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Abstract—Considered a multi-optional method of finding a random value normal probability distribution
density. Specific hybrid optional functions are taken into account at the optimization of an objective
functional which includes an entropy uncertainty measure for those specific hybrid optional functions.
Required mathematical models for obtaining the optimal multi-optional distributions suppose existence of
a random value’s first and second moments of the distribution density. Normal distribution density is
obtained in the way which does not deal with probability derivations but applies a multi-optional
optimality concept instead. As a result, it is revealed that normal distribution density is the hybrid multi-
optional effectiveness function delivering an extremal value to the objective functional. This is a new
insight into the scientific substantiation of the well-known dependency derived in another way; also it is a
new explanation of the widely spread in nature phenomenon.

Index Terms—Normal distribution; distribution density; parameter of distribution; optimization; entropy
extremization principle; multi-optionality; hybrid optional function; optimal distribution; variational

problem.

I. INTRODUCTION

Normal distribution is widely spread in the nature
and scientific research. Whether the research is
connected with measuring something, for instance,
aircraft noise [1], or dealing with aeronautical
engineering maintenance technologies [2], or
estimation of quality parameters in the radio flight
support operational systems [3], it requires the
accuracy of the related evaluations. However, the
measuring  processes  accompanying  either
inaccuracies or  observational  errors  are
indispensable and most often they are assumed to
have normal probabilistic distribution density.

Normal distribution is also a crucial point at
probabilistic assessments of continuous random
values with respect to multiple independent
unpredicted disturbances influencing separately
infinitesimally the stochastic results applicably, for
example, to design works [4] or control functioning
modes [5].

Normal distribution is fairly well investigated;
there is one more ideological concept’s issue
although. The point is that development of scientific
principles based upon substantiated concepts makes
it possible to discover certain new theoretical
explanations even to already well-known
dependences.

In all mentioned above there is a temptation to
use an entropy approach proposed and developed in
a series of monographs by professor Kasianov V. A.
(an enormously powerfully prolific theoretician) and

his follower (both from National Aviation
University, Kyiv, Ukraine) [6] — [8]. The cornerstone
of the subjective preferences theory (subjective
analysis) [6] — [8] is the Subjective Entropy
Maximum Principle (SEMP) doctrine, which was
further transformed into a hybrid-optional functions
distribution optimality concept [9] — [16].

Thus, the purpose of the paper is to give a new
impulse to the multi-optional hybrid functions
entropy application with respect to the unsolved part
of the general problem of the optimum finding
concerning normal distribution density [17], [18].

A combined multi-optional approach adopts
similar ones initiated in papers [9] — [16].

II. SOLUTION OF THE PROBLEM

A. Traditional Theory Approach

As it is well-known the probability density of a
normally distributed continuous random value is
given with the formula of [17, Chapter 6, pp. 116—
120, Sub-Chapter 6.1, especially P. 117, (6.1.1)],
[18, § 3, pp. 5275, esp. p. 3.2, P. 60]:

flx)= e 2, )

ov2m

where f/(x) is the density of the normal distribution;

x 1s the continuous random value; o is the mean
quadratic deviation value, m=3.14; a 1is the
continuous random value x expectation.

One way of (1) derivation is as follows, [18, § 3,
pp. 52-75, esp. p.p. 3.1, 3.2, pp. 52—60]. We present
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the derivation’s concise version with emphasizing
the principal moments.

Consider some point M (x,y) on the coordinate
plane (x, y) and a negligibly small rectangular
square area of As=AxAy with the dimensions of
Ax and Ay along the coordinate axes’ around the

point. The probability P of a random hitting the
area As on condition of the coordinate strips’ Ax
and Ay hitting independency is

P=P(Ax)P(ay) = f(x)f (v)As, )

where P(Ax) and P(Ay) are the corresponding
probabilities of hitting the related strips of Ax and
Ay, f (x) and f (y) are the corresponding
probability density distributions [18, pp. 53-55].

The same speculations for any other rectangular
coordinate system with the same origin Ox,y, give

the similar to (2) result, [18, P. 55]:
A~ f(x] )f()ﬁ )ASI > 3)

where x; and y, are the new coordinates of the
point M ; As, is the square area of the new

rectangular.
Choosing As =As;, - 0, we come to the main
equation, [18, P. 55]:

S ()= 10 )r (n)- @)

Arbitrary choosing the axis Ox; aiming at the

point M , differentiating the obtained equations with
respect to x and y, it yields [18, pp. 55, 56]:

AN ) Ny

dy y dx X ©)
aly) 1 _dx) 1 ©)
dy yf(y)  dx xf(x)
1odf(x) _ df(x) _
e T R
2 bx?

lnf(x)=%+lnC, flx)=ce? . (8

Since, [18, P. 57]:

Tf(x)dx = TCe_

h2x?
2

dx =1, 9)

where b =— h*, we have, [18, P.57]:

1 h
C= = .
T (10)
J'e 2 dx
h B h2x?
= 2 11
f(x) me (11)

If the target is not at the origin of the coordinate
system, but at some point along the Ox axis
displaced on a distance of a, one has to substitute x
for x—a in(11), [18, P. 57]:

h -

fx)= i (12)

With taking into account that accuracy constant,
[18, pp. 57, 59],

=t
c

(13)

we obtain (1).

B. Multi-Optional Concept

On the other hand one can present the process of
random points’ distribution along the axis as a multi-
optional problem. The things to be taken into
consideration in this case are: 1) “optionality” of the

quadratic values of x—a: (x—a)z; with 2) taking
into account the quadratic value of the x-a
optional distribution accuracy h: h*; and
3) uncertainty of supposed random value x
probability distribution density f(x).

The most important here is to understand that
there must be some optimality in the framework of
the nature things “optionality”. The approach similar
to seeking after preferences in subjective analysis [6]
— [8], and applied to hybrid optional optimal
distribution densities findings [9] — [16], allows
implementing the objective functional of the
following kind:

0

Gy = | |70 7)1 oo,

+yﬁf(x)dx—1]—1nm, (14)

where D is the dispersion, here we imply that
accuracy h relates with dispersion D via equality

(13) and D=c%; m,
y is the internal structural

is the expectation of the
random value x;

parameter of the hybrid optional distribution
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function f (x) probability
distribution density) as an uncertain Lagrange
multiplier for the normalizing condition (9), together

(random value «x

2D

characterizing a system’s hybrid optimal optional
behavior [9] — [16], likewise for the active element’s
psych [6] — [8] (endogenous parameter for the

and y are analogous to the parameters

function of the optional effectiveness (x—m, )2 and
uncertain Lagrange multiplier for the normalizing

condition j f(x)dx—1 respectively); Ax is the
degree of accuracy at the hybrid optional function
distribution density entropy (analogous to the
subjective entropy of the preferences) determination
[17, pp.493-502, Sub-Chapter 18.7, esp. P. 495,
(18.7.2)-(18.7.4)].

Thus, we propose to use an optimization method
which resembles SEMP of subjective analysis, but
the proposed method differs absolutely from SEMP
[6] — [8], since, being applied for a continuous
optional value x —m_, the method does not imply or
consider any of active system’s elements at all [9] —
[16]. Only objectively existing characteristics of a
continuous random value probability distribution
density, however, presupposed with the background
of the density of the probability distribution
uncertainty are utilized.

The first integral member of the objective
functional (14) is the exact distribution uncertainty
parameter in the view of the distribution’s optional
function’s entropy like also discussed at [17,
pp. 493-502,  Sub-Chapter 18.7, esp. P. 495,
(18.7.2)-(18.7.4)].

The multiplier of 1/2 in functional (14) implies

symmetrical quadratic accuracy %* of the quadratic
random value distribution (x—mx )2 with respect to

the distribution’s expectation m_; hence, it is

divided into halves. The sign “minus” in front of the
hybrid optional effectiveness function:

% f(x)x=m_) (the second integral member of

the objective functional (14)) means the existence of
relatively higher density distribution f (x) values in
areas pertaining with lower optional effectiveness
function: (x—mx)z.

The necessary conditions of functional (14)
extremum existence in the view of the well-known

Euler-Lagrange equation, [19, Chapter I, § 4, pp. 20-
28, esp. P. 21, (4)]:

*

ai?x)_%(a?'p(;)]:o

where F* is the underintegral function of the
integral of (14); f'(x) is the first derivative of the
sought after probability density distribution function
of f (x) with respect to x, yield, since

(15)

OF oOF
8f'(x) =0 and 8f(x) =0, (16)
oF" L
Fen In f(x)-1 D(x m. ) +y=0.(17)
Then
1nf(x)=y—1—$(x—mx)2. (18)
f(x)= ey_]_ ) =¢''e ) . (19

With the use of the normalizing condition (9)

0 0 1 2
j f(x)dx=1= j e 7 e 20
ey_] zﬁ . (21)
J.e 20
Therefore
1 2
f(x)=—— ! o ) 22)

The integral in the denominator is the well-
known Euler’s-Poisson’s integral [17, Chapter 6,
pp. 116-120, Sub-Chapter 6.1, esp. P. 117, (6.1.2),
(6.1.3)]. After the substitution of the independent
variable of the integration

X—m
x ¢, 23
D (23)
we have likewise (10)

© 1 5
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At last (1) again, but obtained in the different,
(14) — (25), from the probabilistic way of derivation

(2)-(13).
III. CONCLUSIONS

Proposed approach engaging an uncertainty
measure in type of entropy, applied for distribution
density hybrid optional functions optimization,
allows finding normal distribution density, without
probabilities determination, in a new multi-optional
way. The accepted suppositions are the spreading of
a random value having its expectation and dispersion
(accuracy) of the value’s distribution; as well as
existence of the distribution density uncertainty
suspected in delivering an extremal value to some
objective functional.

As a result, it is revealed that normal distribution
density is optimal for an objective functional
including the distribution’s density entropy, as well
as taking into account, with the accuracy reversibly
proportional to doubled dispersion, the higher
probability density for smaller deviations of the
random value from its expectation. This is so
obvious in widely spread normal distribution.

Such approach and interpretations broaden the
horizons of scientific explanations for occurring
normal distribution optimality; and it encourages
further research in the field of hybrid optional
functions optimal distributions.
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A. B. I'onuapenko. Ilpukiaag ajibTepHATHBHONO MeTOAY BHUBOAY WIJILHOCTI HOPMAJBLHOrO PO3MOAiIY 4epe3
KOHLEMNIiI0 ONTHMAJIBLHOCTI 0araToonuiiHocTi

Posrnsinyro GaraToonmiiHMN METOJ 3HAXOMKEHHS HIUIBHOCTI HOPMAaJbHOI'O PO3IMOJUTY HMOBIPHOCTI BHITAIKOBOI
BenmmunHK. Crienudivni TiOpuaHi onuiiHi QyHKHii B3ATO 10 yBaru mpH OonNTUMi3aii HiikoBoro (QyHKIioHaTY, KOTpUH
BKIIIOYAE EHTPOMIHHY Mipy HEBH3HAYEHOCTI Ui TUX crerupidHuX riOpuaHux omuiiiaux ¢yHKOiin. IloTpiOHi
MaTeMaTU4HI MOJAEINI Ul OTPUMaHHS ONTHMAaJIBHUX 0araTOOMIIHUX PO3MOAUIIB MICTATH IPUIYIIEHHS ITPO iCHYBaHHS
MEpIIOro Ta JAPYroro MOMEHTIB HIUIBHOCTI PO3MONLUTY BHINAAKOBOI BenuduHH. LIIiNBHICTE HOpPMaJBHOTO PO3MOIITY
OTPUMYETHCS Y TaKUH CIOCIO, 0 HE Ma€e CIIPaBH i3 BUBCICHHAM MMOBIPHOCTI, aji¢ 3aCTOCOBYE HATOMICTh KOHIICIIIIIFO
0araTOOMNIIIfIHOI ONTHMAIBHOCTI. B pe3ynbTaTi, BHABISAETHCS, IO IIUIBHICTE HOPMAJBHOTO PO3IOIUTY € TIEH
TiOpUIHOI 0araTOOMIIHHOW (YHKINE ePEKTUBHOCTI, KA JIOCTABIIAE €KCTPEMajbHE 3HAYCHHS MAHOMY IiJIHOBOMY
¢yHnkiionany. Ile € HOBUM MOIJSIOM Ha HAayKOBe OOIPYHTYBaHHs JOOpE 3HAHOI 3aJIe)KHOCTI, BHUBEICHOI B IHIIWIA
€rnoci0; TaKoX I1e € HOBMM MOSICHEHHSIM JIy’K€ HOIUPEHOr0 MPUPOJHOrO SBUILA.

Karwu4oBi cioBa: HOpMajbHUI PO3MOUT; HIUIBHICTH PO3MOJITY; IMapaMeTp PpO3MOJUTY; ONTHUMI3allist; MPHHINI
eKcTpeMizalii eHTporIii; 6araToonuiiHicTh; ridpuaHa omiiiiHa (yHKIIs; ONTUMAIBFHHAN PO3IIO/ILT; BapialiliHa 3a1aya.
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A. B. I'onuapenko. IIpuMep ajJbTepHATUBHOIO0 MeTOAA BHIBOJA IJIOTHOCTH HOPMAJIBLHOIO pacnpeejcHUs Yepes
KOHIIENIUI0 ONTHMAJBHOCTH MHOT O0NIIIHOHHOCTH

PaccMoTpeH MHOTOONIIMOHHBIH METO HAXOXKIEHHS TNIOTHOCTH HOPMAJILHOTO paclpeeieH sl BEpOITHOCTU CITy4aiiHOM
BenuuuHbl. Crienuuyueckre THOPUIHBIE ONMIMOHHbIE (DYHKIWH MPHHATH KO BHUMAHHIO TIPU ONTUMH3ALUH LEIEBOIO
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