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Abstract. A method for determining of some elements of the direction cosine matrix is proposed. A matrix
form of solution of the aircraft attitude estimation problem based on using the least squares criterion is also
presented. A problem of the sensitivity of attitude estimates to inaccuracies of input data is analyzed using

QUEST measurement model.
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Introduction

The need of attitude determination has arisen al-
most simultaneously with the appearance of space-
crafts. The problem of finding the best estimate of the
A matrix was posed by Grace Wahba [1] who was the
first to choose a least squares criterion to define the
best estimate, i.e. to find the orthogonal matrix A with
determinant +1 that minimizes the loss functional
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where ¢, are a set of positive weights assigned to each
measurement; »n is a number of vector measure-

ments. The weights are selected as follows [3]
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where o, is a parameter of the measurement model

which are characterized the accuracy of sensor i. At
the same time the first solutions was proposed [2].
Since the problem has been formulated for the matrix
of orientation the solutions were obtained for this
matrix. However, at the time of the appearance they
had some limitations that did not allow them to be
implemented in practice. As a result, more efficient
methods have been developed that used the quater-
nion representation of orientation [3], [4].

Problem formulation

Most of the existed attitude determination methods
determine a quaternion an attitude matrix. But use
Euler angles in the analysis conveniently as they have
simple geometric interpretation. This is especially
relevant for such class of moving objects as space-
crafts. We propose to determine only those elements
of attitude matrix which are needed to calculate Euler
angles based on the accepted sequence of rotations.

Matrix method for solving the problem of es-
timating

Under ideal conditions when measurement errors
and calculation ones are absent the next equation holds

b= A7, (3)
where 7 and b, are unit vectors of base directions in

the reference frame and body frame respectively; A
is attitude matrix which moves reference frame to the
body frame. Equation (3) can be rewritten in matrix
form as follows

M=4M,,

where Mz[l;],gz,...,l;n] and M, :[171,172,...,17] are

matrices constructed from unit vectors. Since, in
general, the matrices are rectangular the attitude ma-
trix is determined as follows

A=MM} (M,M]) . )
After transposition we have
A" =(MMI) ' MM", (5)

It should be noticed that solutions (4) and (5) exist
subject to at least three base directions are observed.
In the other case M M, is a singular matrix.

In real case do to the presence of errors in vectors
l;l. the attitude matrix derived by the (4) or (5) is not
orthogonal. For this matrix it is necessary to perform
the operation of orthogonalization. This can be done
using the following iterative formula [5]

=§An —iAnAnTAn, (6)
2 2

n+1

As the initial value the matrix which is obtained
by the (4) or (5) is chosen. The criterion of orthogo-
nality may be described by the following expression
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n=|a-4" -1,

2
)
F

where | |, is the Frobenius norm (or Euclidian
norm) of the matrix.

Least-squares criterion using for the matrix
solution

Consider the solution of the attitude determination
problem in the matrix form.
If we denote

Bi = Ez - A;'i P
then expression (1) can be rewritten in the following
form

1 & — 2
-5l
:%tr[(M — AM,)C(M - aM,)" ],

where C = diag(cl,cz,...,cn) .
The loss functional can be converted in such way:

L(4) =%tr[(M ~ AM,)C(M - 4M,)' |
= %tr [MCM™ +CM M, —24M CM " .

The constraint
A'A=1, @)

is here taken into account.
A problem is equivalent to maximizing of the ex-
pression

L (A)=tr(4B),

where B=M,CM".

Taking into account (7) we obtain the loss func-
tional in the next form

LZ(A):tr(AB)—tr[%A(ATA—I)J, (8)

where A is the matrix of Lagrange factors.
If we pass to the vectors 7 = cl.?l.,l;i* Z\/EE,

then the matrix B for the case n=3 becomes look
like

B=|#'b +7b, +7b, |,
i.e.,, entering a matrix C is not necessary and
B=M,M" , where matrices M, and M contain
vectors 7 and b, respectively. Farther we will use
these vectors.

Equating the derivative L,(4) for 4 to the zero,
we obtain:

1
BT —E(AAT +AA)=0. )

It is supposed that the matrix A is symmetric.
Then (9) acquires the form B' — AA =0, whence if
follows

A=B"A". (10)

From the condition (9) we can find that
A=~BB".

Finally we obtain such expression for the matrix A
-1

A:S( STS) , (1)

where § = MM .
For the case when the measurement errors are
absent, the expression (11) becomes

A=MM,H;", (12)
where H, = M M, .

This expression coincides with the direct solution
(4) of equation M = AM, . Really, since the matrix

M, in general case is not square, to find a matrix A
at first it is needed multiply the left and right sides of
this equation by M [

MM, = AH, .

If we have three mutually perpendicular reference
vectors (as in the TRIAD algorithm [4]), then H, =1
and

A=MM, .

Determining of the orientation angles based on

individual elements of the attitude matrix

In accordance with (5) individual rows of attitude
matrix A can be written as follows

D; Z(MoMoT)il Mq;,

* I T ~x T ek Tk Tk e T
where ¢, :[blx,bzx,...,bnx] 5 G, =[b]y,b2y,...,bn},} ;
* - e T .
g, = [blz,bzz,...,ban are column vectors which
correspond to individual rows of matrix M, and p, =
- T -
b, = [azlaazzaazs] > P =

T .
=[a,,,a;,,ay,] are column vectors which corres-

T
_[anaalzaam] >

pond to individual rows of matrix A ,* defines dis-
turbed vectors.

To determine rotation angles only five elements of
attitude matrix are necessary. In fact three elements is
sufficiently but the problem of the angles determining
is much more complicated in this case. We use such

sequence of rotation 3-2-1 (yaw angle v the first,
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pitch angle 3 the second, roll angle ¢ the third). For

this sequence of rotations elements of the first row and
the third column of attitude matrix are necessary to
calculate rotation angles. Then

_ [&]
\ = arctg ;
a] 1

9 =—arcsin(a,; );

¢ = arctg [@J
as;

As can be seen from (13) to determine rotation
angles for our sequence of rotation it is necessary to

have whole vector p, and the third elements of p,

(13)

and p,. The last two elements we obtain from such
expressions

Ay = H(S)éz 33 = H(S)és )
where

0

H=(MM!) M

where symbols (3) denote the third rows of matrix A .
In the case when rotation angles are small equations
(13) can be simplified. Let us write expressions for
required elements in detailed view

a,=hb_+h,b, +...+h,b, ;

In~nx >

a, =hb, +hyb, +...+hDb,;

a13 = hB]blx + }132b2x +...+ thbnx;
Ay, =hyb,, +hy,b, +...+hb, ;
Ay =hyb +hyb, +...+ hyb,..

From (8) — (12) we can conclude in ideal case yaw
and pitch angles are defined only by x-projections of
base vectors in body frame, while the roll angle is
defined by the y- and z-projections of the vectors. But
in real case where measurement errors are present
each element depends on all three projections of base
vectors.

Matrix H during some period of time can be
considered as immutable. Elements of this matrix
entirely depend on projections of base vectors in
reference frame. In [9] it is shown that errors of base
vectors in reference frame have small influence on
attitude determination accuracy. Thereby such errors
can be neglected. Immutability of matrix H allows
reducing an amount of calculation needed to estimate
a rotation angles.

Numerical simulation

In the absence of measurement errors, all attitude
determination methods give the same result. Howev-
er, these methods have different sensitivity to mea-
surement errors. Therefore, an important problem is

the impact of these errors on the accuracy of attitude
determination. In this work vectors of measurement
errors were modeled in accordance to the QUEST
measurement model [4], [6]. Thus the measurement
vectors were computed by means of the relationship

b = AF; + Ab, (26)

where Ab, is a vector of measurement noise which is

assumed to be a zero-mean Gaussian and uniformly
distributed in phase o about true vector with va-

riance o, per axis. Quantities o, are measured in
supposed that three
b, = [I,O,O]T, b, =[0,1,0]T , b= [O,O,I]T are availa-
ble and the first and the third vectors are measured
more precisely than the second one. Therefore, such
values for o, chosen ©,=0.0017
c,=0.0175, c,=0.0009 rad. It was also intended
that the body frame coincides with reference frame.

radians. It is vectors

were

Relative positions of direction vectors b, and initial
directions of counting angles o, are shown on the
Fig. 1.

Z

Fig. 1. Relative positions of direction vectors El
and initial directions of counting angles o, for determi-
nistic case

The estimation error is measured by using the at-
titude error, as the principal angle of the corrective
attitude matrix moving from the true to the estimated

attitudes
1 .
€ = arccos [—(tr(ATA) - 1))
2

The simulation was performed for methods de-
scribed by (5) and (11). The procedure of ortogona-
lization (6) was performed for the first method. For
comparison the TRIAD and SVD [3] methods were
discussed. These methods are denoted by A5 (five
elements), SR (square root), Tsb (TRIAD, Sun-Mag),
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SVD respectively. The results for the deterministic
case (values o; and o are not generated but manually

As can be seen the attitude estimation errors of the
method A5 do not depend on the phase o of the error

set) are represented in Figs 2, 3 and 4. The graphs for
the values o, =0.002, o, =0.02, o, =0.002 rad re-
spectively. Table contains the results for the random
case (values o, and o are not generated). Number of
tests N is equal to 1000.

vector. Although the AS method use three measure-
ment vectors it gives the worst results in comparison
with the SR and SVD methods. This situation is
caused by the fact that the weight coefficients (2)

actually are not taken into account. This degrades the
accuracy of the estimates.

The estimation results for diffenent methods for the random errors case (NV=1000)

Method
Value
TRIAD, sb SR AS SVD
mean, deg 0.518 0.062 0.404 0.062
max, deg 3.021 0.254 1.954 0.254
std.dev., deg 0.466 0.044 0.299 0.044
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Fig. 2. Attitude estimation errors for the determinictic case
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Fig. 3. Attitude estimation errors for the determinictic case
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Fig. 4. Attitude estimation errors for the determinictic case s3 = 0.002 rad

Conclusion

This paper suggests the attitude estimation me-
thod which determines some elements of attitude
matrix. This method can be considered as an analo-

gue of the TRIAD algorithm for the case when more
than two vector measurements are available. Since all
vectors are treated equally then less accurate sensor
will degrade the final estimate. If all the sensors are
quite accurate the method will provide better results.
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JI. M. Pr:kkoB, [I. I. Ctemypenko. BusHaueHHsl OKpeMUX eJIeMEHTIB MaTpHLi opieHTAIIT

3anpornoHoBaHO METOJ] BU3HAUSHHS OKPEMHX EJIEMEHTIB MaTpHli opieHTalii. Takox mpeacTaBieHo MaTpu4yHy GopMmy
PO3B’sI3Ky 3a/1a4i BU3HAUSHHS Opi€HTAII] JIITAIILHOTO anapary Ha OCHOBI KPHUTEPil0 HaMEHIINX KBaJpaTiB. 3 BUKOPHC-
TaHHsAM Mojei BumiptoBanb QUEST po3risiHyTo nMuTaHHS BIUIMBY BHIIQJKOBHX MOXHMOOK BXIJIHMX JaHWX HA TOYHICTh
OIIIHIOBAHHS Opi€HTAIII].

Karou4oBi ciioBa: Meros OLiHIOBaHHs Opi€HTallii; MaTpuuHa (GopMma po3B's3Ky; 3ajaua Bax0a; kpurepiii HaHMeHIINX
KBaJpaTiB; MOJAENb BUMiPIOBAHHSL.
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JI. M. Peixkkos, /I. U. Ctenypenko. OnpenesneHue oTAeaAbHBIX 3JIeMEHTOB MATPUIIBI OPHEHTAIUH

[pennoxxeH MeTon ONpeneNeHus] OTIENbHBIX SJIEMEHTOB MaTpPHIIGI OpPHEHTAIMW. Tarke MpeicTaBieHa MaTpH4Has
(opMa pemieHus 3a/1auu OLCHUBAHUS OPUEHTAIMH JIETATENILHOTO anapaTa Ha OCHOBE KPUTEpHsl HAaMMEHBIINX KBaJpa-
ToB. C ucnons3oanuem moaenu uzMmepenuit QUEST paccMoTpeH BonpocC BIMSHUS CITy4alHBIX IOTPEIIHOCTE BXOAHBIX
JTAaHHBIX HA TOYHOCTH OLICHUBAHHS OPUEHTAIHH.

KnaroueBbie ciioBa: MeTon OllEHWBAHMS OpPHEHTAlMM; MaTpuyHas (opma perieHus, 3anaya Bax0a; kpurepuil Hau-
MEHBIINX KBaJ[PaTOB; MOJIEIb U3MEPEHUSL.
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