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Abstract. A contemporary approach of flight control system design via static output feedback design is
proposed. The static output feedback is formulated in terms of linear matrix inequalities. The obtained
solution guarantees stabilization of unmanned aerial vehicle during flight mission. During flight envelope
the unmanned aerial vehicle is subjected to the external stochastic disturbances. The efficiency of the
proposed approach is illustrated by a case study of unmanned aerial vehicle longitudinal motion.
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Introduction

During the last years, the problem of robust con-
troller design has attracted considerable attention
from the automatic control society, especially in the
area of unmanned aerial vehicles (UAVs) [1]. The
wide UAV application is explained by the fact that
such vehicles are able to perform various tasks.
Preferably, they are used in dangerous and inacces-
sible regions to avoid physical injuries in case of
manned vehicles usage. These conditions lead to the
robust flight control system design which possesses
with ability to meet the contradictory requirements
imposed on the UAV during the flight.

Furthermore, one should care about various
problems connected with law cost design and power
consumption in order to be implemented onboard
computer with restricted abilities. In turn, it leads to
the limited number of navigation sensors, their size
and weight. These circumstances lead to the problem
of a static output feedback (SOF) controller design.
The main advantage of SOF design is that it requires
only available signals from the plant to be controlled.
The SOF problem concerns finding a static or feed-
back gain to achieve certain desired closed-loop
characteristics. It is necessary to admit that the output
feedback problem is much more difficult to solve in
comparison to state feedback control problem.
Nevertheless, the obtained control law is simpler and
easier to be realized. Moreover, in contrast to the ob-
server based controllers, SOF controller does not need
to solve differential equations that results in a decreas-
ing of power consumption and computational cost. A
survey devoted to this problem is presented in [2].

This paper deals with the static output feedback
(SOF) controller design in terms of linear matrix
inequalities (LMlIs) [3] — [7] for UAV control during
flight envelope. The main feature of this paper is that
the obtained SOF controller stabilizes the set of
autonomous systems, simultaneously. To prove the
efficiency of the proposed technique, the longitudinal
motion of the aircraft control is considered as a case
study.

Problem statement

Consider a linear time invariant system described
by the following differential equation

{x(t) =Ax(¢)+Bu(t)+B,v(7);
y(1)=Cx(¢),

where xe R" is the state space vector, ue R™is the

control vector, yeRP is the output vector and v € R"

is a disturbance vector. Besides that, the state space
matrices of the controlled plant have the following

dimensions A e R™™ BeR™ ™ C e RP™. It could be
seen that number of measuring variables p is less

than number of all phase coordinates, » . Therefore,
the control law is designed taking into account only
variables that are available for measurement.

The control law is given by

u(r)=—Ky(1)=-KCx(¢), (1)

where K is a constant output feedback gain, that
minimizes performance index:

J(K) =I||Z(t)||2dt

= ]:(XT (’)QX(t)+uT (t)Ru(t))dt < yzzor (t)o(t)dt,
Vo(1)#0,

where Q>0 and R >0 are diagonal matrices,
weighting each state and control variables,
respectively. Output signal z(¢) used for performance

evaluation is defined as follows:

2 a1

Bounded L, gain design problem

The system L, gain is said to be bounded or attenu-
ated by y if [2] —[5]:
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[l a

e

(x Ox+u Ru)d

f(de)dt

Therefore, it is necessary to find constant output
feedback gain matrix K that stabilizes the control
plant such that the infinity norm of the transfer
function referring exogenous input to performance
output z() approaches minimum. The minimum gain

<y2‘

is denoted by y".

The output feedback gain matrix K (1) could be
found by solving the following iterative LMI

P,A,+A/P,+Q PB, PB, L]
: -R
B/ P 0 0| )
B P 0 I 0
L 0 0 -R

n

where i=1,...,N in (2) denotes the set of models
associated with certain operating conditions within
the flight envelope.

The main advantages of the proposed approach:
there is no necessity to define the initial matrix K ; an
opportunity to find solution to the set of matrices that
proves the robustness properties of the system.

The matrices K and L for each n th iteration are
updated as follows:

K, =R'(B"P,+L, )CT(CCT)A ;

Ln+] = RKn+]C_BTPn .
On the last stage a convergence is checked,
namely if |[K,-K, | <e (if K,,, and K, are close

enough to each other) than terminate and set
K=K,,,, otherwise set n=n+1 and solve the ine-

quality (2).
Case study

n+]|

To demonstrate the efficiency of the proposed
approach a longitudinal channel of the UAV is used
as a case study. The state space vector of the longi-

tudinal channel is x=[V,, a, 6, gq, h]T,where |4

is the true airspeed of UAV, a is the angle of attack, 6
is the pitch angle, ¢ is the pitch rate and 4 is the alti-

tude. The control input vector u=[&,, & ]T is

represented by the throttle and elevator deflections,
respectively.

It is considered two operating modes with true
airspeed at V;=33.9 m/s and V,= 38.8 m/s. Thus, we
have two mathematical models that correspond to

these airspeeds. The linear models in the state space
are represented by the matrices[A, B]:

— nominal model

[-0.2123  25.6346 -9.81 0 0
-0.0442 -3.0958 —-0.2875 09734 0
A=l 0 0 0 Lo 0
0.5404 -114.9272 0.5970 -10.1163 0
| 0 -33.9910 33.9910 0 0]
[1045.1375  -0.9856 |
0 -0.5171
B, = 0 0 ;
0 —258.7056
— 0 0 -
— perturbed model
[-0.2428  33.5390 -9.81 0 0]
-0.0442 -3.5420 -0.2513 09734 O
A=l 0 0 0 L0 0
0.6184 —150.5485 0.5983 -11.5816 0
| 0 -38.880  38.880 0 0]
[1045.1375  —1.2895 |
0 -0.6312
B, = 0 0 ,
0 —338.1254
— 0 0 —

cc_ 9

where the subscript “n” corresponds to the nominal
model and perturbed model is designated by the
subscript “p”

The actuator dynamics is described by quadruple

matrix given by
Bll - a a
D,|| 1 | oY)

A(l
C{l

where T,= 0,23 s is an actuator time constant. The
output vector of measured variables is given as fol-
0, g h].

Disturbance, v affecting the longitudinal motion
of the aircraft involves the following components: the
true airspeed, V,, angle of attack, a and pitch rate, ¢,

so that Uz[K, a, q]T
atmospheric turbulence the Dryden filter is used [8].
The attenuation level y is found to be equal to

1.04. By solving LMI (2) the stabilizable static output
feedback gain matrix is obtained. The obtained con-

IOWS yest = [Vt’

. In order to simulate the
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troller guarantees disturbance attenuation with pre-
defined value of y. The gain matrix has the following
form

_{ 0.0125  0.2963

-1.3775

0.0067

—0.0292

0.0114
—0.0170 '

—0.0510

Performance indices for a set of nominal and para-
metrically perturbed of the closed loop systems are
given in table 1.

Table 1

Estimated performance indices for the set of nominal
and parametrically perturbed closed loop systems

) Plant
Performance index
Nominal Perturbed
deterministic
H, case 0.3830 0.3795
—norm stochastic case 0.5936 0.6181
H,—norm 0.5534 0.6917

Transient processes in nominal and parametrically
perturbed system, which were simulated taking into
account all nonlinear functions inherent to the real
autopilot as well as the influence of the random wind,
simulated according to the standard Dryden model of
turbulence [8]. Simulation results are shown in Fig. 1.
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Fig. 1. Simulation results for longitudinal channel of UAV

in the presence of external disturbances: a is velocity; b is

altitude of UAV nominal and perturbed models; ¢ is pitch
angle of UAV nominal and perturbed models

Simulation results prove the efficiency of the
proposed approach. It can be seen that the handling
quality of the nominal and the perturbed models are
satisfied.

Table 2 reflects standard deviations of the UAV
outputs in a stochastic case of nominal and parame-
trically perturbed model with static output feedback
controller in a control loop

Table 2

Standard deviations of the UAYV outputs in a stochastic case

Standard deviation
Plant oy, M/s Gu * o,, deg/sec Go, © o5, M Geot, * o Yo
Nominal 0.1681 1.1954 3.5785 0.9677 0.4547 0.0579 0.0010
Perturbed 0.1798 1.2056 3.9755 0.9838 0.4657 0.0601 0.0010
Conclusions directly forms basing on available information about

The paper presents procedure of static output
feedback controller design in terms of linear matrix
inequalities. The main advantages of static controller
application are their simplicity; the control law

measuring output vector.

The simulation results of longitudinal motion
control with static controller in the loop including
performance indices prove the efficiency of the
proposed approach of flight control system design.
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The maximum deflection of pitch angle is
enclosed within acceptable interval: —2 <6 <20 deg.
The altitude # and velocity V' are also held at their
reference  signals 4 ,,=50m and V,,=4m/s

respectively with acceptable deflections.
Simulation results along with numerical results,
represented in Tablel and Table 2 show that the

[4] Gadewadikar, J.; Lewis, F.; Abu-Khalaf, M.
“Necessary and sufficient conditions for H-infinity
static output feedback control.” Journal of Guidance,
Control and Dynamics. 2006. vol. 29. pp. 915-921.

[5] Gadewadikar, J.; Lewis, F. “Aircraft flight
controller tracking design using H-infinity static
output-feedback.” Transactions of the Institute of

Measurement and Control. 2006. vol. 28. no. 8.
pp. 429-440.

[6] Basanets, O. P.; Tunik, A. A.; Komnatska, M. M.
“LMI-based static output feedback design for rotating
solid body.” ‘I-st Intern.Conf. Methods and Systems
of Navigation and Motion Control’ Kyiv. 2010.
pp. 88-90.

[7] Komnatska, M. M. “LMI based design of
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2010. Proceedings of NAU. vol. 3 (44). pp. 25-34.
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controller possesses with robustness property.
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M. M. Komnanpbka. CHHTE3 CHCTEMH YNPaBJiHHS MOJHOTOM 32 J0NOMOIOI0 anapaTy JiHiHHMX MaTPHYHHX He-
piBHOCTEN

3anpornoHoBaHO HOBY HPOLIENYPY CHHTE3Y CTATUYHOI'O 3BOPOTHOI'O 3B’ SI3Ky 32 BUXOOM Ha OCHOBI arapaty JiHiHHIX
MaTpUYHHUX HepiBHOCTei. [loka3aHo, 110 yrpaBiiHHS 3a0e3neduye cTadiiizalliio Oe3miIOTHOrO JiTaJILHOrO arapara i
Yac BUKOHAHHS JIbOTHOTO 3aBJIaHHS B YMOBaXx JIii Ha HHOTO 30BHIIIHIX HECTPYKTYPOBaHUX 30ypeHb. JlocmiHKeHHs mpo-
BE€/ICHO Ha TPUKIIAI YIPABIiHHS MO3JOBXHIM pyXOM O€3ITIIOTHOTO JIITAJILHOTO anapara.

Karou4osi cioBa: 0e3ninoTHHUH JTiTaNbHUNA anapaT; raciHHS 30ypeHb; HECTPYKTYpOBaHI 30BHIlIHI 30ypeHHsI; pobact-
HICTB; cTa01Ti3alis JIiTaJIBHOTO arapaTa; CTATHYHUI 3BOPOTHHI 3B’ 130K 32 BUXOJIOM.
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M. H. Komnankas. CuHTe3 cHCTeMBbI YHPaBJIeHHs I0JIeTOM C NMOMONIIBI0 ANNAPaTa JHHEHHbIX MATPUYHBIX He-
PaBeHCTB

[IpennoxxeHa HoOBas MpolEAypa CUHTE3a CTATHMYECKOW OOpaTHOM CBSI3M 10 BHIXOAY Ha OCHOBE alapara JIMHEHHBIX
MaTpUYHBIX HepaBeHCTB. [lokazaHo, 4TO yIpaBjeHHe oOecrieunBaeT CTaOMIM3alWI0 OECIMIOTHOrO JIETAaTENbHOTO
ammapaTa BO BpeMs BBIIOJIHEHHS JIETHOTO 3aJaHMs B YCIOBUSAX JAEHCTBUS Ha HErO BHEIIHUX HECTPYKTYPHPOBAHHBIX
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JIETaTeNIbHOTO ammapaTta.
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