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I.  INTRODUCTION 

The most common way of orientation matrix Â  
determination on the basis of information on vectors 

1 1, ,...,o o onb b b
  

 in reference coordinate system and 

vectors 1 1, ,..., nb b b
  

 in body coordinate system is the 

least squares method with minimization of losses 

function  l A [1] 
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where ia  are weight coefficients. 

The offered matrix method of this problem solu-
tion [2] gives the following expression of orientation 
matrix: 
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* *; .oi i oi i i ia a b b b b  

II.  PROBLEM FORMULATION 

Analyze the errors of orientation matrix Â  as a 
function of vectors ib  errors. 

III.  SOLVING THE PROBLEM 

At first let’s consider the decision of task by the 
receipt of matrix of errors as a result of presence of 
errors of measuring of vectors. Let’s write  

,oM AM L   

where the matrix L  characterizes error of measuring, 
which can be considered small. 

Then  

  ,Y
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where ,T
o o oD M M   T

oV LM . 

Further let’s write  
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To simplify the analysis let’s consider that a ma-
trix oD  is an identity one ( oD I ). Then  

.T T TD D I V A A V    

Let’s use the next correlations (for small matrices 
X and S): 
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Taking into account these correlations we will 

have    
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where ;A I B   1

2
T TB VA AV   is a matrix of 

errors, which is a small skew-symmetric matrix.  
The matrix B can be written also in a form 
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or in a form 

    

 

1 1 1 1

1 1

1

2
1

                                     .
2

TT

T T

B M M M M M M

MM M M

   

 

  (4) 

where 1 .oM AM  
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Thus, the presence of errors of measuring of 
vectors can be erected to introduction of additional 
imaginary turn, which is determined by the matrix of 
error B. Let’s show the more simple method of matrix 
B determination. We will minimize the expression 
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where 1 1 1 1; .T TQ LM D M M   

From a condition 0
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Here used relations ; 2 .
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Accepting 1 ,D I  from a condition 0TB B   is 

found   ,T TQ Q      i. e. 
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This expression coincides with (4). 
Let’s consider the matrix B in detail. Its structure 

can be explained as follows. A direct solution of equ-

ation 1 0L BM   is 1
1 1 .TB LM LM   Thus, this 

matrix, as any matrix of directed cosines for small 
angles, must be skew-symmetric. If a matrix TZ XY  
is skew-symmetric, then T TZ Z YX    . Therefore 

,T TZ Z XY YX     1
.

2
T TZ XY YX   

The last expression gives a skew-symmetric ma-
trix even if a matrix TXY  is not a skew-symmetric. 

Therefore a matrix 1
TB LM  can be not 

skew-symmetric, but a matrix (3) is skew-symmetric.  
Let’s analyze the obtained expressions. Fig-

ure 1shows a transition from the coordinate system 

o o oX Y Z  into coordinate system .XYZ  

Using relation 

1
1 ,B A BA    (7) 

write the matrix 1B  in the reference coordinate 

system.  

 

Fig. 1. Representing angle as a vector 

The matrix B can be written in a form 
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1
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Let’s consider the example. Suppose that there is a 

set of two reference vector  1 0 0 ',oe    0 0 1 'os    

and angles 10 ; 20 ; 40 .          Error of mea-

suring will set the rotation of vector ne


 around the 

axis OY  on a angle 1 . Matrix B  is calculated by 
(4), and matrix 1B  – by (7). The result of calculations 

of matrices is the following (values over are given in 
angular minutes) 

     0  -35,2498  -47,5525

B = 35,2498         0    9,7901 ;

47,5525   -9,7901         0

 
 
 
  

 

                                1

0              0    -59,9970

B  = 0              0           0 .

59,997     0           0

 
 
 
  

 

The following skew-symmetric matrix corres-

ponds to matrix 1 :B : 

* *

1 * *

* *

0

0 ,

0

B

  
    
   

          (9) 

where * , * , *  - the angles of errors. 
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Let’s represent an angle *o  as a vector *o  (see 

Fig. 1). Elements of matrix B can be found as pro-
jections of vector *o  on axes of the body coordinate 

system. For example, B(1,2) is the projection of 

vector *o  on an axis OZ :   

*B(1,2)= (3,2) 35.2516'.A     

Let’s find the errors of orientation angle deter-
mination using the matrix of error 

ˆ ,A C                                (10) 

where 1.C AB  

Let’s find an expression for error .  Assume 

that the element (1,1) cos cosA     of matrix A. We 

get: 
(1,1) (1,1),A C                    (11) 

where 
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,   are errors of angle determination.  

1 1

1 * *

(1,1) (1,1) (1,1) (1,2) (2,1)

         (1,3) (3,1) sin cos sin .o o

C A B A B

A B

 

      
 

Let’s consider the element (1,2) sin cosA     of 

matrix A. We will have 

                         (1,2) (1,2),A C                     (12) 

where  
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Examining together  
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Let’s find an expression for an error  . Let’s 
consider the element (1,3) sinA     of matrix A. We 

get 

(1,3) (1,3),A C                     (14) 

where 
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* *cos sin .                         (15) 

Let’s find an expression for an error .  Assume 

that the element (2,3) cos sinA     of matrix A .  

We have 
           (2,3) (2,3),A C                    (16) 

where   
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Let’s consider the element (3,3) cos cosA     of 

matrix A .  We have 

            (3,3) (3,3),A C  ,                  (17) 

where  
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Examining together 

sin sin cos cos (2,3);

sin cos cos sin (3,3),

C

C

      

      
 

we find  

  

 

 
* *

1
(2,3) cos (3,3) sin

cos

1
                           sin cos .

cos
o o

C C    


     


    (18) 

Let’s specify vectors * * *, ,o o o    in the refer-

ence coordinate system (Fig. 2). Angles , ,      

also will be represented as vectors , ,     . The 

next relation takes place:  
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* * * .o o o                      (19) 

Project this expression on axes designated by 
stroke lines in Fig.2. They are the lines of intersec-
tions of rotation angle planes. The feature of these 

axes is that the only one of vectors , ,      

projects on each of them.  

 

Fig. 2. Angles in the reference coordinate system 

In a projection on an axis 2OZ  we get 

 * * *cos cos sin sin cos ,o o o             

i. e. (13). 

In a projection on an axis 2OY  we get 

* *cos sin ,o o      

i. e. (15). 

In a projection on an axis 1OX  we get 

* *cos sin cos ,o o         

i. e. (18). 

CONCLUSION 

Relations which allow estimate the influence of 
vector measuring errors on matrix algorithm TRIAD 
accuracy are suggested. Connection between the 
algebraic and geometrical methods of errors analysis 
is achieved.  
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