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Abstract. Exceptional non-normalized quaternions, five-dimensional rotation vectors (pentanions) and 
their algebras in problems of inertial orientation are considered in this article. 
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Introduction 

We are considering two types of new 
non-normalized exceptional rotation quaternion’s of 
the rigid body 0U u= + λ , 0V v= + λ , where 

0 01u = − λ , 0 01v = + λ ; 0 cos( / 2)λ = ϕ , ,kλ = λ  

sin( / 2)λ = ϕ ; k  – is the unit vector of Euler’s axis 
of finite rotation (turn) of the solid in 
three-dimensional Euclidean vector space [1–3], φ is 
the rotation angle. 

Parameter λ0 and coordinates ( 1,  2,  3)n nλ =  of 

three-dimensional vector λ  (coordinate orthonormal 
basis with unit vectors 1 2 3,  ,  )i i i  related to a solid) 
are Euler [2] or Rodriguez–Hamilton [1–4] parame-
ters. They define the classic Hamiltonian quaternion 
of rotation [1; 3] 0Λ = λ + λ  with unit norm 

( )2 2 2 2 2 2
0 1 2 31,   .Λ = λ + λ = λ = λ + λ + λ  

Modified quaternions 1

2
U U
 
 
 

 are examined in [5]. 

Unlike quaternion’s Λ, non-normalized quater-
nion’s U, V can be zero (at φ = 0 and φ = 2π respec-
tively) and their modules depend on angle φ. There-
fore, they are of special practical interest in solving 
two major problems [1; 2]: inertial sensing and iner-
tial attitude control of the solid provided that the 
shortest turns (at angles φ < π and φ > π) are ensured. 
“Complete” definitely positive Lyapunov quaternion 
functions defined by all four parameters of quater-
nion’s are relevant to use in solving the attitude con-
trol problems based on any rotation quaternion’s. The 
mentioned parameters should (i) be independent va-
riables of Lyapunov functions and (ii) go to zero in 
stable equilibrium positions of the solid (at φ = 0 and 
φ = 2π) as known from [6]. The above conditions are 
not met by classic Rodriguez–Hamilton parameters; 

however, they are met if non-normalized quaternions 
U, V parameters are used. 

Problem statement  

Quaternion’s U, V form an exception (from the set 
of possible non-normalized quaternion’s of rotation 
[1; 4; 5; 7; 8]) as those quaternion’s and their cor-
responding kinematic differential equations, group 
multiplication formulas and quaternion rotation al-
gebras have a number of special or unique properties. 
By way of example, quaternion’s U, V, in addition to 
going to zero, have a common vector λ  of quater-

nion Λ and their norms U , V  are equal to 

doubled scalar parts: 

2 2
0 0

2 2
0 0

2 ;

2 ,

U u U U U U u

V v V V V V v

= = + = = + λ

= = + = = + λ

ɶ ɶ�

ɶ ɶ�

 

where ( )0 0,   U u V v= − λ = − λɶ ɶ  are conjugate qua-

ternion’s, (� ) signifies quaternion (Hamiltonian) 
multiplication. In addition, the following equalities 
hold ( )2

0 0 0 02,   u v u v+ = = λ = λ ⋅ λ  (scalar product). 

Kinematic differential equations for “Eigen” [1; 2] 
quaternion’s U, V, are linear, but not homogeneous 
(unlike non-linear equations of other numerous 
non-normalized quaternion’s [7] and homogeneous 
linear equation for quaternion Λ [1]). Those equa-
tions are obtained from kinematic equation for qua-
ternion Λ [1] by substitution of variable λ0 with va-
riables u0, v0 and are as follows 

2 2 ,   2 2 ,
du dv

U U V V
dt dt

= = Ω − Ω = = −Ω + Ωɺ ɺ� �  

where ( )0Ω = + ω  is the angular velocity quater-

nion, ω  is the vector of absolute rotational velocity 
of the solid. 
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In order to integrate kinematic equations corres-
ponding to quaternion’s U, V, special high-precision 
computational algorithms, which transform qua-
si-coordinates (signals of laser, fiber-optic gyros-
copes, gyroscopes based on elastic waves in solids, 
and Coriolis vibrating gyroscopes) into parameters of 
quaternion’s U, V, may be synthesized in the onboard 
computers of strapdown inertial orientation systems 
(SIOS) and navigation systems (SINS) [2] (using the 
method described in [2]). 

In performing it, numerous known [1; 2] high 
precision computational algorithms can also be used 
for Rodriguez-Hamilton parameters. 

The multiplication formulas (rules) of [1; 2] 
non-normalized eigenquaternions U, V, are obtained 
from classic (group [7]) multiplication formulas of 
normalized eigenquaternions Λ by substitution of 
quaternion Λ with quaternion’s U, V, according to the 
following formulas 4 4,E U V EΛ = − = +ɶ  where 

( )4 1 0E = +  is a unit quaternion. The group multip-

lication formulas of normalized quaternions Λ and 
non-normalized quaternion’s U, V for 2 sequential 
finite rotations (turns) of the solid are written as 

4

,   ;

2 ,

U U U U U U U

V V V E V V V V

′ ′′ ′ ′′ ′ ′′ ′′ ′Λ = Λ Λ = ⊗ = + −

′ ′′ ′ ′′ ′ ′′= ⊗ = − − +

� �

�

 

where Λ, U, V are the resulting rotation quaternions; 
Λ', U', V' are the first rotation quaternions; Λ", U", V" 
are the second rotation quaternions; (⊗ ) signifies 
group (non-Hamiltonian) multiplication [7] of 
non-normalized quaternions. 

The following equalities follow from the above 
formulas 0U U U U⊗ = ⊗ =ɶ ɶ and V V⊗ =ɶ

42 ,V V E= ⊗ =ɶ  where ( )0 o o= +  are zero quater-

nions and o  is a zero vector. 
The quaternion sets Λ, U, V, form groups [9] of 

rotation quaternion’s of the solid or quaternion 
groups of three-dimensional rotations with the above 
group multiplication formulas. Those formulas (as 
algebraic equations) have a unique solution for fac-
tors Λ', U', V' or Λ'', U'', V'' according to the following 
quaternion division formulas ′ ′′Λ = Λ Λɶ�  and 

;′′ ′Λ = Λ Λɶ � U U U U U′ ′′ ′′= + −ɶ ɶ �  and U U′′ = +  

;U U U′ ′+ −ɶ ɶ � 42V E V V V′ ′′ ′′= − +ɶ ɶ�  and 42V E′′ = −
.V V V V′ ′− − + �  

In scalar-vector notation [1], the multiplication 
formulas of quaternion’s U, V, are used in order to 
build (in the Cauchy’s form [2]) general solutions of 
the kinematic differential equations. Such solutions 
are required in order to arrive at recursive formulas in 

the computational algorithms of parameters for qua-
ternion’s U, V in SIOS or SINS [2]. 

The spaces of non-normalized quaternion’s U, V 
in conjunction with their multiplication formulas 
define new real, associative, non-commutative and 
non-normalized quaternion rotation algebras. Those 
algebras have division [10] with zero divisors 

4,  ;  2 ,  2U U U U V E V V E V′ ′′ ′′ ′ ′ ′′ ′′ ′= = = − = −ɶ ɶ ɶ ɶ  

( 0 0 01,  1u u v v′ ′′ ′ ′′= = = =  and ′ ′′λ = λ  at ,′ ′′ϕ = ϕ = π

0 0λ = ). They differ significantly from the algebras of 
other non-normalized quaternion’s of rotations [7; 8] 
having considerably more complicated group mul-
tiplication formulas [7]. 

The parameters of quaternion’s U, V are used in 
definitely positive Lyapunov quaternion functions 

,  U Vf f  which are quadratic [8]:  

( ) ( )

( ) ( )

2
0

2
0

;

 ,

U U U U U

V V V V V

f u A g

f v A g

= α + β λ ⋅ λ + γ ω⋅

= α + β λ ⋅ λ + γ ω⋅
 

where , , 0U U Uα β γ >  and , , 0V V Vα β γ > ; ,  U VA A  
are definitely positive symmetric constant operators; 
g J= ω  is the momentum of the solid; J  is the in-
ertia operator (tensor) of the solid; ω  is the angular 
velocity vector of the solid. FunctionUf at 

0 01, 1 (0 ) u v< > < ϕ < π  or function Vf  at 0 1,u >  

0 1 ( 2 )v < π < ϕ < π  are used to provide control of the 
shortest turns of the solid. 

The appropriate selection of the formulas to de-
termine the control moment vectors (using the me-
thod described in [7]) provides negative definiteness 

of derivatives of ,  U Vf fɺ ɺ  of Lyapunov functions over 
time. This results in asymptotic stability of attitude 
control processes of the solid and its shortest turns in 
the entire range of angle φ from 0° to 360°. Thus 
defines new quaternion-based laws and algorithms 
for the inertial attitude control of the solid different 
from the known laws and algorithms, which use Ro-
driguez–Hamilton parameters (see, by way of exam-
ple, [11]) and defining no space of variables, in which 
the Lyapunov functions are represented. 

Based on normalized rotation quaternion’s Λ and 
non-normalized rotation quaternion’s U, V we obtain 
five-dimensional rotation vectors in the form of 

0 0 4 4,p p i p i= + λ +  where λ  is a three-dimensional 

vector 1 1 2 2 3 3i i iλ = λ + λ + λ  in quaternion’s Λ, U, V; 
p0, p4 are any two of the three scalar parameters 

0 0 0 0 4,  ,  ,  ... u v i iλ  are unit vectors of a certain 
five-dimensional normalized orthogonal coordinate 
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basis; 0 1 2 3 4,  , , , p pλ λ λ  are the coordinates 

(  = 0, 1, 2, 3, 4) mp m  of vector p  in that basis. 

Vectors p  are elements in five-dimensional 
Euclidean vector space over the real number field [3]. 
That space turns [3] to five-dimensional vector rota-
tion algebra by defining for it a group multiplication 
operation (*) of 2 five-dimensional arbitrary vectors 

,  ,p p′ ′′  which assigns to them the third vector p , i. e. 

operation   .p p p′ ′′= ∗  
The multiplication (and division) operations in 

five-dimensional rotation algebras are defined by the 
three combinations of the group multiplication (and 
division) formulas for parameters of quaternion’s Λ, 
U, V. 

This results in real, associative, and 
non-commutative five-dimensional vector rotation 
algebras with unambiguous division and without zero 
divisors [10] (as vectors p  cannot be zero). 

In order to solve attitude control problems of the 
solid we use five-dimensional vector 0 0UVp u i= +

0 4v i+λ +  with multiplication formulas 

( )( )0 0 0 0 0 ,u u u u u′ ′′ ′ ′′ ′ ′′= + − − λ λ  

( ) ( )0 0 0 0

1 1
,

2 2
v u v u′′ ′′ ′ ′ ′ ′′ ′ ′′λ = − λ + − λ + λ × λ  

( )0 0 0 0 0 02 .v v v v v′ ′′ ′ ′′ ′′= − − + − λ ⋅ λ  

Here, ( ) ( )0 0 0 0 0

1 1
,  ,  

2 2
v u v u′′ ′′ ′′ ′ ′ ′ ′ ′′− = λ − = λ λ × λ  – 

is a vector product. 
The system of kinematic differential equations for 

parameters 0 0,  ,  nu vλ  is linear and is written as fol-

lows ( ) ( )0 0 0 0

1
2 ,  2 ;  2

2
u v u v= ω⋅λ λ = − ω + λ × ω =ɺ
ɺ ɺ  

( )= − ω ⋅ λ  in the scalar-vector notation. 

When defining the control moment vectors we use 
definitely positive general Lyapunov function UVf  as 
follows [8]: 

( ) ( )2 2
0 0 ,UV UV UV UVf u A v g= α + β λ ⋅ λ + γ + δ ω ⋅  

where 0;  0;  0;  0UV UV UVδ > β > α > γ =  at 00 1;u< <  

01 2;  0;  0UV UVv< < α = γ >  at 0 01 2;  0 1.u v< < < <  
Here, operator A is a definitely positive symmetric 
constant operator. 

The control moment vector is defined based on 
the requirement to ensure asymptotic stability of the 
attitude control process of the solid at 0UVf <  [7]. 

Five-dimensional rotation vectors p  produce (by 
analogy to quaternion’s) hypercomplex [12; 13] 
five-dimensional systems: pentanions of rotation of 
the solid. The pentanions are written (without unit 

vector 0i  [12]) as 0 1 1 2 2 3 3 4 4P p i i i p i= + λ + λ + λ + =  

0 4 4,p p i= + λ +  where 0p  is the scalar part of the 

pentanion, ( )4 4p iλ +  is its vector part, mP  are the 

parameters of the pentanion. Norm P  of the penta-

nion is defined as a scalar product: ( )P p p= ⋅ =  

( )2 2
0 4 .p p= + λ ⋅ λ +  The pentanion algebras of rota-

tion are isomorphic to the corresponding algebras of 
five-dimensional rotation vectors and all formulas for 
five-dimensional vector algebras are simply rewritten 
to the corresponding formulas of the pentanion al-
gebras of rotation. 

The five-dimensional algebras, by way of exam-
ple, of pentanions 0 0 4,UP u iΛ = λ + λ +  

0 0 4,VP v iΛ = λ + λ +  contain classic normalized qua-
ternion algebra Λ, which, in turn, contains the algebra 
of complex numbers and the algebra of real numbers. 
This results in a question on possibility to refine or 
newly generalize the Frobenius theorem [10; 12] (to 
the five-dimensional algebras), which states that the 
algebra of quaternion’s is the unique finite dimen-
sional real associative, but not commutative algebra 
without zero divisors. 

We are considering a problem of approximate 
determination and correction computational error in 
SIOS caused by an algorithmic inaccuracy of SIOS 
and rounding-off errors in onboard computers of 
SIOS using the parameters of pentanions P. In order 
to determine the computation errors of parameters u0, 
v0 and module λ, we use exact and approximate 
equalities of the form. We are considering the possi-
bility to determine the errors of Rodriguez–Hamilton 
parameters 

2
0 0 0 0 0 02 ,  2 ,  2,  U u V v u v u v= = + = = λ  based on 

separate and joint computations of the parameters 
( 1,  2,  3)n nλ =  and parameters 0 0u v  by using equal-

ities 

( )2 2 2 2
0 0 0 02 ,  2 ,  ,  1,U Vu u v v k k kλ = − λ = − λ = λ ⋅ =  

2 2
01 .λ = − λ  

Conclusions 

Based on the pentanions of rotation we provide 
five-dimensional parameterization of the 
three-dimensional rotation group. The properties of 
that parameterization significantly and favorably 
differ from the known five-dimensional Hopf para-
meterization [14]. 

Researched properties of pentanions can be used 
in algorithms of strapdoun inertial navigation sys-
tems. 
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