block diagram of the UAV lateral motion with successive loop control
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It represents 3 successive closed loops with stan-
dard PD control laws, so the innermost loop (roll
angle control) has control law

8a(z) =W, (2)(K,0+K,p). ()

The same PD control laws are accepted for the
yaw angle control (intermediate loop) with coeffi-
cients K ,K, as well as for the outermost cross-

track error y loop with coefficients K y,KVy .

The output of the outer control law serves as the
reference (command) signal to the corresponding
inner loop. It is known [2], [8] that in order to sup-
press sideslip angle [ for the coordinated turn ex-
ecution, the standard washout filter with transfer
function

W K Lys
(S =Ky TW’S+1’

is applied as a local feedback from the yaw rate r
sensor to the deflection of rudder 9§, . For the sake of
the further simplification we neglect the dynamics of
this local loop, so we will consider only main con-
tour with single input — deflection of the aileron 6,
as it is shown in the Fig. 1.

The goal of the research is to design a family of
local LMI-controllers.

The algorithm of controller design in terms of
LMIs was proposed in [5] — [7].

The control law is given by

u(t) =—Ky(t) = -KCx(1), 3)
where K is a constant output feedback gain matrix.

The exogenous disturbances v are restricted by
L,-norm

ol = [ (vt <. 4)

L,-norm assures disturbance attenuation with a

predefined level, v.
K matrix minimizes a performance index:

J(K)= T||z(t)||2dt = T(xTQx +u" Ru)dt

< yzj.vTvdt, Yv(t)#0,
0

where 020, R>0 are diagonal matrices, weight-
ing each state and control variables, respectively.
Output signal z(¢) used for performance evaluation is
defined as follows:

\/é 0 |:x:|
zZ= .
0 VR
The system 7, gain is said to be bounded or atte-
nuated by vy if [3], [5], [6], [10]:

[lzefar [ Ox+u' Ruydt
0 _ 0 < y2‘

Tvrvdt

0

j||v(z)||2dz

Therefore, it is necessary to find constant output
feedback gain matrix K that stabilizes the control
plant such that the infinity norm of the transfer func-
tion referring exogenous input to performance out-
put z(¢) approaches minimum. The minimum
Ly-gain (4) is denoted by y*.

The output feedback gain matrix K could be

found by solving the following LMI [5], [6]
PA;+4'P+Q PB PB, 0
B'P -R 0 0
" ) <0, (5
B, P 0 -y I O
0 0 0 -R
where i =1, ..., N in (5) denotes the set of models

associated with scheduled operating conditions with-
in the flight envelope.
The matrices K are:

K,=R"'B'PCi"(C,C,")™".

It is desired to find a family of static output-
feedback control gain matrices K such that the sys-
tem is stable and the L, gain is bounded by a pre-
scribed value y.

IV. GAIN SCHEDULING CONTROLLER

A gain scheduling control system design takes
following steps:

1. Choose the operating points or region in the
scheduling space, which is defined by flight
envelope of UAV. Obtain a plant model for each
operating region by linearizing the plant’s model in
the several equilibrium operating points.

2. Design a family of local LMI-controllers for
the obtained plant models.

3. Implement a scheduling mechanism.

4. Assess the GS closed loop stability and per-
formance.

The block-scheme of a GS-feedback loop is
shown on Fig. 2.

The vector of adjustable parameters of the autopi-
lot K has the following components:
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K@)=[K,(@) K,@).K,(@), K, @),

K@K, @1"

The objective of linearization scheduling is that
the equilibrium family of the controller (6) matches
the equilibrium family of the plant (1), such that:

— the closed-loop system still can be tuned ap-
propriately with respect to performance and robust-
ness demands;

— the linearization family of the controller equals
the designed family of linear controllers.

conditions ﬂ

r’i Actuator |_>| UAV I:D
i Air data

i computer
% | m i i e . T |
4 I
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I <= calculator I
g

G5 Controller I

Fig. 2. The block scheme of a hold feedback loop

(6)
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It was considered the interpolation of the control
signals generated by linear interpolation [14].

The model of the atmospheric conditions is a
Dryden filter defined by the following transfer func-
tions [15]:

1. Lateral transfer function

L
% 17 1+\/§?VS
H (s =—G,/—"-—
r() &S v TCV L
14

2
1+ (1 +—= S]
vV
2. Vertical transfer function

S L

— 1+-32ws
A Ve

4b Ny L

Y

2
1+ S Tw
% (1+ VS]

The variable b represents the aircraft wingspan.
The variables L,, L, represent the turbulence scale
lengths. The variables 6,, 6,, represent the turbulence
intensities.

The performance and robustness indices are poss-
ible to estimate after a family of gain-scheduled stat-
ic output controllers is obtained using proposed ap-

proach. Thus, performance is estimated by H, -norm

H, (s)=

of system function with respect to disturbance, whe-
reas the robustness is estimated by H_ -norm of the
complementary sensitivity function [16].

1. Hy-norms of system sensitivity function in de-
terministic case:

n T
e =N trace(CW,C,0),

where W, is a controllability gramian and C, is a

¥

|1

weighting matrix in deterministic.
2. H,-of system sensitivity function in stochastic

case:
|, = rrace(C . C.1),

where W, is a controllability gramian and C, is

weighting matrix in stochastic case.
3. He-norm of the complementary sensitivity
function:

|H (jw)|, =supS(H(jw)),

where ¢ is the singular value of complementary sen-
sitivity matrix; ¢ is the maximum singular value on
the current frequency.

IV. CASE STUDY

The block-diagram of the closed-loop system for
control of lateral motion is depicted on Fig. 3, where
N is white noise vector, y,, is cross track distance

reference signal, 4.,

V., are altitude and true
speed measured by Air Data Computer.

The nonlinear model of the Aerosonde is
linearized for the range of operating conditions
respected to the range of DP from 200 to
650 kg/(ms®) with a granularity of 50 kg/(ms?). The
state space matrices A and B in general form filled
with stability and control derivatives are given
below [17]:

Y, Y, Y-V, gcosh, 0 O
Ly, L, L, 0
Ny N, N, 0
A= i ;
o O, S o 0 o’
sin@, cos0,
0 0 1 0
v, 0 0 0 ¥ 0
Y
Lﬁa
Nﬁa
B= (|
0
L 0 .
qS _ qSh _qSh ., .

where Yﬁ =q—Cy 0 Y -
m

2P omy, T 2my,

t
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)/Ea :ﬁ Yaa; Lﬁ zq_*?bclp; p - 'QSb l”;
m J X J X 2Vt
_@Sh gsh . . _95b .
r J,X 2Vt > r J'X 21/2 [ da J'X Is, 2
_gSh gSh ' _gsb
Lﬁ_J_l N2 NP=J| 2V CN,,’ "_J_l Ns, 2
A zZ t A

0=0,, y=y, are equilibrium (steady-state) condi-
tions, J,,J, are moments of inertia.

As seen from the description of space matrices
coefficients, the aircraft flight dynamic depends on
DP value. The LPV controller model is a finite set of
linear controller models obtained for the operating
grid of DP values. The set of linear controllers are
shown in Table I. Linear interpolation on a set of
data pOil’ltS (K‘Pi,q,-)a (Kpt_sq,-)a (Krisq,- )a (K)jl,sqi )a

( Kwi,qi) is defined as the concatenation of linear

interpolants between each pair of data points.

Table II reflects standard deviations of the UAV
outputs in a stochastic case of parametrically per-
turbed model with the static output feedback control-
ler in a control loop.

As it follows from this table r.m.s. of state va-
riables in the stochastic case are varying in reasona-
ble limits. Performance and robustness indices are
shown in Table III.

The low variation of the values of H_ —norms

proves the high degree of the system robustness.
Basing on the results of the Hy-norm values, it is
possible to conclude that the norms vary in small
ranges. Their close values give a possibility to state
that the efficiency of the closed-loop system is held
at the desired level.

To illustrate the applicability of our approach, we
present numerical examples.
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Fig. 3. Block diagram of the UAV lateral motion

TABLE I
CONTROLLER GAINS

kg-m L o= _ _ _ _ _ -
DP, 7 Controller gains K(q) =[K;(9).K,(q).K.(q), K,(9).K,,(9).K, (9)]

<200 [0.0762 5.5182 2.8793 1.4693 0.1947 1.162];

250 [0.0778 5.4542 3.0032 1.3543 0.186 1.1596];

300 [0.0774 5.8683 3.038 1.3825 0.1042 1.0186];

350 [0.0802 6.997 3.7347 1.498 0.1626 1.1449];

400 [0.0876 6.727 3.0362 1.2665 0.192 1.1604];

450 [0.0897 5.9078 2.9427 1.85 0.1609 1.144];

500 [0.0921 4.431 2.971 1.5006 0.2052 1.146];

550 [0.0904 6.284 3.2591 1.3928 0.190 1.1489];

600 [0.1069 8.9126 3.379 1.345 0.3529 1.1508];

650> [0.103 9.2528 3.1936 1.379 0.342 1.1492];
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TABLE II
STANDARD DEVIATIONS
kg-m Standart deviation
DP, 2 o, deg c,,deg/s o, , deg/s c,,deg c,,deg c,, , deg
200 0.0892 0.1214 0.0206 0.0546 0.1873 0.0681
250 0.0873 0.1255 0.019 0.0519 0.1964 0.0764
300 0.0727 0.1442 0.0354 0.0958 0.4691 0.0742
350 0.09 0.1675 0.025 0.0836 0.3326 0.0867
400 0.0694 0.1678 0.0407 0.1272 0.4528 0.0787
450 0.1079 0.154 0.0218 0.0305 0.0944 0.0601
500 0.1094 0.1653 0.025 0.0467 0.1199 0.0587
550 0.1017 0.1461 0.0239 0.0404 0.1105 0.0529
600 0.1108 0.2141 0.027 0.0674 0.1735 0.0936
650 0.108 0.2137 0.0269 0.0612 0.1656 0.0919
TasLe (20537 -1.67 -29.9538 9.809 0 0]
PERFORMANCE INDICES ~4455 21639 10417 0 0 0
DP, H,-norm H.-norm A | 07507 284 LIS 0 0 0
kg-m |Deterministic Stochastic 2 = >
7 ease case 0 1 0.056 0 0 0
<200 0.0437 0.1135 0.566 0 0 1 0 00
250 ]0.1028 03901 0.8288 | 30 0 0 0 30 0]
300 0.2384 0.8646 0.8723 T 1377
350 0.0769 0.3586 0.7574 )
400 0.2458 0.5277 0.6940 —150.455
450 0.017 0.0271 0.6226 _5716
500 0.0457 0.0269 0.5774 B, = 0
550 0.0454 0.016 0.5299
600 0.0192 0.0314 0.599 0
650> 0.0184 0.0185 0.6037 0
The flight condition 1: flight altitude is 200 m, The flight condition 3: flight altitude is 1460 m,
speed is 19 m/s, dynamic pressure is 216 kg-m/s”. speed is 35 m/s, dynamic pressure is 651 kgm/s”.
[-0.532 2234 -18.867 9.719 0 O] [-0.663 0.8345 -34.99 9803 0 0]
-3.471 -17.0531 8.207 0 0 0 -552 -26.827 12914 0 0 0
A= 0.562 2212 -0.8578 0 0 O 0.93 —3.521 —1.425 0 0 0
e 0 1 0.1184 0 0 ol Ay = 0 1 0.0238 0 0 ol
0 0 1 0 0 0 0 0 1 0 0 0
L 19 0 0 0 19 0] 35 0 0 0 350
_ A [ -1.991 |
_705'80509 -217.61
_2 9‘575 5 | 8268
B =| '\ 1o
0 0
0
. 0 — 3 B

Transient processes in nominal and parametrically
The flight condition 2: flight altitude is 2050 m  perturbed system, which were simulated taking into

and speed is 30 m/s, dynamic pressure is account the influence of the random wind, for the

478 kgm/s”. input step function y _, =20 m are shown in Fig. 4.
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Fig. 4. Simulation results for lateral channel of the UAV in the presence of external disturbances (flight condition / is
the solid line; the flight condition; 2 is dash line; the flight condition 3 is dof line ): (a) is bank angle; (b) is cross-track
error; (c) is heading angle; (d) is roll rate; (e) is side velocity; (f) is yaw rate

From the shown below graphs it is evident that
results are quite satisfying. Deflections of UAV an-
gular characteristics are possible from the practical
point of view. The cross-track value is held at the
reference signal y.r=20 m with acceptable deflec-
tions. These figures along with numerical results,
represented in Tables II, III show that desired ro-
bustness-performance trade-off is achieved. It can be
seen that the handling quality of the nominal and the
perturbed models are satisfied.

V. CONCLUSION

The work presented in this paper was motivated
by an UAV with a wide flight envelope. Such ve-

hicles have large parametric variations in the pres-
ence of uncertainties. The article presents a proce-
dure of robust GS controller design. The flight con-
trol system consists of a SLC baseline controller
which can be obtained conveniently by solving
LMIs. The method is relatively easy to apply owing
to the availabilty of UAV’s computational tools.

The flight envelope of the UAV refers to the ca-
pabilities of operating ranges in terms of speed and
altitude. The dynamic pressure as function of alti-
tude and speed was proposed as a simple gain sche-
duled tool for controller design.

The effectiveness of the proposed methods for
designing flight controllers is verified and validated
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through the dynamic model in Matlab Simulink en-
vironment of the Aerosonde UAV. However, the
proposed methods are also applicable to a general
class of conventional aircrafts.
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O. 1. Hapcagna.
3a0e3neyeHHSIM Koe(ilieHTIB MicHIeHHs

PoGacTHa cucTemMa KepyBaHHA OeCHiTOTHHM JITAJIBHIM amapatoM 3 NpPOrpaMHHM

JIboTHA JMHAMIKa Cy4acHOTO JITaKa, sSKa XapaKTepU3yEThCsl BUCOKUM PIBHEM HENiHIHHOCTI 1 BapiIOETHCS B IIUPOKOMY
poboyoMy miama3oHi eKCIuTyaTalii 00’€KTa, YCKIAIHIOE 3aBIaHHs 3a0e3MeueHHs HEOOXITHUX XapaKTEPHCTUK 3BOPOT-
HOT'O 3B’SI3Ky 3 NPOCTUM PETYIATOPOM. PO3IIISIHYTO CHHTE3 peryisropa 3 MporpaMHUM 3a0e3NeYeHHSIM Koe(illieHTiB
MOCHJICHHST Ul CUCTEMH i3 3MIHHMMH TapaMeTpamMH 3a JOIOMOrOI0 amapary JiHIHHUX MaTpUYHUX HEpiBHOCTEH.



O.1. Nadsadna Robust Gain-Scheduled Control for Unmanned Aerial Vehicles 57

OTpuUMaHHiA PEryJsATOp rapaHTye ¢eKTHBHE KepyBaHHs OE3MIIOTHHM JIITAJTBHAM arapaToM IIiJl BIUTMBOM 30BHIIIHIX
00ypeHb B poOOYOMY miama3oHi ekcruryararii 00'exty. [Iporenypa cHHTE3y HPOUTIOCTPOBaHA Ha MPHKIIAAl O1YHOTO Ka-
HaJTy O€3IJIOTHOTO JITAIHOTO armapary.

Karwudosi cioBa: nporpamHe 3a0e3nedeHHs] KOe(ili€HTIB ITiACUICHHS; JIIHIIHI MaTPU4HI HEPIBHOCTI; pOOACTHICTb;
OE3ITIOTHHI JTiTAIEHUIN arapar.
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O. U. Hancagnas. PoGacTHasi cucteMa ynpapjieHHs] 0eCIMJIOTHBIM JIeTATeJIbHBIM aNnapaToM ¢ NPOrpaMMHBIM
obecrieyeHHeM K03 (pUIMEHTOB yCHIeHUS

JletHast TMHaMUKa COBPEMEHHOI'O CaMoJieTa, KOTopasi XapaKTepH3yeTcsl BHICOKMM YPOBHEM HEJIMHEHHOCTH M BapbUpY-
eTcs B IIMPOKOM paboueM JHala3oHe 3KCIUIyaTallud O0BbEKTa, YCIOKHIET 3anauy odecriedeHns HeoOXOIUMBIX Xapak-
TEPUCTUK OOPaTHOH CBSI3M C POCTHIM PEryJsATOpOM. PaccMOTpeH CHHTE3 peryssTopa ¢ NporpaMMHBIM oOecriedeHHeM
K03((HUIMEHTOB YCHICHUS JUIsi CUCTEMBI C IEPEMEHHBIMH ITapaMeTpaMy ¢ TIOMOIIBIO aIlapara JMHEWHBIX MaTPHYHBIX
HepaBeHCTB. [lomy4yeHHbIi peryisTop rapantupyet 3h(heKTHBHOE yIpaBiieHHe OECITHIOTHBIM JIETATENbHBIM alllapaToM
TO/1 BO3/ICWCTBHEM BHEIIHUX BO3MYILEHUI B paboueM IuarazoHe sKcIiuryatanuu oobekTa. [Iponeaypa cuHTe3a npuse-
JIeHa Ha IpuMepe OOKOBOro KaHasla OECIMIIOTHOTO JIETAaTeIbHOrO aIllapaTa.
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