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Introduction and the Problem Statement 

Commercially available analog-to-digital conver-
ters (ADCs) typically have constant quantization step 
throughout the dynamic range. Thus quantization 
noise power is defined only by the ADC resolution. 

It is known [1; 2] that the quantization noise power 
can be reduced by taking into account the probabilistic 
characteristics of the converted signal. In this case 
quantization levels that refer to subintervals of dy-
namic range of higher probability density should be 
placed more frequently than quantization levels that 
refer to subintervals of lower probability density.  

There is a plenty of sources containing recom-
mendations on non-linear quantization level setting, 
e. g. [1] offers using “dynamic compression” and 
defining quantization level values with a logarithmic 
function. Some methods of companding are sug-
gested in [3]. A- and µ-laws [2; 4; 5] are commonly 
known as they are based on some features of speech 
signals. 

In fact, all the suggestions are based on the hy-
pothesis claiming that in order to minimize the 
quantization noise a special non-linear signal con-
version should be performed. The conversion should 
turn signal probability density into a uniform distri-
bution. For a signal with a uniform distribution con-
stant quantization step is the most appropriate. To 
calculate this conversion, simply reverse function to 
the distribution function of the original signal should 
be applied [6]. However, the issue of quantization 
noise power after signal recovery from digital to 
analog form still remains.  

The results of the statistical simulation [7] of dig-
ital conversion with signal recovery to analog form 
afterwards displayed that applying non-linear con-
version that turns signal probability density function 
into uniform one is not optimal as quantization noise 
power in this case is not minimized. Thereby, the 
problem is formulated as the following. 

An analog-to-digital converter input receives 
analog signal, distribution law of which is known. 
Quantization characteristics type minimizing quan-
tization noise power is to be found. 

Synthesis of Optimal Quantization Characte-
ristics  

The optimality criterion is determined as criteria 
of minimum mean-square deviation σ of input signal 
samples from recovered after quantization signal 
samples:  
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where V is a vector of original (after sampling oper-
ation applied to analog signal) signal samples, U is a 
vector of quantized signal samples, N is a total quan-
tity of samples.  

Let’s define quantization characteristics ( )Q p , it 
will determine the quantization level values as fol-
lows: the first level will be (1 / )Q n , the second level 

(2 / )Q n  etc., where n is a total number of quantiza-
tion levels. Since in real systems discrete signal val-
ues are limited, let’s define minimum value as zero 
and maximum value as one.  

To execute this, signal samples should be norma-
lized by the dynamic range. Let X (in volts) be sample 
value before normalization, and x (dimensionless) – 
sample value after normalization. Let min max[ ; ]X X  be 
the dynamic range. Then the value of x will be cal-
culated by the following formula: 
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max min

X X
x

X X
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−

. 

Here and further let’s assume that the values of the 
signal samples have already been normalized and are 
dimensionless quantities. 
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Thus the distribution function ( )F x  will take the 
values of 0 and 1 at 0 and 1, respectively: 

(0) 0, (1) 1F F= = .  
Solution of the problem reduces to finding such a 

quantization characteristic ( )Q p  that provides mi-
nimization of the mean-square deviation of input 
signal samples values from recovered after quantiza-
tion values, while distribution function ( )F x  is giv-
en. To assess the efficiency of proposed algorithm, 
let’s introduce gain ε , which shows how much the 
quantization noise power has reduced comparing to 
the uniform quantization: 

2 2
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where σunif  is a mean-square deviation in case of 

uniform quantization, σnonunif  is a mean-square dev-

iation in case of non-uniform quantization with found 
characteristics ( )Q p .  

Consideration of Elementary Particular Case 

Let’s consider particular case of non-uniform in-
put signal sample distribution: a sample falls into the 
interval 0(0; )x  with a certain probability 0p , other-

wise (with a probability 0(1 )p− ) it falls into 0( ; 1)x ; 
samples have uniform distribution within each of 
these two intervals. Than distribution function will 
look like broken line as shown in fig. 1. Solution of 
the quantize function for this particular case allows to 
approach the general problem later.  

 
Fig. 1. Elementary case of non-uniform signal sample 

distribution. F(x) is a distribution function of normalized 
signal samples 

Let’s prove the following statement. 
Let the distribution function F(x) consist of 

two linear segments (fig. 1) and have point of 

fracture (x0; p0). Quantization characteristics Q(p) 
providing the least value of nonunifσ  for the given 

signal sample distribution is to be found. 
Unknown function Q(p) will consist of two li-

near segments with the point of fracture (φ; x0) 
(fig. 2). Parameter φ is defined from the equa-
tions: 
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where  ( )( )22
1 0 0 2 0 0;   1 1 .c p x c p x= = − −              (1) 

 
Fig. 2. Quantization characteristics which refers to the 

distribution function shown in Fig. 1 

Proof. Let n be total number of quantization le-
vels. Obviously, the greater is the slope of the dis-
tribution function in an interval, the more often 
quantization levels should be positioned in this in-
terval. Thus the quantization characteristic will also 
consist of two segments, the ordinate of the fracture 
will be equal to 0x ; quantization characteristic line 
itself will be convex in a way opposite to the con-
vexity of ( )F x  line. Abscissa of the point of fracture 
will be our unknown quantity.  

Consider intervals 0[0; ]x  and 0[ ;1]x separately. 

At the interval 0[0; ]x  the following statements 
are valid:  

− there are 0Np  signal samples within (N is 
considered to be sufficiently high); 

− quantization interval width is 0
1
φ

q

x

n
∆ = ; 

− quantization characteristics line is expressed 

by equation 0( )
φ

x
Q p p= . 

At the interval 0[ ;1]x : 

− there are 0(1 )N p−  signal samples within; 
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− quantization interval width is 0
2

1
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−
; 

− quantization characteristics line is expressed 

by equation 0
0

(1 )( φ)
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− −
= +

−
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Let i∆  be difference between sample values be-

fore and after quantization: for 1,i N=  
| |i i iU V∆ = − . After sample highest ranking the first 

0Np  will fall into the interval 0[0; ]x , the rest – into 

the interval 0[ ;1]x . We suppose that for every 1,i N=
0,5i q∆ = ∆ , i. e. each signal sample falls exactly in 

the middle between adjacent quantization levels (ex-
treme case). 

For the considered case the following is valid: 
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Applying previously defined variables 
2

1 0 0 ;c p x= ( )( )2

2 0 01 1c p x= − −  and normalizing 
mean-square deviation (2) by quantization level 
quantity (σ σ 2n n= ⋅ , constn = ) we come to the 
following: 
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Let’s differentiate σn  with respect to φ : 
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and after equating (4) to zero, we find the critical 
point of the function (3): 
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It is easy to check that this point is a minimum 
point of σ (φ)n , Q.E.D. 

Solution of the Problem for the General Case 

We will perform a piecewise linear approximation 
of the distribution function consistently with two, 

four, eight etc., at last 2k
 linear segments, forming a 

piecewise quantization characteristics on every step. 
Algorithm to obtain the quantization characteris-

tics is as follows: 
1) initially put 0,0l  a segment of the curve F(x) 

within interval [0;1] , 0,0q  a line of quantization 

characteristics initially set as Q(x) = x within interval 
[0;1] ; 

2) approximate piecewisely the curve segment 

,i kl  of the distribution function with a two-segmented 

broken line. The point of fracture should lie on F(x) 
curve. This point divides ,i kl  into segments 2 , 1i kl + and 

2 1, 1i kl + + ;  

3) replace the line ,i kq  of quantization charac-

teristics with a two-segmented broken line with 
segments 2 , 1i kq + and 2 1, 1i kq + +  using (1) (the segments 

of the distribution function and quantization charac-
teristics must be renormalized relatively to the end-
points of segment ,i kl  and line ,i kq ); 

4) if 2 1ki = − , go to step 2 setting parameter
0i =  and parameter k , incremented by one; other-

wise do not change parameter k and increment i by 
one, then return to step 2. 

Steps 2–4 could be repeated as many times as 
possible: the more is final value of k, the more accu-
rately approximation of the distribution function is 
performed and the more is gain value. 

The algorithm is illustrated in fig. 3 as an example 
of being applied to the Gaussian law (second, third 
iteration and the final result). 

To quantify the efficiency of the proposed algo-
rithm of quantization noise reduction, statistical si-
mulation with various signal distribution laws has 
been performed. In particular, for the Gaussian dis-
tribution law 3± σ  value restrictions were imple-
mented. To enclose the signal fully within the interval 
(0; 1) expectation value М = 0,5 and standard devia-
tion σ = 1/6 were taken. In this case, the distribution 
function could be expressed as follows: 

2

2
0

1 (ξ )
( ) exp dξ,

2σσ 2

x M
F x

 −= − π  
∫  

where М = 0.5, σ = 1/6.  
The number of input signal samples was set to 

8000,N =  the number of quantization levels – to 
4096n =  (12-bit ADC). 

During approximation the App(x) function con-
sisting of 16 linear segments has been generated. The 
segments were formed as a result of a four-step suc-
cessive approximation. As a quality criterion of ap-
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proximation we used the area between the graph of 
F(x) and a polygonal line: 

1

0

( ) ( ) d .F x App x x−∫

Fig. 3. Illustration of the algorithm implementation to 
normal distribution: a, a1 – approximation function
quantization characteristics after the second iteration

 b, b1 – after the third iteration
c, c1 – final result 

The results of statistical simulation revealed that 
for Gaussian input signal, the gain is 
the suggested algorithm is applied, i.e. the quantiz
tion noise power has been decreased by 27
ADC bit resolution remain the same. 

Fig. 4 shows a graph of the quantization chara
teristic (solid line) and the distribution function 
(dotted line) for this case. 

Quantization functions were also obtained using 
similar method for such distribution functions:

– exponential; 
– Rayleigh. 
Let ( )L x  be an inverse function to quantization 

characteristics ( )Q p  and let’s render it on the graphs 
next to the distribution functions for each of the di
tribution laws above. 

a 

b 

c 
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Fig. 3. Illustration of the algorithm implementation to 

approximation function and 
second iteration; 

third iteration; 

The results of statistical simulation revealed that 
for Gaussian input signal, the gain is ε = 27 %, when 
the suggested algorithm is applied, i.e. the quantiza-
tion noise power has been decreased by 27 %, though 
ADC bit resolution remain the same.  

Fig. 4 shows a graph of the quantization charac-
teristic (solid line) and the distribution function 

Quantization functions were also obtained using 
ion functions: 

be an inverse function to quantization 
and let’s render it on the graphs 

next to the distribution functions for each of the dis-

Fig. 4. Normal distribution (dotted line) and the corre
ponding quantization characteristic (solid line)

Having looked at these graphs, we can notice an 
obvious regularity: the function 
“intermediate position” between the function 
and the function p x=  (fig. 5). Therefore we decided 
to look for a function in the form like below:

( ) ( ( ) )L x F x x x= − +

where β  is a coefficient lying in range 
pending on the function ( )F x

Let’s prove a statement: 
racteristics being the inverse functions to 
(P(x) is calculated by formula (5)), on condition of 
quantization levels number and discrete samples 
number tending to infinity, the quantization noise 
power is proportional to:  

1

0

( )

[β ( ) β
n

F x dx

F x

′
∆ =

′∫

Proof. Let 1 2, ,..., nx x x  be the quantization level 
values. Let’s consider ith interval of dynamic range 
(which is set to [0;1], like before), i.e. 
sufficiently large n, we consider that this interval 
contains the number of samp
value of ( )iF x′  (derivative with respect to 
Quantization error in this interval is proportional to 

1( )q i ix x n+∆ = − . As a consequence of quantization 

charactestic definition 
i

Q x
n

 
 
 
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Fig. 4. Normal distribution (dotted line) and the corres-

ponding quantization characteristic (solid line) 

Having looked at these graphs, we can notice an 
obvious regularity: the function ( )L x  takes some 
“intermediate position” between the function ( )F x  

ig. 5). Therefore we decided 
to look for a function in the form like below: 

( ) ( ( ) )β ,L x F x x x= − +   (5) 

is a coefficient lying in range (0; 1)  de-
( )F x . 

Let’s prove a statement: for quantization cha-
racteristics being the inverse functions to P(x) 

formula (5)), on condition of 
quantization levels number and discrete samples 
number tending to infinity, the quantization noise 
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be the quantization level 
th interval of dynamic range 

, like before), i.e. 1[ ; ]i ix x+ . For 
, we consider that this interval 

contains the number of samples proportional to the 
(derivative with respect to x). 

Quantization error in this interval is proportional to 
. As a consequence of quantization 
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Fig. 5. Illustration of the algorithm implementation for the 
following distribution laws: Gaussian (a
Rayleigh (c). Solid line is the distribution function, dashed 
is the inverse function L(x) of the quantization charact

ristic, dashed line is a function 

Summing over all intervals and substituting the 
formula (5), on condition of n → ∞

1

2
0

( )

[ ( ) 1]n

F x dx

F x

′
∆ =

′β − β +∫

quod erat demonstrandum. 

a 

b 

c 
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Fig. 5. Illustration of the algorithm implementation for the 

a), exponential (b), 
). Solid line is the distribution function, dashed 

uantization characte-
ristic, dashed line is a function p = x 

Summing over all intervals and substituting the 
→ ∞  we obtain: 

2
,

[ ( ) 1]                     
(7) 

Note: As discussed earlier in the particular case, 
when using uniform quantization 

Next task is to find the coefficient 

function (7) reaches its minimum. This is equivalent 
to finding a zero of the function (8):

1

0

( )( ( ) 1)

[ ( ) 1]
nd F x F x dx

d F x

′ ′∆ = =
′β β − β +∫

The example of ( )n∆ β  relation for exponential 

distribution function is shown on 

Fig. 6. Graph of relation

A statistical simulation of
tion characteristics on the 
condition (8) coefficient β has

As a result, the following gain 
obtained:  

– 27 % for the Gaussian distribution (expectation 
value М = 0,5, standard deviation
σ = 1/6); 

– 29 % for the exponential distribution (
rameterλ 4= ). 

Conclusion 

The proposed method of analog
version optimization allows the simplest means to 
reduce the level of quantization noise without i
creasing the ADC bit resolution. 

Priori uncertainty related to absence of complete 
probabilistic characteristics of the converted signal 
can be overcome by using adaptive modifi
the proposed algorithm. 
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