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Abstrakt. This paper presents analysis of the complementary algorithm for inertial navigation 
systems. Suboptimal algorithm for sensors data fusion of the navigation system is proposed. 
This method employs combined complementary filter approach and attitude error equation of 
the inertial navigation system. Simulation results are presented to demonstrate the performance 
of the proposed approach.  
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Introduction. The traditional approach to navigation systems employs Inertial Navigation 
System (INS) and Global Navigation Satellite System (GNSS), using different data fusion 
algorithms. 

The majority of navigation data fusion algorithms are based on Kalman filter, particularly 
Extended Kalman filter (EKF). The EKF linearizes both the process and the observation functions 
with a first-order Taylor approximation. In practice, this approximation is the source of errors of the 
EKF [5], since the approximated none-linear problem is actually optimally solved by the 
corresponding linear Kalman filter. Besides it is difficult to know exact values for covariance 
matrix of noise rondom process. Together, these factors contribute to filter divergence.  

In most cases leading researchers solve this problem using their own unique approaches. In 
particular in order to overcome divergence a lot of Kalman filter modifications were developed, 
e. g.: Yasvinsky algorithms, different robust [3] and adaptive extensions [4].   

At present besides optimal state vector estimation (Kalman filter), there are other methods of 
data fusion, which are well proven in practice, e. g. in complementary filters. The feasibility of this 
method is provided by the fact that measurement of navigation data is based on different physical 
principles, and measurement errors remain in different frequency ranges. 

Complementary filter approach allows to estimate only measured components of navigation 
system, in case of Kalman filter it is possible to estimate all components of state vector, in 
particular the angular orientation and sensor’s instrumental errors (gyro and accelerometer biases). 

Complementary Filter. This paper proposes the combined complementary filter: measured 
components of state vector estimated with complementary filter approach and indirectly measured 
attitude are extrapolated by means of INS error equation. 

As data fusion of redundant navigation information, complementary filter is suggested, which 
is well known from Doppler inertial navigation systems (fig. 1). 
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Fig. 1. Complementary filter 

Instead of the classical aperiodic filter F(p) in compensation schemes, authors propose to use 
a third order filter with variable structure [1]. 
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Here upt  is uptime of compensation complementary filter

Studies have shown (fig. 2)
the Kalman filtering, without affecting

Fig. 2. Kalman and complementary filter performance

However, this algorithm does not estimate observabl
components, in particular angular orientation.
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of the ISNSФ , GNSSФ  matrices, models of correlated components of GNSS and INS; 

ISNS, INS, GNSS, k k kξ = ξ ξ is the vector of zero mean white Gaussian noise with covari

ISNS, kQ  (process noise matrix), of two corresponding navigation systems. 

Equation for estimation of vector

equations of optimal filtering is as follo

ˆ ISNS,x

Electronics and Control Systems  2013.  №1(35)______________________________

1

2
1 2

2 2 2

3
2

3 3 3

1
                                 if        3 ; 

1
3 1

( )     if        3 3 ;
( 1)( 1)( 1)

3 1
    if        3 .

( 1)( 1)( 1)

up

up

up

t T
T p

T p
F p T t T

T p T p T p
T p

T t
T p T p T p


≤ +

+= < ≤ + + +
+ < + + +

is uptime of compensation complementary filter (1).  

ig. 2) that the results of such data fusion algorithm 
without affecting the stability of estimation. 

Kalman and complementary filter performance 

However, this algorithm does not estimate observable but not measurable state vector 
components, in particular angular orientation. 

State vector of complex inertial satellite navigation system (ISNS) xISNS,

equation of inertial and satellite systems ISNS, INS, GNSS,   
T

k k k=x x x , by using the optimal Kalman 

filter, the generalized state space equation of complex system errors can be written as:

ISNS, ISNS, ISNS, 1 ISNSk k k −= + ξx Ф x                               

k

 is a known state propagation matrix, which is formed on the basis 

matrices, models of correlated components of GNSS and INS; 

is the vector of zero mean white Gaussian noise with covari

(process noise matrix), of two corresponding navigation systems.  

Equation for estimation of vector k ISNS,x̂ , with certain assumptions, derived from the general 

equations of optimal filtering is as follows: 
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that the results of such data fusion algorithm are not worse than of 

 

e but not measurable state vector 

k ISNS, is based on the error 

, by using the optimal Kalman 

filter, the generalized state space equation of complex system errors can be written as: 

                                              (2) 

propagation matrix, which is formed on the basis 

matrices, models of correlated components of GNSS and INS; 

is the vector of zero mean white Gaussian noise with covariance matrix 

, with certain assumptions, derived from the general 

                                        (3) 
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where GNSSz , INSz  are observation vectors of GNSS and INS; G is a known matrix of vector 

function G( k ISNS,x̂ ), that connects the radio navigation signal parameters with the estimated state 

vector k ISNS,x̂ ; GNSSM , INSM are the known matrices errors of the observation process from GNSS 

and INS; ISNSz⌢ is the estimation of an observation vector; ISNS
~x , INS

~x , d GNSSxɶ  are errors of estimation 

of complex system, INS and GNSS errors; 1  ISNS,
~

|k-kx  и 1| −kkP  are corresponding errors of INS, GNSS 

and covariance matrix for moment k, calculated based on measurements at the previous steps 
stamps k−1, k−2; Н is a measurement matrix; N is a measurement noise covariance matrix. 

Simulations of proposed filtering approach were done with simplified variant of inertial 
navigation system with the following equations of motion [1]: 
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cos siny zNa a a= −ϑ ϑ ; sin cosH y za a a= ϑ + ϑ . 

ϕ ,h  are latitude and height; NV , HV  are Northern and vertical components; Na , Ha  are Northern 

and vertical components acceleration; ya , za  are acceleration in body frame (accelero-meters 

output); ϑ  is a pitch angle; ω  is angular velocity in the body frame (gyro output); ER  is Earth 
radius. 

For simulation purposes next parameters of inertial sensors were used: 

– gyro bias – 100 /hr�
;  

– angular random walk – 1,2 / hr� ; 

– accelerometer bias – 210 g− ; 

– velocity random walk – 0,18 / /m s hr ; 
– Global Navigation Satellite System position precision – 7 (1 )m σ ; 
– Global Navigation Satellite System velocity precision – 0,05 / (1 ).m s σ  
Performance of complementary filter is presented on fig. 3 – 6. In particular fig. 6 shows the 

extrapolation of the INS angular orientation errors.  
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Fig. 3. Estimation error of velocity

Attitude error extrapolator
complementary filter: since the errors evolution of inertial navigation system can be observed from 
the output of complementary filter, it becomes possi
attitude error extrapolator. Attitude errors can be described with the following equation:

hδ is INS height error; NVδ  is INS North velocity error; 
This approach makes possible to predict the INS attitude error, like Kalman filter does on the 

prediction stage. In case of precise initial conditions, it is possible to get quite accurate predictions 
for the pitch error on the long time period, even for very noisy sensors. In our case, the angular 

random walk was chosen 1,2 /°
from InterSense includes micromechanical gyroscopes with an angular random walk
and the device has one order of magnitude lower than the noise density. 

Fig. 5. Attitude estimation error

This method has several drawback: large sensitivity to initial conditions of attitude INS errors. 
If gyro bias set with an accuracy of 10
significantly deteriorate (fig. 7).  

Since there is no stage correction, extrapolated attitude INS error diverges with the time. The 
approach can be used quite successfully in 
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Fig. 3. Estimation error of velocity Fig. 4. Estimation error

Attitude error extrapolator. The following assumption was made in studies of the combined 
complementary filter: since the errors evolution of inertial navigation system can be observed from 
the output of complementary filter, it becomes possible to use this information to construct the 

Attitude errors can be described with the following equation:
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is INS North velocity error; δϑ  is attitude error; 
This approach makes possible to predict the INS attitude error, like Kalman filter does on the 

of precise initial conditions, it is possible to get quite accurate predictions 
for the pitch error on the long time period, even for very noisy sensors. In our case, the angular 

1,2 / hr° , for example inertial measurement unit Navchip ($ 1,000) 

from InterSense includes micromechanical gyroscopes with an angular random walk
and the device has one order of magnitude lower than the noise density.  

Attitude estimation error Fig. 6. Prediction of INS attitude error

This method has several drawback: large sensitivity to initial conditions of attitude INS errors. 
If gyro bias set with an accuracy of 10 %, the results of the extrapolation of attitude error 

 
Since there is no stage correction, extrapolated attitude INS error diverges with the time. The 

approach can be used quite successfully in case if unmanned air vehicles operation
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Fig. 4. Estimation error of position 

The following assumption was made in studies of the combined 
complementary filter: since the errors evolution of inertial navigation system can be observed from 

ble to use this information to construct the 
Attitude errors can be described with the following equation: 

                                       (11) 

ε is gyro bias. 
This approach makes possible to predict the INS attitude error, like Kalman filter does on the 

of precise initial conditions, it is possible to get quite accurate predictions 
for the pitch error on the long time period, even for very noisy sensors. In our case, the angular 

urement unit Navchip ($ 1,000) 

from InterSense includes micromechanical gyroscopes with an angular random walk 0,18 / hr° , 

INS attitude error 

This method has several drawback: large sensitivity to initial conditions of attitude INS errors. 
%, the results of the extrapolation of attitude error 

Since there is no stage correction, extrapolated attitude INS error diverges with the time. The 
operation time or attitude 
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correction time (for instance steady flight without
filter. 

Fig. 7. Prediction of INS attitude error , in case of 10 % error in initial condition for gyro bias

Conclusion. The proposed approach to state estimation and data fusion for inertial and 
satellite navigation systems is faster and it robust to non
scale factors or biases and on the other hand it can be quite easily implemented in the onboard 
digital computer. 
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correction time (for instance steady flight without acceleration) is less than diverge time of the 

 
Fig. 7. Prediction of INS attitude error , in case of 10 % error in initial condition for gyro bias

The proposed approach to state estimation and data fusion for inertial and 
avigation systems is faster and it robust to non-stationary random processes, e.g. sensor’s 

scale factors or biases and on the other hand it can be quite easily implemented in the onboard 
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acceleration) is less than diverge time of the 

Fig. 7. Prediction of INS attitude error , in case of 10 % error in initial condition for gyro bias 
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